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Abstract

Constained gradient analysis (similar to the

“cubegrade” problem posedby Imielinski, et al.

[9]) is to extract pairs of similar cell characteris-
tics associatedwvith big changesin measue in a

datacube.Cellsareconsidereaimilarif they are
relatedby roll-up, drill-down, or 1-dimensional
mutationoperation.Constrainedyradientqueries
areexpressve, capableof capturingtrendsin data
andanswering'what-if” questions.

To facilitate our discussion,we call one cell in

a gradientpair probe cell and the other gradi-

ent cell. An efficient algorithm is developed,
which pushesconstraintdeepinto the computa-
tion processfinding all gradient-probecell pairs
in one pass. It explores bi-directional pruning
betweenprobe cells and gradientcells, utilizing

transformedneasureanddimensionsMoreover,

it adoptsa hypertree structureand an H-cubing
methodto compresslataandmaximizesharingof

computation. Our performancestudy shavs that
this algorithmis efficientandscalable.

1 Intr oduction

In recentyears therehave beengrowing interestsn multi-
dimensionaknalysisof relationaldatabasedransactional
databasesinddatawarehousesMost of suchanalysesn-
volve datacube-basedummaryor transaction-baseasso-
ciation analysis. However, mary interestingapplications
mayneedto analyzethe changesof sophisticatedneasues
in multidimensionakpace.For example,onemaywantto
askwhatarethe changesof the average housepricein the
Vancouer areain year2000comparedagainst1999,and
theansweicouldbe“the averagepricefor thosesoldto pro-
fessionalsn the WestEndwentdown by 20%,while those
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soldto businespeoplein Metrotovn wentup by 10%,etc”
Expressionsuchas “professionalsn the WestEnd” cor-
respondto cellsin datacubesand describesectorsof the
businesgnodeledby thedatacube.

The problemof mining changes of sophisticatednea-
suresin a multidimensionalspacewas first proposedby
Imielinski, et al. [9] as a cubagrade problem,which can
be viewedasa generalizatiorof associatiomulesanddata
cubes. It studieshow changesn a setof measuregag-
gregates)of interestareassociatedvith the changesn the
underlyingcharacteristicef sectorsywherechangesn sec-
tor characteristicareexpressedn termsof dimensionsof
thecubeandarelimited to specializatior(drill-down), gen-
eralization(roll-up), andmutation(a changein oneof the
cubes dimensions). For example, one may want to ask
“whatkind of sectorcharacteristicareassociategvith ma-
jor changestaveragehousepricein the Vancouwerarean
20007 andthe answerwill be pairsof sectors,associated
with major changesat averagehouseprice, including for
example“the sectorof professionabuyersin the WestEnd
areaof Vancouer” vs. “the sectorof all buyersin theentire
areaof Vancouwer” asa specializatior(or generalization).

The cubggradeproblemis significantlymoreexpressie
than associatiorrules sinceit capturesthe trendsin data
andhandlesarbitrarymeasuresnot just COUNT, asasso-
ciationrulesdo. The problemis interestingandhasbroad
applications,suchas trend analysis,answering“what-if”
guestions,discovering exceptionsor outliers, etc. How-
ever, it also posesseriouschallengen both understand-
ability of resultsandon computationakfficiency andscal-
ability, asillustratedbelow.

1. A datacubemay have mary dimensions.Eventhough
eachdimensiommayinvolve only asmallnumberof val-
ues, the total numberof cells of the cubemay still be
quite huge. In a transactionatlatabaseif we consider
eachitem (suchas milk or bread)as one independent
dimension,asin [9], we may needto handlethousands
of dimensionsandthe curseof dimensionalitywill be
evenworsethanthatof classicaldatacubeswhich usu-
ally containonly dozensof dimensions. An effective
compromiseo this problemis to computeicebeg cubes
insteadf thecompletecubed3]. Tothisend,weneedo
introducea significanceconstaint for pruningthe huge
numberof trivial cellsin theanswerset.



