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Abstract

Constrained gradient analysis (similar to the
“cubegrade”problemposedby Imielinski, et al.
[9]) is to extract pairs of similar cell characteris-
tics associatedwith big changesin measure in a
datacube.Cellsareconsideredsimilar if they are
relatedby roll-up, drill-down, or 1-dimensional
mutationoperation.Constrainedgradientqueries
areexpressive,capableof capturingtrendsin data
andanswering“what-if ” questions.

To facilitate our discussion,we call one cell in
a gradientpair probe cell and the other gradi-
ent cell. An efficient algorithm is developed,
which pushesconstraintsdeepinto the computa-
tion process,finding all gradient-probecell pairs
in one pass. It explores bi-directional pruning
betweenprobecells and gradientcells, utilizing
transformedmeasuresanddimensions.Moreover,
it adoptsa hyper-treestructureandan H-cubing
methodto compressdataandmaximizesharingof
computation.Our performancestudyshows that
this algorithmis efficientandscalable.

1 Intr oduction

In recentyears,therehavebeengrowing interestsin multi-
dimensionalanalysisof relationaldatabases,transactional
databases,anddatawarehouses.Most of suchanalysesin-
volvedatacube-basedsummaryor transaction-basedasso-
ciation analysis. However, many interestingapplications
mayneedto analyzethechangesof sophisticatedmeasures
in multidimensionalspace.For example,onemaywantto
askwhatarethechangesof theaverage housepricein the
Vancouver areain year2000comparedagainst1999,and
theanswercouldbe“the averagepricefor thosesoldto pro-
fessionalsin theWestEndwentdown by 20%,while those�
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soldto businesspeoplein Metrotownwentupby10%,etc.”
Expressionssuchas“professionalsin the WestEnd” cor-
respondto cells in datacubesanddescribesectorsof the
businessmodeledby thedatacube.

The problemof mining changesof sophisticatedmea-
sures in a multidimensionalspacewas first proposedby
Imielinski, et al. [9] as a cubegradeproblem,which can
beviewedasa generalizationof associationrulesanddata
cubes. It studieshow changesin a set of measures(ag-
gregates)of interestareassociatedwith thechangesin the
underlyingcharacteristicsof sectors,wherechangesin sec-
tor characteristicsareexpressedin termsof dimensionsof
thecubeandarelimited to specialization(drill-down),gen-
eralization(roll-up), andmutation(a changein oneof the
cube’s dimensions). For example,one may want to ask
“what kind of sectorcharacteristicsareassociatedwith ma-
jor changesataveragehousepricein theVancouverareain
2000,” andthe answerwill be pairsof sectors,associated
with major changesat averagehouseprice, including for
example“the sectorof professionalbuyersin theWestEnd
areaof Vancouver” vs.“the sectorof all buyersin theentire
areaof Vancouver” asa specialization(or generalization).

Thecubegradeproblemis significantlymoreexpressive
than associationrules sinceit capturesthe trendsin data
andhandlesarbitrarymeasures,not just COUNT, asasso-
ciationrulesdo. Theproblemis interestingandhasbroad
applications,suchas trend analysis,answering“what-if ”
questions,discovering exceptionsor outliers, etc. How-
ever, it alsoposesseriouschallengeson both understand-
ability of resultsandon computationalefficiency andscal-
ability, asillustratedbelow.

1. A datacubemay have many dimensions.Even though
eachdimensionmayinvolveonly asmallnumberof val-
ues,the total numberof cells of the cubemay still be
quite huge. In a transactionaldatabase,if we consider
eachitem (suchas milk or bread)as one independent
dimension,asin [9], we may needto handlethousands
of dimensions,andthe curseof dimensionalitywill be
evenworsethanthatof classicaldatacubeswhich usu-
ally containonly dozensof dimensions. An effective
compromiseto thisproblemis to computeiceberg cubes
insteadof thecompletecubes[3]. To thisend,weneedto
introducea significanceconstraint for pruningthehuge
numberof trivial cellsin theanswerset.



2. The cubegradeproblemneedsto compareeachcell in
the cubewith its associatedcells generatedby special-
ization, generalization,andmutation. Even whencon-
sideringonly iceberg cubes,it maystill generatea very
large numberof pairs. Sincefor eachanalysistask, a
useris often interestedin examiningonly a small sub-
set of cells in the cube, it is desirableto enforcecer-
tain probeconstraints to selecta subsetof cells (called
probecells) from all thepossiblecellsasstartingpoints
for examination.By doingso,thestudyis focusedonly
on thesecellsandtheir relationshipswith corresponding
siblings,ancestors,anddescendants.

3. Furthermore,a useris usuallyinterestedin only certain
typesof changesbetweenthecells(sectors)undercom-
parison. For example, one may be interestedin only
thosecellswhoseaverageprofit increasesby morethan
40% comparedto that of the probe cells, etc. Such
changescan be specifiedasa thresholdin the form of
ratio/differencebetweencertainmeasurevaluesof the
cells undercomparison.We will call the cell that cap-
turesthe changefrom the probecell the gradientcell,
andcall suchconstraintsthegradientconstraints.

Basedon this discussion,onecanseethat to mine in-
terestinggradientsin a multidimensionalspace,it is often
necessaryto have thefollowing threekindsof constraints:
(1) significanceconstraint ensuresthat we examineonly
the cells which have certainstatisticalsignificancein the
data, suchas containingat leastcertainnumberof base
cells or at least certain total sales;(2) probe constraint,
on dimensionalattributesconfinesthe set of probecells
that our gradientanalysiswill focuson; and(3) gradient
constraint specifiestheuser’s rangeof intereston thegra-
dient (i.e., measurechange). Enforcing theseconstraints
may leadto interesting,clearlyunderstandableanswersas
well aspossibility to derive efficient methodsfor gradient
analysisin a multidimensionalspace.In this context, the
problemof multidimensionalgradientanalysiswith such
constraintsrepresentsa confinedbut interestingversion
of the cubegradeproblem,which we call the constrained�
multidimensional� gradientanalysis.

Theremainingof thepaperis organizedasfollows.Sec-
tion 2 definesthe constrainedgradientanalysisproblem
and presentsan example. Section3 discussesthe rudi-
mentaryalgorithmandits deficiencies.Section4 presents
theLiveSet-Drivenalgorithm,includingthetechniquesfor
pruningprobecellsandgradientcells.A performanceanal-
ysis is presentedin Section5. Section6 discussesexten-
sionsof ourmethodto dealwith variouskindsof situations
andcomparesour work with otherrelatedworks. We con-
cludeourstudyin Section7.

2 Problem Definition and Assumptions

Let � bearelationaltable,calledthebasetable, of agiven
cube. The setof all attributes � in � arepartitionedinto
two subsets,thedimensionalattributes�
	�� andthemea-
sureattributes� (so �
	���
������ and�
	���������� ).

Themeasureattributesfunctionallydependon the dimen-
sional attributes in � and are definedin the context of
datacubeusingany of thesefiveSQLaggregatefunctions:
COUNT, SUM, AVG, MAX, andMIN.

A tuple with schema� in a multi-dimensionalspace
(i.e.,in thecontext of datacube)iscalledacell. Giventhree
distinctcells ��� , ��� and ��� , ��� is anancestorof ��� , and ��� a
descendantof ��� if f on every dimensionalattribute,either��� and � � sharethesamevalue,or ��� hasvalue“ ! ” (where
“ ! ” indicates“all”, i.e., aggregatedto thehighestlevel on
this dimension);� � is a sibling of � � , andvice versa,if f � �
and � � have identicalvaluesin all dimensionsexceptone
dimensionin which neitherhasvalue “ ! ”. A cell which
has " non-* valuesis calleda " -d cell.