2. The cubegradeproblemneedsto compareeachcell in
the cubewith its associatedells generatedy special-
ization, generalizationand mutation. Even when con-
sideringonly icebeg cubes,it may still generatea very
large numberof pairs. Sincefor eachanalysistask, a
useris ofteninterestedn examiningonly a small sub-
setof cellsin the cube,it is desirableto enforcecer
tain probe constaintsto selecta subsetof cells (called
probecells) from all the possiblecells asstartingpoints
for examination.By doing so, the studyis focusedonly
onthesecellsandtheir relationshipavith corresponding
siblings,ancestorsanddescendants.

3. Furthermorea useris usuallyinterestedn only certain
typesof changedetweerthe cells (sectorsjundercom-
parison. For example, one may be interestedin only
thosecellswhoseaverageprofit increasedy morethan
40% comparedto that of the probe cells, etc. Such
changescan be specifiedas a thresholdin the form of
ratio/differencebetweencertainmeasurevaluesof the
cells undercomparison.We will call the cell that cap-
turesthe changefrom the probecell the gradientcell,
andcall suchconstraintghe gradientconstaints.

Basedon this discussionpne canseethatto mine in-
terestinggradientsn a multidimensionakpacei|t is often
necessaryo have the following threekinds of constraints:
(1) significanceconstaint ensureghat we examine only
the cells which have certainstatisticalsignificancein the
data, suchas containingat least certain numberof base
cells or at leastcertaintotal sales;(2) probe constaint,
on dimensionalattributes confinesthe set of probe cells
that our gradientanalysiswill focuson; and(3) gradient
constaint specifiesthe users rangeof intereston the gra-
dient (i.e., measurechange). Enforcing theseconstraints
may leadto interesting clearly understandablanswersas
well aspossibility to derive efficient methodsfor gradient
analysisin a multidimensionalspace.In this contet, the
problemof multidimensionalgradientanalysiswith such
constraintsrepresentsa confinedbut interestingversion
of the cubeggradeproblem, which we call the constained
(multidimensiongl gradientanalysis

Theremainingof thepapeiis organizedasfollows. Sec-
tion 2 definesthe constrainedgradientanalysisproblem
and presentsan example. Section3 discusseghe rudi-
mentaryalgorithmandits deficiencies.Section4 presents
the LiveSet-Drvenalgorithm,includingthetechniquegor
pruningprobecellsandgradientcells. A performanceanal-
ysisis presentedn Section5. Section6 discusse®xten-
sionsof our methodto dealwith variouskindsof situations
andcompare®ur work with otherrelatedworks. We con-
cludeour studyin Section?.

2 Problem Definition and Assumptions

Let D bearelationaltable,calledthebasetable, of agiven
cube. The setof all attributes.4 in D arepartitionedinto
two subsetsthedimensionahttributesDI M andthemea-
sureattributesM (soDIMUM = AandDIMNM = ().

The measurattributesfunctionally dependon the dimen-
sional attributesin D and are definedin the contet of
datacubeusingary of thesefive SQL aggrejatefunctions:
COUNT, SUM, AVG, MAX, andMIN.

A tuple with schemaA in a multi-dimensionalspace
(i.e.,in thecontext of datacube)is calledacell. Giventhree
distinctcellsc;, co andcs, ¢; is anancestorof ca, andesy a
descendantof ¢; iff on every dimensionahttribute, either
¢1 ande, sharethe samevalue,or ¢; hasvalue”x” (where
“x" indicates"all”, i.e., aggreyatedto the highestlevel on
this dimension)ics is asibling of ¢z, andvice versa,iff co
andcs have identicalvaluesin all dimensionsexceptone
dimensionin which neitherhasvalue“x”. A cell which
hask non-* valuesis calleda k-d cell.