A tuple �$#%� is calledabasecell. A basecell doesnot
have any descendant.A cell � is an aggregatedcell if f it
is anancestorof somebasecell. For eachaggregatedcell� , its valueson themeasureattributesarederivedfrom the
completesetof descendantbasecellsof � .

As mentionedin Section1, the specificationof a con-
strained gradient analysis problem requires three con-
straints:a significanceconstraint &('*),+ , a probeconstraint&.- /10 , andagradientconstraint &�+2/13 4 . Both &('*)5+ and &.- /10
are unary (definedover cells). A cell � is significant if f&('*),+ � � �(�76*8:9<; , anda cell � is a probecell if f � is signifi-
cantand &.- /10 � ���=�>6*8:9?; . Thecompletesetof probecells
is denotedas@ . Thesetof significantcellswhichmayhave
gradientrelationshipwith asetof probecells, @ , arecalled
thegradient cellsof @ .

Significanceconstraints areusuallydefinedascondi-
tionson measureattributes.Theseconstraintsdo not have
to beanti-monotonic� , andcanbe,for example,on a mea-
suredefinedby AVG. In [8], methodsfor deriving weaker
anti-monotonicconstraintsfrom non-anti-monotoniccon-
straintsand for efficiently computingiceberg cubeswere
discussed.We will usesuchweaker anti-monotoniccon-
straintsfor pruningcandidatecells.

We assumethata probeconstraint is in theform of an
SQL query, whichwill “select” asetof user-desiredcells.

A gradient constraint is binary (definedover pairsof
cells). It hasthe form & +2/13 4 � � +�A � - �CB �ED?� � +�A � - �$FHG�� ,
where F is in

�JI A KLA�MLA N � , G is a constantvalue,and
D

is
a gradientfunction.

D?� � +JA � - � is definediff � + is eitheran
ancestor, a descendant,or a sibling of � - . A gradientcell�2+ is interestingwith respectto a probecell �1-%#O@ if f �2+
is significantand &�+2/P3�4 � ��+ A �1-J�.��6*8:9?; .

In this paperwe mainly considergradientconstraints
defined using the ratio of two measurevalues such as
“ Q � � + �1R:Q � � - �SFTG ”, where Q � ��� is a measurevaluefor a
cell � . Mostof theresultsderivedfor ratiocanbeeasilyex-
tendedto difference,“ Q � � + �VUWQ � � - �VFXG ” (seeSection6).

Y
Anti-monotonicity is very useful for pruning. It statesthat if a cellZ doesnot satisfyan (anti-monotonic)significanceconstraint [?\^]`_ , none

of Z ’s descendantscando so. For example,theconstraint“ ZbadcfeJgihOjbk ”
is anti-monotone.Anti-monotonicity-basedpruningformsthefoundation
for mostalgorithmsfor computingiceberg cubes.



Problem definition. Given a basetable � , a significance
constraintl &('*),+ , a probe constraint &S- /P0 , and a gradient
constraint &�+2/P3�4 � �2+ A �1-m� , the constrained gradient anal-
ysis problemis to find all the interestinggradient-probe
pairs

� � +JA � - � such that & +2/P3�4 � � +�A � - �.�n6*8:9<; . o
Example1 (Constrainedaveragegradient) Let thebase
table � bea salestablewith theschema

p�q�r ; p �ts ; q 8 A ��uv6 s A �29 p 6 D 8Pw A wx8zyz{ D 8Pw A �2|V6 A q G D w}8:u^� ;:��~
Attributes

s ; q 8 , �2u^6 s , ��9 p 6 D 8Pw , and wx8zyz{ D 8Pw arethe di-
mensionalattributes; and ��|V6 and q G D w}8:u^� ; arethemea-
sure attributes.� Y (00,Vancouver, Business,PC,300,$2100)�2� ���:���=�m���1� ���m�2� , � ���P�E�}� ��� , �=� , ������� , �m�2��������P� ���:�*����� �����v�f� � ���P�E�x������� �=� � � ����� � ��� ¡:¢�����P£ ���z�d�:� � ���P�E�x� � � , �=� , ¢ ��¤���� , ������¢����

Table1: A setof baseandaggregatedcells
Table1 shows a setof baseandaggregatedcells. Tuple� � #W� is a basecell, while tuple � � is anaggregatedcell.

Tuple � � is asibling of � � , �2¥ is anancestorof � � , and � � is
a descendentof � � .

Supposethe significanceconstraintis &('*),+¦B � �2|V6 M§�¨J¨ � . All cells (including base and aggregated ones)
with �2|V6 no less than

§�¨f¨
are regardedas significant.

Supposethe probe constraint is & - /10 B � �2u^6 s �©1ª q |«� y:9}G�;�8:¬ A �29 p 6 D 8PwO� ©d­ 9 p u^|«; p:p ¬ A w}8:yz{ D 8PwO�®!m� .
Thesetof probecells @ containsthesetof aggregatedtu-
plesaboutthesalesof theBusinesscustomergroupin Van-
couver, for everyproductgroup, providedthe �2|V6 in thetu-
ple is greaterthanor equalto

§�¨J¨
. It is easyto see���¯#°@ .

Let &�+2/13�4 � �2+ A �1-J�¯B � q G D w}8�u*��; � �2+:�1R q G D w}8�u*��; � �1-m� M§ ~ ±�� . Theconstrainedgradientanalysisproblemis to find
all pairs

� � +�A � - � , where � - is a probecell in @ , � + is a sib-
ling, ancestor, or descendantof � - , � + is a significantcell,
and � + ’s averagepriceis at least40%morethan � - ’s. o

If a data cube is completelymaterialized,the query
posedin Ex. 1 becomesa relatively simpleretrieval of the
pairsof computedcells thatsatisfytheconstraints.Unfor-
tunately, the numberof aggregatedcells is often too huge
to be precomputedandstored. Thuswe assumeonly the
basetableis available,andit is our taskto computefrom it
thegradient-probepairsefficiently.

3 The All-Significant-Pairs Algorithm

In this section,we introducea rudimentaryalgorithm:All-
Significant-Pairs, which first computesiceberg cube ²
from � using the significanceconstraint &('*),+ , then ap-
plies the probeconstraint&S- /P0 to selectthe setof signif-
icant probecells, @ , from ² , and finally for eachprobe
cell, �P-³#�@ , computesthe setof gradientcells on ² by
enforcingthegradientconstraint&�+2/P3�4 � �2+ A �P-m� .

Furtheroptimizationcanbeexploredto prunethesearch
for ancestorsand/ordescendantsof a probecell � - based

on the anti-monotonicrelationshipsbetweenthem. If the
gradientmeasureis an anti-monotonicfunction, one can
explore the following property: if themeasure Q of a cell� is no greater than ´ , noneof � ’s descendantscan have
the measure Q greaterthan ´ ; and if the measure Q of a
cell � is no lessthan ´ , noneof � ’s ancestorcanhavethe
measure Q lessthan ´ . If the gradientmeasureis not an
anti-monotonicfunction,suchasaverageandsumof pos-
itive or negative elements,one can explore a weaker but
anti-monotonicconstraintto pruneits ancestorsand/orde-
scendants.For example,for average,onecanexplore the
propertyof top-" average[8]: if the top-" average of the
basecellsin a cell � is nogreaterthan ´ , where " is thesig-
nificanceconstraint thresholdvalue, thennoneof � ’ssignif-
icantdescendantscanhavethe q G�;�8 q D ; valuegreaterthan´ . Similarly, onecanderive many other interestingprop-
ertiesto facilitatepruning for constraintsinvolving some
complex measures.