A tuplec € D is calledabasecell. A basecell doesnot
have ary descendantA cell ¢ is anaggregatedcell iff it
is anancestoof somebasecell. For eachaggreyatedcell
¢, its valueson the measurattributesarederived from the
completesetof descendantasecellsof c.

As mentionedin Sectionl, the specificationof a con-
strained gradient analysis problem requires three con-
straints: a significanceconstaint Cy;,, a probeconstaint
Cpri, andagradientconstaint Cyrqq. Both C;y andCprp
are unary (definedover cells). A cell ¢ is significant iff
Csig(c) = true, andacell ¢ is aprobecell iff ¢ is signifi-
cantandC,,(c) = true. Thecompletesetof probecells
isdenotedasP. Thesetof significantcellswhichmayhave
gradientrelationshipwith a setof probecells, P, arecalled
thegradient cellsof P.

Significanceconstraints are usually definedas condi-
tions on measureattributes. Theseconstraintdo not have
to be anti-monotonié, andcanbe, for example,on a mea-
suredefinedby AVG. In [8], methodsor deriving wealer
anti-monotonicconstraintsfrom non-anti-monotonicon-
straintsand for efficiently computingicebeg cubeswere
discussed.We will usesuchwealer anti-monotoniccon-
straintsfor pruningcandidatecells.

We assumehata probe constraint is in the form of an
SQL query whichwill “select” asetof userdesiredcells.

A gradient constraint is binary (definedover pairs of
cells). It hasthe form Cyrqa(cy,cp) = (9(cq,cp) 0 v),
whered isin {<, >, >, <}, v is aconstanialue,andg is
agradientfunction g(c,, ¢p) is definediff ¢, is eitheran
ancestara descendanr a sibling of ¢,,. A gradientcell
¢g Is interestingwith respecto a probecell ¢, € P iff ¢,
is significantandCyq4(cq, ¢p) = true.

In this paperwe mainly considergradientconstraints
defined using the ratio of two measurevalues such as
“m(cq)/m(cp) 6 v", wherem(c) is ameasurevaluefor a
cell c. Mostof theresultsderivedfor ratio canbeeasilyex-
tendedo difference, m(c,) — m(c,) 0 v" (seeSectiong).

L Anti-monotonicityis very usefulfor pruning. It statesthatif a cell
¢ doesnot satisfyan (anti-monotonickignificanceconstaint Cy;4, None
of ¢’'s descendantsando so. For example,the constraint' count > 10"
is anti-monotoneAnti-monotonicity-baseg@runingformsthefoundation
for mostalgorithmsfor computingicebeg cubes.



Problem definition. Givena basetableD, a significance
constraintCy;,, a probe constraintCl,;, and a gradient
constraintCy,q4(cq, ¢p), the constrained gradient anal-
ysis problemis to find all the interestinggradient-pobe
pairs (cq, ¢p) sudthat Coreq(cy, ¢p) = true. a

Example 1 (Constrained averagegradient) Letthebase
tableD beasalegablewith theschema

sales(year, city, cust_grp, prod_grp, cnt, avg_price).

Attributesyear, city, cust_grp, andprod_grp arethe di-
mensionahttributes andent andavg_price arethe mea-

sure attributes _
c1 (00, Vancouer, BusinessPC,300,$2100)

c2 | (%, Vancouver, Business, PC, 2800, $1900)
cs3 (*, Toronto, Business, PC, 7900, $2350)
ca (*, *, Business, PC', 58600, $2250)

Tablel: A setof baseandaggreyatedcells

Tablel shows a setof baseandaggreyatedcells. Tuple
c1 € D is abasecell, while tuple c; is anaggregatedcell.
Tuplecs is asibling of ¢z, ¢4 is @anancestoof ¢;, andce; is
adescendemnf ¢,.