Example2 (All-Significant-Pairs) Let’sexaminehow to
perform constrainedgradient analysis for the problem
specifiedin Ex. 1, usingtheAll-Significant-Pairsmethod.

First, compute all the significant aggregate cells
in the data cube by enforcing the significance con-
straint & '*)5+ B � ��|V6 M §�¨f¨ � and applying an ef-
ficient iceberg cube computation algorithm, such as
H-Cubing [8]. This will yield a set of cells, e.g. � � �� ¨J¨ A ª q |«��y:9}G�;�8 A ­ 9 p u^|«; p�p A1µ & Ad¶ ¨J¨ A2·m¸ ¨J¨ � , � � =

� ! Aª q |«��y:9<G�;�8 , ­ 9 p u^|«; p:p , µ & , ¹ ¨f¨ , · §:ºm¨ � , ��� =
� ! ,» y:8zy:|V6 y , ­ 9 p u^|«; p:p , µ & , ¼ ¨f¨ , ·m¸ ºf¨ � , � ¥ =

� ! , ! ,­ 9 p u^|«; p:p , µ & , ¹f½ ¨f¨ , ·f¸f¸ º � , and so on. Let this com-
putediceberg cubefrom � be ² . Thegradientcomputation
will thenbeperformedon ² only.

Second,applytheprobeconstraint& - /10 to selecttheset
of significantprobecells, @ , from ² . For eachprobecell,� - #°@ , computethesetof gradientcellson ² by enforcing
thegradientconstraint&�+2/13 4 � �2+ A �1-f� , andperformingpos-
sible pruningof ancestorsand/ordescendantsof the gra-
dientcell currentlyunderexamination.For example,sup-
poseoursearchis fromtop-leveldown(i.e.,first computing
high-level cells andthentheir descendants).If a cell �2+ ’s
top-" averagevalue� (where "C� §�¨J¨

, the minimum sup-
port threshold,i.e.,significanceconstraint)is nomorethan�1-¿¾ § ~ ± , then ��+ andall of its descendantscanbepruned
sincenoneof themcansatisfythegradientconstraint. o

The algorithm All-Significant-Pairs is not presented
here due to lack of space. The methodcomputesthe
completesetof significantcells in the iceberg cubeusing&('*),+ . However, when the probeconstraintis sharp,only
a small portion of suchiceberg cubecells will be useful
in thederivationof constrainedgradients.For example,if
theprobesetcontainsonly onecell �1- , theconstrainedgra-
dient analysiswill needto analyzeonly �1- ’s siblings,de-
scendents,andancestors.Moreover, thesearchfor gradient
cellsis donein aone-search-loop-per-probe-cellfashion.A�

Theefficient computationof top-À averagehasbeendiscussedin [8].



hugeamountof repeatedwork is performedfor probecells
whichÁ aresimilar. It mayinvolvecomputingthesetof gra-
dientcells Â @%Â times,where Â @%Â is thenumberof probecells
in @ , which is costly.

4 The Li veSet-Driven Algorithm

In this section we presenta better algorithm, LiveSet-
Driven, which overcomesthe deficienciesof the All-
Significant-Pairs algorithm. Its main spirit is to usea set
of relevantprobecells,called Ã.u^G�;zÄS;�6 , to prunepotential
gradientcells. The technicalissuesincludehow to derive
“tighter” Ã�uvG�;zÄS;�6 andhow to useit for pruning.

Herewe presentan overview of the method. To avoid
thewasteof resourcefor computingcellsunrelatedto probe
cells,wefirst computethesetof iceberg probecells @ from� , usingboth the significanceandprobeconstraints.The
secondsteputilizesthesetof derivediceberg probecells @
to efficiently constrainthe searchfor interestinggradient-
probecell pairs.This is similar to thegoldenruleof push-
ing selection deeply in relationalqueryprocessing. To
make thecomputationof thesecondstepefficient, several
techniquesaredevelopedasoutlinedbelow.

1. Using sets of probe cells to constrain the process-
ing: To avoid thecostlyrepetitionof computationin the
All-Significant-Pairs algorithm, set-orientedprocessing
is explored. Roughlyspeaking,we associatewith each
gradientcell thesetof all possibleprobecellsthatmight
co-occurin interestinggradient-probepairs with some
descendantsof thegradientcell, andusethatsetto prune
futuregradientcell searchspace.

2. Iceberg growth from low to high dimensions: The
multi-dimensionalspaceshould be explored in a pro-
gressive andconfinedmanner, usingan“iceberg growth
approach”: Start at lower dimensionalcells and pro-
ceedto higherones. Thereareusuallya smallernum-
berof lowerdimensionalcellsthanthatof thehigherdi-
mensionalones.Theanti-monotonicitypropertyof sig-
nificanceconstraints(or their weaker versions)andthe
(transformed)gradientcell constraintscan be usedto
prunethe remainingsearchspace:if a " -d cell fails to
satisfya constraint,sowill all of its descendants(higher
dimensionalcells). All threetypesof constraints,i.e.,
theprobe,significanceandgradientconstraints,areused
in this iceberg growth process.

3. Dynamic pruning of probe cells during the growth:
Duringdimensiongrowth, increasinglymoreprobecells
fail to beassociatedwith thehigherdimensionalgradient
cells due to dimensionvalue mismatchor the relevant
measurevalue being out of the gradientrange. Thus,
onecanprunethesetof probecellsassociatedwith the
gradientcellsin thegrowth. Thesearchterminateswhen
eitherno significantgradientcells canbe generatedor
noneof theprobecellscanproceedfurther. Thepruning
of probecellsincreasesthepowerto prunegradientcells.

4. Incorporation of compressed data structure, H-tree,
and efficient iceberg growth algorithm, H-cubing:
For efficient computationof iceberg cubes,we also in-
corporatea compresseddatastructure,H-tree, andex-
tend an efficient iceberg growth algorithm, H-cubing.
This data structureand algorithm were shown to be
highly efficient for computingiceberg cubeswith com-
plex measures[8]; they allow us to do maximalsharing
betweencells in thecomputation.This furtherenhances
theefficiency of constrainedgradientanalysis.

4.1 Pruning gradient cells and probe cells using gra-
dient constraints

Suppose@ , thesetof probecells,hasbeencomputed.The
next step in the computationis to determinewhich cell
shouldbeassociatedwith whichprobecell to producevalid
gradient-probepairs. Thecomputationwill startfrom low
dimensionsandproceedto higherdimensions,in a depth-
first manner. Informationon low dimensiongradientcells
will beusedto prunehigherdimensioncells.

Definition 1 The live setof a gradientcell � + , denotedasÃ.u^G�;zÄS;�6 � � + � , is thesetof probecells � - such that it is pos-
siblethat

� � +PÅbA � - � is an interestinggradient-probepair, for
somedescendantcell � + Å of � + .

Fromthis definitionit is clearthat thesmaller Ã.u^G�;:Ä.;�6
is, the more gradientcells can be pruned. The determi-
nationof Ã.u^G�;zÄS;�6 involvesthegradientconstraintandthe
matchesbetweendimensionsof gradientandprobecells.
This sectiononly dealswith the former, andthe next sec-
tion dealswith thelatter.