Supposethe significanceconstraintis Cy;y = (cnt >
100). All cells (including base and aggreyated ones)
with ¢nt no less than 100 are regardedas significant
Supposethe probe constraintis Cpy = (city =
“Vancouver” , cust_grp = “Business”,prod_grp = *).
The setof probecellsP containsthe setof aggreyatedtu-
plesaboutthe salesof theBusinessustomegroupin Van-
couver, for everyproductgroup, providedtheent in thetu-
ple is greaterthanor equalto 100. It is easyto seec, € P.

Let Cyraa(cy, cp) = (avg_price(cy)/avg_price(c,) >
1.4). The constrainedyradientanalysisproblemis to find
all pairs(cy, c,), wherec, is aprobecellin P, ¢, is asib-
ling, ancestaror descendandf ¢, ¢, is a significantcell,
andc,’s averagepriceis atleast40%morethanc,’s. O

If a datacubeis completely materialized,the query
posedin Ex. 1 becomes relatively simpleretrieval of the
pairsof computedcellsthatsatisfythe constraints.Unfor-
tunately the numberof aggreyatedcellsis oftentoo huge
to be precomputedand stored. Thuswe assumeonly the
basetableis available,andit is our taskto computefrom it
thegradient-probgairsefficiently.

3 The All-Significant-Pairs Algorithm

In this sectionwe introducea rudimentaryalgorithm: All-

Significant-Pairs, which first computesicebeg cube 7
from D using the significanceconstraintCy;,, then ap-
plies the probeconstraintCy,, to selectthe setof signif-
icant probecells, P, from Z, andfinally for eachprobe
cell, ¢, € P, computeshe setof gradientcells on Z by
enforcingthegradientconstraintCy,.q(cgy, ¢;)-

Furtheroptimizationcanbeexploredto prunethesearch
for ancestorsand/ordescendantsf a probecell ¢, based

on the anti-monotonicrelationshipsbetweenthem. If the
gradientmeasurds an anti-monotonicfunction, one can
explore the following property: if the measue m of a cell
¢ is no greaterthan 7, noneof ¢'s descendantsan have
the measue m greaterthanr; andif the measue m of a
cell ¢ is no lessthan 7, noneof ¢'s ancestorcan havethe
measue m lessthanr. If the gradientmeasurds not an
anti-monotonidunction, suchasaverageandsumof pos-
itive or negative elementsone can explore a wealer but
anti-monotonicconstrainto pruneits ancestorand/orde-
scendantsFor example,for average,one canexplore the
propertyof top-k average[8]: if the top-k average of the
basecellsin acell cis nogreaterthanr, wheek is thesig-
nificanceconstraint thresholdvalug thennoneof ¢’ s signif-
icantdescendantsanhavetheaverage valuegreaterthan
7. Similarly, one canderive mary otherinterestingprop-
ertiesto facilitate pruning for constraintsnvolving some
complex measures.

Example 2 (All-Significant-Pairs) Let's examinehow to
perform constrainedgradient analysis for the problem
specifiedn Ex. 1, usingthe All-Significant-Rirs method.

First, compute all the significant aggreate cells
in the data cube by enforcing the significance con-
straint Cs;;, = (ent > 100) and applying an ef-
ficient icebeg cube computation algorithm, such as
H-Cubing [8]. This will yield a setof cells, e.g.¢; =
(00, Vancouver, Business, PC, 300, $200), ¢ (%,
Vancouver, Business, PC, 800, $150), cs3 (*,
Toronto, Business, PC, 900, $250), cs = (x, =,
Business, PC, 8600, $225), andsoon. Let this com-
putedicebeg cubefrom D beZ. Thegradienttomputation
will thenbe performedonZ only.