Interestingly, pruningcanbedonein bothdirectionsbe-
tween Ã�uvG�;zÄS;�6 � �2+:� and �2+ : (1) Ã�u^G�;zÄS;�6 � ��+�� canbe used
to determineif �2+ and its descendantshave the poten-
tial to be interestinggradientcells w.r.t. (any probecell
in) Ã.u^G�;:Ä.;�6 � �2+�� ; if not, �2+ can be pruned. (2) Informa-
tion about ��+ canalsobe usedto pruneprobecells �P- inÃ.u^G�;zÄS;�6 � � + � . This involvescheckingwhether � + and its
descendantshave the potential to be interestinggradient
cells w.r.t. � - . If the answeris no, � - canbe prunedfrom
the Ã�u^G�;zÄS;�6 � � + � .
Definition 2 Let �2+ be a gradientcell, &.- a setof probe
cells,and &�+2/P3�4 thegradientconstraint. We say �2+ andits
descendantshavepotential to beinterestinggradientcells
w.r.t. &S- if thefollowing is true:

(1) If the gradient constraint is anti-monotone(such asp 9<Q ), then &�+2/13�4 � �2+ A �1-f� is satisfiedfor some�1-Æ#H&.- .

(2) If the gradient constraint is not anti-monotone, such
as

� q G D wx8:u*��; � � + �1R q G D wx8:u*��; � � Ç�� M G�� , thena trans-
formed, weaker constraint can be potentially satisfied
for some � - # & - , such
as

� q G D�È w}8�u*��; � � + �1R q G D w}8�u*��; � � - � M G�� , where q G D�È
representstop-" average and " is theminimumsupport
threshold(i.e., significanceconstraint). Observethat the



q G D È constraint is a weaker anti-monotonicconstraint
constructedfor thenon-anti-monotonicq G D constraint.

We saya gradientcell �2+ is a potential cell, or has po-
tential to grow, if (i) �2+ is significantand(ii) �2+ and/orits
descendantshavepotentialto be interestinggradientcells
w.r.t. Ã.u^G�;zÄS;�6 � �2+:� .
Observation. Somenon-antimonotonicconstraintcanbe
transformedinto a weaker, anti-monotonicconstraintfor
pruning. For (2) above, we use q G D�È wx8:u*��; � � + � asan up-
per estimateof q G D wx8:u*��; � � +2Å � for all significantdescen-
dantcells � + Å of � + .
Example3 Using the schema of Ex. 1, suppose&�+2/13�4 � �2+ A �1-f�ÉB � q G D wx8:u*��; � �2+z�dR q G D wx8:u*��; � �1-f� M § ~ ±�� .
Assumethe set of probecells @ hasbeenderived using
the two constraints&('*),+ and &S- /P0 . Let �2+ be the

§
-d cell� ¨J¨ A ! A ! A !f� , which is assumedto besignificant.

Supposethat initially � Ã�uvG�;zÄS;�6 � �2+:� is the follow-
ing subset

� �1-�Ê A �1- Ë A �P-�Ìm� of @ , where �1-�Ê =
� ¨J¨

,©1ª q |«� y:9}G�;�8:¬ ,
©d­ 9 p u^|«; p:p ¬ , ! , ¸ ¹ ¨f¨ , · §�ºf¨f¨ � , �1- Ë =� ¼J¼ ,

© » y:8:y:|V6 yz¬ , ! , µ & , Íz¼ ¨f¨ , ·z¶ ¨f¨J¨ � , and �1- Ì =
� ¨J¨

,© » y:8:y:|V6 yz¬ ,
©dÎ {f9?� q 6*u*y:|«¬ , µ & , ± ºm¨ , ·f¸ ¨J¨f¨ � .

We examine two scenarios: (i) q G D�È wx8:u*��; � � + �Ï�·m¸ ºm¨J¨ . Since q G D�È wx8:u*��; � ��+:�1R q G D wx8:u*��; � �P-�Ê�� �¸ ºf¨f¨ R §�ºf¨f¨ K § ~ ± , �2+ haspotentialto grow. However, be-
causȩ

ºf¨f¨ R ¶ ¨J¨f¨ I ¸ ºm¨J¨ R ¸ ¨f¨J¨ I § ~ ± , �1- Ë and �1- Ì can
bothbeprunedfrom Ã�uvG�;zÄS;�6 � �2+z� . (ii) q G D�È w}8�u*��; � �2+m�X�·m¸ ¨f¨J¨ . Since q G D�È wx8:u*��; � �2+m�1R q G D wx8:u*��; � �1-f� I § ~ ± for
each�1-Æ#°Ã�uvG�;zÄS;�6 � �2+:� , �2+ doesnothavepotentialto grow,
andcanthusbepruned. o

Let’sconsiderhow to useaset & - of probecellsto prune
gradientcells,where q G D wx8:u*��; � � - � is known for every � -
in & - . Given a gradientcell � + , clearly it is not efficient
to checkagainstall individual probecells �1- in Ã.u^G�;:Ä.;�6
whetherthe condition q G D�È wx8:u*��; � �2+z�dR q G D wx8:u*��; � �1-f� M§ ~ ± holds. Fortunately, one can derive an overall gradi-
ent cell constraintfor set &S- , &�+�Ð*Ñ^Ò`Ò � &.-f� , which specifies
a rangeof measurevalues(suchasaverageprices)for �2+
andwhichmustbesatisfiedby agradientcell ��+ if �2+ might
co-occurin interestinggradient-probepairswith anyprobe
cell in &.- . In general,wehave thefollowing:

Property 4.1 (gradient cell constraint for a setof probe
cells) If &�+P/P3�4CB � Q � �2+m�dRzQ � �1-J�(F
G�� , where F is in

�JI
A KLA�MLA N � , G is a constantvalue,and Q � �1-J� K ¨

, thenthe
gradientcell constraintcorrespondingto asetof probecells&.- is &�+�Ð*Ñ^Ò`Ò � &S-J� , where

&�+�Ð*Ñ^Ò`Ò � &.-f�.B
ÓÔÔÔÕ ÔÔÔÖ

Q � ��+:�iFXG¿¾%Q°u^| � Q � �1-f� Â �1-×#É&.-��u ØÙF># � KLA M �
Q � �2+m�iFÚG
¾°Q q�Û � Q � �1-J� Â �1-×#É&.-f�u ØÙF># �JI A N �

(1)o�
Thenext sectionwill discusshow Ü}ÝßÞ àPá�à g is derived.

This propertycanbeusedto derive a gradientcell con-
straintfrom a setof probecells.

4.2 Pruning probecellsby dimension matching anal-
ysis

In this subsection,we describewhatprobecellsshouldbe
associatedwith agradientcell,andhow to prunetheassoci-
atedprobecellswhentheprocessinggoesfrom a gradient
cell to a descendantone; both will be from a dimension-
matchingperspective.

The dimensionmatchinganalysisis madepossibleun-
der theassumptionthatwe areonly interestedin gradient-
probe pairs involving ancestor-descendant,descendant-
ancestor, andsibling-siblingpairs.

Let � + be a gradientcell. Recall that Ã�uvG�;zÄS;�6 � � + � de-
notesthe setof probecells �1- suchthat it is possiblethat� ��+ ÅbA �1-f� is an interestinggradient-probepair for somede-
scendantcell �2+2Å of �2+ . Hence,from a dimensionalper-
spective, a probecell �1- canbe in Ã.u^G�;zÄS;�6 � �2+:� if (i) �1- is
an ancestoror descendantof �2+ , or �2+ itself; or (ii) �1- is
a sibling of somedescendantof �2+ or a sibling of �2+ . It
turnsout that theseconditionscanbecapturedby a notion
of “matchable,” definednext.

Let �P-É� � {Jâ�� A {fâE� A ~�~ ~ A {fâEã¯� be a probecell and ��+H�� {J+ � A {f+2� A ~�~ ~ A {f+2ã¯� be a gradientcell. The numberof
solid-mismatchesbetweenthe two cells �1- and �2+ is the
numberof dimensionsin which both valuesarenot ! but
arenot matched(i.e., of differentvalues).Thenumberof! -mismatchesbetween�P- and �2+ is thenumberof dimen-
sionsin which �P- is ! but �2+ is not. (Observethatthenotion
of ! -mismatchesis notsymmetricandthecellsareplaying
certainroles.) A probecell �1- is matchablewith agradient
cell � + if either � + and � - have no solid-mismatch,or they
haveexactonesolid-mismatchbut no ! -mismatch.

Example4 Considerthe 4-d probecell � - � � q APä:A ! A {�� .� - is matchablewith its ancestorgradient cell � + � �� ! A ! A ! A {�� since� + � containsneither! -mismatchnorsolid-
mismatch;� - is matchablewith its sibling � +2� � � Ø APä:A ! A {��
since � +2� contains only one solid-mismatchbut no *-
mismatch; � - is matchablewith � +P� � � ! A D A ! A {�� since�2+2� containsone solid-mismatchbut no ! -mismatch; �1-
is matchablewith �2+ ¥ � � q A ! A � A {�� since �2+ ¥ contains
no solid-mismatch;andalso �P- is matchablewith its de-
scendant�2+2å�� � q A1ä:A � A {�� since �2+2å containsonly one! -mismatch. However, it is not matchablewith �2+2æ��� ! A � A ; A {�� since �2+2æ containsonesolid-mismatchandone! -mismatch.As illustratedabove, �1- is thesibling of a de-
scendantof thegradientcell ( �2+2� or �2+ ¥ ). o
Property 4.2 (correctnessof dimension analysis) �P- is
matchablewith �2+ if f �1- is ��+ , an ancestor/descendantof�2+ , or it is a siblingof �2+ or of somedescendantof �2+ .
Rationale. For the“only if ”: Suppose� - is matchablewith� + . Two casesarise:(a) � + and � - haveno solid-mismatch.
Let ��ç be obtainedby taking the morespecificvalue, for



eachdimension,from �2+ and �1- . (Non-* valuesare not
comparable,l andeachnon-* valueis morespecificthanthe
* value.) Then � ç is a descendantof �2+ and � ç is a descen-
dantof �1- . Hence�1- is anancestorof somedescendantof� + . Therearespecialcaseshere: if � ç �è� + , then � - is an
ancestorof � + ; if � ç ��� - �é� + , then � - is � + . (b) � + and � -
have exactly onesolid-mismatchbut no ! -mismatch. Let� ç be obtainedby taking the morespecificvalue,for each
dimension,from � + and � - , except that � ç takesthe value
of ��+ for the dimensionof the solid-mismatch.So � ç is a
descendantof �2+ . Sincethereis no*-mismatchbetween�1-
and �2+ , eachof thespecificvaluealsooccursin �1- . Clearly�1- and � ç have exactly onesolid-mismatch,andso �1- is a
sibling of � ç . Observe that � ç canbe ��+ ; in thatcase�1- is a
sibling of ��+ .

Weomit thedetailsof the“if. ” Thenon-trivial casesare
illustratedin Ex. 4. o

We now discusshow dimensionanalysisis usedfor
pruning Ã�uvG�;zÄS;�6 whentheprocessinggoesfrom agradient
cell to a descendantone.

Property 4.3 (relationshipbetweenlivesetsof ancestor-
descendantcells) Let �2+ � and ��+P� be two gradientcells
suchthat ��+P� is adescendantof �2+ � . Then Ã.u^G�;:Ä.;�6 � �2+2� �ëêÃ.u^G�;zÄS;�6 � �2+ �2� .
Rationale. Let �1- bea probecell suchthat

� �2+2� A �1-f� might
exist asaninterestinggradient-probecell pair for somede-
scendantcell �2+2� of �2+2� . Since�2+2� is adescendantof �2+ � as
well, thefactin thelaststatementimpliesthat � - is alsoinÃ.u^G�;zÄS;�6 � � + � � . o

This propertyensuresthatwe canproducethe Ã.u^G�;:Ä.;�6
of adescendantcell from thatof theancestorcell. Theway
to do that is simply to do a dimensionmatchinganalysis,
plusagradient-basedpruning.Weillustratethedimension-
matchingbasedpruningusingthefollowing example.

Example5 Let � + � � � ! A ! A � A !f� be a gradientcell and
let ��+P�O� � ! A1ä:A � A !f� , which is a descendantof �2+ � . Sup-
poseÃ.u^G�;zÄS;�6 � �2+ �2�ì� ��� ! A ! A ! A !f� , � q A1ä:A � A !f� , � ! APä § A � A !f� ,� q APä § A � A !f� , � ! APä § A � § A !m�P� . Then Ã.u^G�;zÄS;�6 � �2+2� � ���� ! A ! A ! A !f� , � q A1ä:A � A !f� , � ! A1ä § A � A !m� , � q APä § A � A !f�P� , i.e., it is
theresultof pruning

� ! A1ä § A � § A !f� from Ã�u^G�;zÄS;�6 � ��+���� . o
Noticethatif weconsidertheexpansionof gradientcells

following a particular order, more pruning of the probe
cells canbe done. For example,if the dimensionsareex-
pandedfrom left to right, somedescendantsof � + will be
processedbefore�2+ is processed(observethattheancestor-
descendantrelationshipis many-to-many). A technical
definition capturingsuchtraversal-orderdependentprun-
ing wasobtainedin ourown study, but is omittedhere.

In this study, we assumethat thesetof probecells,and
hencethe Ã.u^G�;zÄS;�6 , is usually a small set, which can be
sortedin valueascendingorderaccordingto certainmea-
surevalues(seethe next subsection)to facilitatepruning

usinggradientconstraint.In casethereis a largeset,tree
structureor hashtablecanbeadoptedfor fastaccessing.

4.3 The Li veSet-DrivenAlgorithm

Basedon the above discussion,the Ã.u^G�;zÄS;�6 -drivenalgo-
rithm is worked out for computingall the gradient-probe
pairswhichsatisfyall theconstraints. Ourmethodstarts
with the0-dcell of thecube,carryingtheinitial setof probe
cells, @ , as its Ã.u^G�;:Ä.;�6 , and proceedsto higher dimen-
sionalgradientcells. Along theway, it usesthegivencon-
straintsto prunethegradientcellswhich cannotsatisfytheÃ.u^G�;zÄS;�6 , andto prunethecellsin the Ã�uvG�;zÄS;�6 which can-
not passeithergradientconstraintsor dimensionalmatch-
ing analysis.The processingalongany branchterminates
when the Ã�uvG�;zÄS;�6 becomesempty, or when the gradient
cell hasno potentialto generateany interestingpairs.

Let’sexamineanexamplein moredetail.

Example6 (Li veSet-Driven) For the same base table
schema� in Ex. 1, we examine how to perform con-
strained gradient analysis by the LiveSet-Drivenalgo-
rithm. Let the gradientconstraintbe &�+2/P3�4 � �2+ A �P-m�¦B� q G�; wx8:u*��; � �2+z�1R q G D wx8:u*��; � �1-f� M § ~ ¸ � , and the signifi-
canceconstraintbe &('*),+íB � �2|V6 M §�¨J¨ � .

Let theset @ of probecellsbegivenin Table2,sortedinq G D wx8:u*��; ascendingorder. Notice this orderis important
sinceoncea probecell in the tablecannotsatisfythegra-
dientconstraints,all thecells following it cannotsatisfyit
either(sincethey carryan even largermeasurevalue)and
thuscanall beprunedimmediately.� ��� �b�ì�f���d�����m�2� � îìïz���1�z�^�E� �V� �=� � �2��� � ��¢ ���:�� ��� �*��� � �����^�m�d�:� �=� �vð ����� � �P����������z�dñ¦�����^���2�fò�� � ���P�t�x� ����� �=� � ��¢ ��� � �������:����z� îìïzóÙ� ���^� �V�d�z�dôVõm� � ������� � �2�������:����z�dö³÷����2òß�2��� �z�bôVõm�*� �2����� � �2���:¢ �:�

Table2: Thesetof probecells, @ .
The set of all probe cells @ is the initial Ã.u^G�;:Ä.;�6

for the 0-d gradientcell �2ø�� � ! A ! A ! A !f� . Since
§�ºf¨f¨

is the lowest q G D w}8:u^� ; value among all current probe
cells, it is taken asthe globalgradientlower bound. Sup-
posethe top-

§�¨J¨
averageof the

¨
-d cell �2ø is ± ¨f¨f¨ and

its count is
ºf¨f¨J¨f¨

. Then � ø has potential to grow, be-
cause± ¨f¨J¨ M § ~ ¸ ¾ §:ºm¨f¨ � § ¹ ¨J¨ and

ºf¨f¨f¨J¨ M §�¨J¨
.

Now, the top-100 average of � ø is used to prune the
probe cells to generatea tighter Ã.u^G�;:Ä.;�6 for � ø : Since
thefourthcell

� ! A Î {fQHy:|V6 y:| A ! A Ä."�u AP¸ ¨f¨J¨ A §�¨f¨J¨f¨ � cannot
satisfythegradientconstraintdueto ± ¨f¨J¨ I § ~ ¸ ¾ §�¨f¨J¨f¨

,
this cell and all the remaining in the Ã.u^G�;zÄS;�6 will be
pruned.The actualaveragevalueof �2ø will decidewhich
probecell will bepairedwith this cell to becomeaninter-
estinggradient-probepair.

Thecomputationthenproceedsto process1-dcells,2-d
cells,andsoon,in adepthfirst manner. To avoid repetition
andfor thesakeof clarity, wenow show how theprocessing
is donefor a typical 3-d cell.



Supposethefirst threeprobecellsareall aliveafterpro-
cessingù the 2-d gradientcell ���ú� � ¨f¨

,
» y:8zy:|V6 y , ! , !m� ,

andthe processinggoesfrom this 2-d cell to the 3-d cell���Ú� � ¨J¨ A » y:8:y:|V6 y A ! A1µ &L� .
Probecell û of mismatches� ��� � �=�m���1� ���m�2��� îìïz�d�m�v�E�����<� �=� � �P��� � �2¢����:� 1� ��� �*��� ��� ���^�m�d�z� �=� �^ð ����� � �2�����:� 1���:�dñü� ���^�����fò�� � ���P�E�x� � ��� �=� � ��¢���� � ��������� � � � �

Table3: Numberof mismatchesin probecells.
We first prune the Ã.u^G�;zÄS;�6 of � � using dimensional-

ity matchingwith � � . The numberof mismatchesof each
probecell w.r.t. ��� is presentedin Table3, where

§
indi-

catesthatthereis onesolidmismatch,and
§ ! indicatesthat

thereis one*-mismatch.Table3 indicatesthatthefirst two
probecellsremainalivew.r.t. the3-dgradientcell ��� .

Theactualaveragevalueof � � decideswhichprobecell
shouldbe pairedwith this cell to becomean interesting
gradient-probepair. If q G D wx8:u*��; � � � �ë� § ¹ ºm¨ , then � � and
the first probecell form an interestinggradient-probecell
pair, but not � � andthesecond.

The minimum averageof the cells in Ã�u^G�;zÄS;�6 , 1500,
andthe top-100averageof � � , will decideif the process-
ing shouldcontinuewith � � ’s descendants.If the top-100
averageof � � is lessthan

§ ¹ ¨f¨ � § ~ ¸ ! §:ºm¨J¨
, computa-

tion stopsfor this branch. Otherwise,it continues. Sup-
posethe top-100averageof � � is

§ ¼ ¨f¨ . Thenwe go back
to prune the current Ã�u^G�;zÄS;�6 of � � . Because

§ ¼ ¨f¨ I§ ¹ ¨f¨ ! § ~ ¸ , we can indeedprune the secondprobecell,� ¼J¼ A » y:8zy:|V6 y A ! A1µ & A ± ¨f¨f¨ A § ¹ ¨f¨ � , from the Ã�u^G�;zÄS;�6 .
In summary, theprocessingof agradientcell � involves:

(1) derive an initial Ã.u^G�;zÄS;�6 from the Ã�uvG�;zÄS;�6 of the an-
cestorof thecell � by dimensionmatching,(2) computethe
necessarymeasuresandtop-kaveragemeasuresof � , check
themagainstthe Ã.u^G�;zÄS;�6 for answers,anddecideif thede-
scendantsof � mayrequireprocessing.(3) if processingof
descendantsis needed,prune Ã.u^G�;:Ä.;�6 using the gradient
constraintandthetop-" averagevalues. o

We now presenttheLiveSet-Driven algorithm.

Algorithm 1 (Li veSet-Driven)

Input: A baserelationaltable � , a significanceconstraint&ë' )5+ , a probeconstraint&.- /P0 , anda gradientconstraint&�+2/P3�4 .
Output: The completeset of gradient-probepairs in the

data cube derived from � that satisfy the three con-
straints.

Method:

1. Apply an iceberg cubecomputationalgorithm to com-
putethe setof iceberg probecells @ from � usingsig-
nificanceconstraint&('*),+ andprobeconstraint&.-�/P0 ;

2. Derivegradientcell constraint&�+�Ð*Ñ^Ò5Ò for @ ;

3. Initialize thepotentialgradientcell to �=� � ! A ~,~ý~ A !m� . Ini-
tialize Ã�u^G�;zÄS;�6 � ���þ�n@ .

4. Usea bottom-up,depth-firsticeberg cubingmethod(we
useH-cubingbut othermethodscanbe employed, e.g.
BUC) to find all interestinggradient-probepairs. In
depth-firstprocessing,valuesin eachdimensionareor-
dered,andthedimensionsarealsoordered.

for every valuein eachdimensiondo
�

1 If � is significant, for eachlive probe cell �1- inÃ�uvG�;zÄS;�6 � � � , outputthegradient-probepair
� � A �1-J�

if thepair passesthegradientcell constraint.
2 Usethe measure(or transformedmeasuresuchas

top-k)valueof � to prune Ã.u^G�;zÄS;�6 � � � .
3 If Ã�u^G�;zÄS;�6 � ��� is empty or � has no potential to

grow, terminatethis branchandbacktrackto pro-
cessthenext cell accordingto thedepth-firstorder.

4 If � has potential to grow, expand it to the next
level, accordingto thedepth-firstorder.
If a descendantcell � ç of � is processedfrom this
expansion,derive Ã�uvG�;zÄS;�6 � � ç � from Ã.u^G�;zÄS;�6 � � �
usingthematchabilitytest.

� o
5 PerformanceAnalysis

In this section,we reportour experimentalresultson com-
putinggradientsin datacubes.

All experimentswereconductedon a PC with an Intel
PentiumIII 700MHz CPU and256M main memory, run-
ning Microsoft Windows/NT. All programswerecodedin
Microsoft Visual C++ 6.0. The experimentswerecon-
ductedon syntheticdatasetsgeneratedusingthedatagen-
eratordescribedin [8]. The resultsaresimilar. Limited
by space,exceptfor performancewith respectto thenum-
ber of tuples,we reporthereonly resultson sometypical
datasets,with

§�¨
dimensionsandbetween

§�¨ A ¨f¨J¨ - ¸ ¨ A ¨f¨J¨
tuples. The cardinality for every dimensionis set to

§�¨ ¥ .
Themeasuresarein rangeof ÿ §�¨J¨ A §�¨f¨J¨�� . Thenoisefactor
is setto ¸ ¨�� andrepeatfactoris ¸ ¨f¨ .

The first dataset we usehas
§�¨ A ¨J¨f¨ tuples. We test

thescalabilityof thealgorithmswith respectto numberof
probesin Figure1, significancethresholdin Figure2, and
gradientthresholdin Figure3.

Figure 1 shows the scalability of the two algorithms,
All-Significant-Pairs and LiveSet-Driven, with respectto
thenumberof probecells. We setthesignificancethresh-
old to

§�¨
, the numberof bins to ¶ for top-k average,and

thegradientthresholdis
§ ~ ¸ . Thenumberof probesvaries

from
§

to
§ A ¨f¨J¨ . When the numberof probesis small,

bothalgorithmshavesimilarperformance.However, asthe
numberof probesgrows, the pruning power of LiveSet-
Drivenalgorithmtakeseffect. It prunesunfruitful searches
andkeepstheruntimelow. In contrast,theAll-Significant-
Pairsalgorithmdoesnot scalewell underlargenumberof
probes.£

The smallerthe cardinality, the denserthe datacube,and thus the
largernumberof cellssatisfytheconstraints.



1

10

100

1000

1 10 100 1000

R
un

tim
e 

(s
ec

on
ds

)

�

Number of probes

All-Pairs
LiveSet-Driven

Figure 1: Scalability over number of probe
cells
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Figure2: Scalabilityw.r.t. significancethresh-
old

Figure2 shows the scalabilityof both algorithmswith
respectto the significancethreshold.Thegradientthresh-
old is setto

§ ~ ¸ , thenumberof binsto ¶ andthenumberof
probesto

ºm¨
. LiveSet-Drivenachievesgoodscalabilityby

pruningmany cells in the searchwhereasAll-Significant-
Pairschecksa hugenumberof pairsof cells,thusrequires
exponentialruntime.

Figure 3 shows the scalability of All-Significant-Pairs
andLiveSet-Drivenwith respectto variousgradientthresh-
olds. We fix the significancethresholdto

§�¨
, number

of bins to ¶ and numberof targets to
ºf¨

. As the gra-
dient thresholdgoesdown, the numberof cells that All-
Significant-Pairs hasto checkincreasesdramatically, and
thusits runtimeincreasesdramaticallyaswell.

Figure4 shows a scaling-upexperimentwith respectto
variousnumberof tuples,varying up to ¸ ¨ A ¨f¨J¨ . We set
the significancethresholdto

§��
of the numberof tuples,

the gradientthresholdto ¸ , the numberof bins to ¶ and
the numberof probesto

§�¨f¨
. While both algorithmsare

scalable,LiveSet-Drivennaturallyis moreefficient.
We alsoanalyzedthenumberof cellsexploredby each

algorithm during the mining processon a
§�¨ A ¨f¨f¨ -tuple
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Figure3: Scalabilityw.r.t. gradientthreshold
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Figure4: Scalabilityw.r.t. numberof tuples

datasetwith
ºf¨

probecells.Figure5 presentsthenumberof
cells that the two algorithmsexploredwith respectto var-
ious gradientthresholds. It confirmsthat LiveSet-Driven
achieves betterpruning than All-Pairs. As shown in the
figure,LiveSet-Drivenon averageexploresonly aboutone
tenthof thecellsAll-Significant-Pairsdoes.Thatexplains
thedifferenceof efficiency andscalabilitybetweenthetwo
algorithms.

Similar statementscanbe madeaboutFigure6, where
the significance threshold varies from

§�¨
to

§ A ¨f¨J¨ .
LiveSet-Driven exploresa substantiallysmallersubsetof
cellsthatAll-Significant-Pairsexamines.

6 Discussion

Herewe examinesomepossibleextensionsor refinements
of themethodandcompareour studywith relatedworks.

6.1 Possibleextensionsof the method

1. Mining constrained gradients for more restricted
relationship or under a subset of dimensions.

Our methodsearchesfor ancestors,descendants,and
siblings at the sametime. In someapplications,people
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Figure5: Usinggradientin pruning
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Figure6: Significancethresholdandpruning

maybeinterestedin only oneor two kindsbut notall kinds.
Thiscanbeeasilyaddressedby modifyingthedefinitionofÃ.u^G�;zÄS;�6 for potentialgradientcells.For eachspecialcase,
moreprobecellswill beremoved(andthusmoreefficient)
thanthegeneralcase,andthereis no needto changeother
partsof thealgorithm.

Similar extensionscan be worked out if a userwould
like to find the constrainedgradientsonly in relevance
to a small subsetof dimension combinations,such as� �Æ) A ~ ~�~ A ���m� in a datacube. In this case,startingwith
the

¨
-d cell,

� ! A ~�~ ~ A !m� , thesetof (non-*) gradientcells to
beconsideredandtestedwill beconfinedto only thosein a
subsetof dimensions

� �Æ) A ~�~ ~ A ���z� .
2. Finding multi-dimensional gradients constrained by
an “interval”.

Our algorithm searchesfor multi-dimensionalgradi-
ents by checking a single gradient constraint, such as& +2/13�4 � � +�A � - �WB � DV� � +�A � - �ÚF¿G�� , where F is in

��I A KLA MA N � , G is a constantvalue, and
D

is a gradient function.
In many cases,thedesiredconstraintcouldbean interval,
suchas

§ ~ ± N DV� � +�A � - � Nn¸ ~ º . In suchcases,onecanmod-
ify thegradienttestingpartof thealgorithmby testingnot
only the lower boundon thetop-" averageof themeasure

(i.e., no lessthan
§ ~ ±%¾ q G DV� �1-f� ) but alsotheupperbound

on thebottom-" averageof themeasure(i.e.,no morethan¸ ~ º ¾ q G D?� �1-f� ). Whetherit is moreefficient to prunethe
searchspaceusingboth upperandlower boundsor using
only oneof themandpostponingtheevaluationof theother
after the constraintevaluationwill dependon the gradient
constraintvaluesandthedataset.
3. Replacing ratio-based gradients by differences as
“gradient” constraint.

Althoughratio-basedgradientsarehandledin our algo-
rithm, with slight modifications,we canhandlegradients
definedwith differences,suchas,

& 4P) Ç+2/13�4 � �2+ A �1-f��B � q G D wx8:u*��; � �2+m� U q G D w}8�u*��; � �1-m� M ± ¨J¨ ��~
Similarly, ouralgorithmcaneasilybeextendedto find sim-
ilar patterns(i.e., measureswhich aresimilar whensome
dimensionvalueschange).
4. What will happen if avg is replaced by sum or
count?

The measure“average”hasbeenusedin our gradient
analysissinceit is natural to defineinterestinggradients
as substantialchangeson “average”. However, if avg is
replacedby sumor count,anancestorcell shouldnaturally
havemuchbiggersumor countvaluesthanits descendants.
Thesimplegradientdefinition,suchas

D?� �2+ A �1-f� M G , may
not besointeresting,andsome“normalized”definitionof
gradients,will make moresense.Our algorithmcanalso
bemadeto work with correspondingmodifications.
5. Extension of our model from cube to transaction-
based association rules.

Our model,thoughstudiedin thecontext of datacubes,
can be extendedto mining transaction-basedassociation
ruleswith complex measures.A simplemethodis to con-
sidereachdistinct item in a transactionasonedimension
andconsidertheaveragesalesor priceasa complex mea-
sure. Our modelandalgorithmarestill applicable.How-
ever, the“curseof dimensionality”poseschallengeson ef-
ficiency, andfurtherstudiesareneededto improve perfor-
mance.

6.2 Relatedwork

The closestwork relatedto our studyis that on the cube-
grade problem by Imielinski, et al. [9]. A cubegrade
queryasksfor association-typerulesthatdescribechanges
in measurevaluesassociatedwith changesin dimension
descriptionsof cuboids. It dealswith questionssuchas
“what cubechangesare associatedwith significantmea-
surechanges.” Cubegradequeriescanalsohaveconstraints
that restrict the attributesin the gradientcells, other than
thoseallowed by roll-up, drill-down, and mutation. Our
constrainedgradientanalysisdoesnot have user-defined
constraintson gradientcells. However, they canbeeasily
dealtwith by addingmorepower to prune Ã�u^G�;zÄS;�6 . Thus
addinguser-definedconstraintswill actually leadto more
efficientprocessing.



Themaincontributionsof [9] arethecubegradeframe-
workl andtheproposedlanguage.It consideredarelativized
notionof monotonicity(w.r.t. acubeoraconstrainedcube),
the so-calledstructuralmonotonicity, which canbe tested
quite efficiently. Similar to our all-significant-pairs ap-
proach,the evaluationstrategy proposedin [9] usesmul-
tiple loops: for eachprobecell, searchthroughthe entire
spacefor potentialgradientcells. It will have a seriousef-
ficiency problemif we generalizethenotionof “compara-
ble” cellsaswe discussedabove,becausethesearchspace
perprobecell will belarge,andthissearchwill berepeated
onceperprobecell.

Thereare also a few other studieson efficient explo-
rationof interestingcells in datacubesor interestingrules
in multi-dimensionalspace.

[12] considersdiscovery-driven exploration of OLAP
datacubes.It computesanticipatedvaluefor a cell using
theneighborhoodvalues,andacell is consideredanexcep-
tion if its valueis significantlydifferentfrom its anticipated
value. This is ratherdifferent from the “interestingness”
definedherebasedon a user-specifiedgradientratio in rel-
evanceto a cell’s ancestors,descendants,andsiblings.For
computation,theformer([12]) is oninteractiveexploration
of computedcubecells;whereasthelatter(ourstudy)is on
computing(nonmaterialized)cells (moreexactly, pairsof
cells) satisfyingcertainconstraints.It is an interestingis-
sueto seewhetherour computationcanbeusedasa filter-
ing processandfeedtheresultsinto thestatisticalanalysis
of neighborhoodcellsto reducetheoverallprocessingcost
of discovery-drivenexplorationof OLAP datacubes.

[2] considershow statistics(a measure)of onegroupof
tuplesdiffers from the samemeasureof a supergroup. It
shows that, by adoptingsuchdifferenceor ratio measure,
the numberof associationrules can be reducedsubstan-
tially and only the interestingrules are preserved. This
sharesa similar motivation as our study here. However,
our study provides a generalmechanismto specify con-
straintsandany kind of measuresand/orgradientsin rel-
evanceto ancestors,descendantsandsiblings. Therefore,
it providesa more generalmodel, aswell as an efficient
constraint-pushingand computationmethod. We believe
thatourmethodcanserveasanefficientpreprocessingstep
for subsequentstatisticalstudieson minedinterestinggra-
dientsor rules.

Our study is also closely relatedto (1) datacubeand
iceberg cubecomputationmethodsproposedin previous
studies,suchas [1, 4, 6, 3, 8], as well as (2) constraint-
baseddataminingmethods,suchas[13, 10, 5, 7, 11]. This
study can be consideredas an extensionand integration
of both mechanismstowardsefficient, multi-dimensional,
constrainedgradientanalysis.

7 Conclusions

In this paper, we have studiedissuesandmethodson effi-
cientminingof multi-dimensional,constrainedgradientsin
datacubes.Constrainedgradientsaresubstantialchanges

in asetof measures(aggregates)of interestassociatedwith
thechangesin theunderlyingcharacteristicsof cubecells,
where changesin characteristicsare expressedin terms
of the dimensionsand are limited to specialization,gen-
eralization,and1-d mutation. To ensureonly interesting
changesof relevantcellsarestudied,weshow thatit is nec-
essaryto introducethreekinds of constraints:significant
constraints, probeconstraints, andgradientconstraints.

An efficientalgorithm, Ã�u^G�;zÄS;�6 -driven,hasbeendevel-
opedwhichexploresset-orientedprocessingandthemaxi-
mal pushingof theconstraintsasdeeplyaspossiblein the
earlystageof theminingprocessto prunethesearchspace.
Moreover, wealsoadoptacompressedhyper-treestructure
to representthe basetableof a datacube,andto achieve
“maximal” sharingof computationamongdifferentcells.
Our performancestudyshows that this methodis efficient
andscalable.It outperformsanothermethodwhich relies
on theiceberg cubecomputationof all-significant-pairs.

Therearealsomany interestingissueswhichcall for fur-
ther studies,including the efficient mining of association
ruleswith complex measures,andtheanalysisof obtained
gradient-probepairsto extracttruly interestingrules.

References
[1] S. Agarwal, R. Agrawal, P. M. Deshpande,A. Gupta,J. F.

Naughton,R. Ramakrishnan,andS.Sarawagi. Onthecom-
putationof multidimensionalaggregates.VLDB’96.

[2] Y. AumannandY. Lindell. A statisticaltheoryfor quantita-
tive associationrules.KDD’99.

[3] K. Beyer andR. Ramakrishnan.Bottom-upcomputationof
sparseandiceberg cubes.SIGMOD’99.

[4] S.ChaudhuriandU. Dayal.An overview of datawarehous-
ing andOLAP technology. ACM SIGMODRecord, 26:65–
74,1997.

[5] G. Dong andJ. Li. Efficient mining of emerging patterns:
Discoveringtrendsanddifferences.KDD’99.

[6] M. Fang,N. Shivakumar, H. Garcia-Molina,R. Motwani,
and J. D. Ullman. Computingiceberg queriesefficiently.
VLDB’98.

[7] G. Grahne,L. Lakshmanan,andX. Wang. Efficient mining
of constrainedcorrelatedsets.ICDE’99.

[8] J. Han, J. Pei, G. Dong, and K. Wang. Efficient com-
putationof iceberg cubeswith complex measures.ACM-
SIGMOD’01.

[9] T. Imielinski, L. Khachiyan, and A. Abdul-
ghani. Cubegrades: Generalizingassociationrules. Tech.
Rep.,Dept.ComputerScience, RutgersUniv., Aug. 2000.

[10] R. Ng, L. V. S. Lakshmanan,J. Han, and A. Pang. Ex-
ploratorymining andpruningoptimizationsof constrained
associationsrules.ACM-SIGMOD’98.

[11] J. Pei, J. Han, andL. V. S. Lakshmanan.Mining frequent
itemsetswith convertibleconstraints.ICDE’01.

[12] S. Sarawagi, R. Agrawal, and N. Megiddo. Discovery-
drivenexplorationof OLAP datacubes.EDBT’98.

[13] R.Srikant,Q.Vu, andR.Agrawal. Mining associationrules
with itemconstraints.KDD’97.