Secondapplythe probeconstraintC,,; to selecttheset
of significantprobecells, P, from Z. For eachprobecell,
¢p € P, computethesetof gradientcellsonZ by enforcing
the gradientconstraintCy,.4(cq, ¢,), andperformingpos-
sible pruning of ancestorsand/ordescendantsf the gra-
dientcell currentlyunderexamination. For example,sup-
poseoursearchs from top-leveldown (i.e., first computing
high-level cells andthentheir descendants)if acell ¢,’s
top-k averagevalu€’ (wherek = 100, the minimum sup-
portthresholdj.e., significanceconstraint)s no morethan
¢p x 1.4, thenc, andall of its descendantsanbe pruned
sincenoneof themcansatisfythe gradientconstraint. O

The algorithm All-Significant-Pairs is not presented
here dueto lack of space. The methodcomputesthe
completesetof significantcellsin the icebeg cubeusing
Csig. However, whenthe probeconstraintis sharp,only
a small portion of suchicebeg cubecells will be useful
in the derivation of constrainedyradients.For example,if
theprobesetcontainsonly onecell ¢,, theconstrainedyra-
dient analysiswill needto analyzeonly ¢,’s siblings, de-
scendentsandancestorsMoreover, thesearcHor gradient
cellsis donein aone-search-loop-pgsrobe-celifashion.A

2Theeflicient computatiorof top+ averagehasbeendiscussedh [8].



hugeamountof repeatedvork is performedor probecells
whicharesimilar. It mayinvolve computingthe setof gra-
dientcells|P| times,where|P| is thenumberof probecells
in P, whichis costly.

4 The LiveSet-Driven Algorithm

In this sectionwe presenta better algorithm, LiveSet-
Driven, which overcomesthe deficienciesof the All-
Significant-Rirs algorithm. Its main spirit is to usea set
of relevantprobecells, called LiveSet, to prunepotential
gradientcells. The technicalissuesinclude how to derive
“tighter” LiveSet andhow to useit for pruning.

Herewe presentan overview of the method. To avoid
thewasteof resourcdor computingcellsunrelatedo probe
cells,wefirst computehesetof icebeg probecellsP from
D, usingboththe significanceand probeconstraints.The
secondsteputilizesthesetof derivedicebeg probecellsP
to efficiently constrainthe searchfor interestinggradient-
probecell pairs. Thisis similar to the goldenrule of push-
ing selection deeply in relationalqueryprocessing. To
malke the computationof the secondstepefficient, several
techniquesredevelopedasoutlinedbelow.

1. Using sets of probe cells to constrain the process-
ing: To avoid the costlyrepetitionof computationin the
All-Significant-Ruirs algorithm, set-orientedorocessing
is explored. Roughly speakingwe associatavith each
gradientcell the setof all possibleprobecellsthatmight
co-occurin interestinggradient-probepairs with some
descendantsf thegradientcell, andusethatsetto prune
future gradientcell searchspace.

2. Iceberg growth from low to high dimensions: The
multi-dimensionalspaceshould be explored in a pro-
gressve andconfinedmannerusingan“iceberg growth
approach”: Start at lower dimensionalcells and pro-
ceedto higherones. Thereare usuallya smallernum-
berof lower dimensionakellsthanthatof the higherdi-
mensionabnes. The anti-monotonicitypropertyof sig-
nificanceconstraintgor their wealer versions)andthe
(transformed)gradientcell constraintscan be usedto
prunethe remainingsearchspace:if a k-d cell fails to
satisfya constraintsowill all of its descendantgigher
dimensionalcells). All threetypesof constraints,i.e.,
theprobe significanceandgradientconstraintsareused
in thisicebeg growth process.

3. Dynamic pruning of probe cells during the growth:
During dimensiongrowth, increasinglymoreprobecells
fail to beassociatedvith thehigherdimensionabradient
cells due to dimensionvalue mismatchor the relevant
measurevalue being out of the gradientrange. Thus,
onecanprunethe setof probecells associatedvith the
gradientcellsin thegrowth. Thesearchterminatesvhen
either no significantgradientcells can be generatecr
noneof theprobecellscanproceedurther. The pruning
of probecellsincreaseshepowerto prunegradientcells.

4. Incorporation of compressed data structure, H-tree,
and efficient iceberg growth algorithm, H-cubing:
For efficient computationof icebeg cubes,we alsoin-
corporatea compressediatastructure,H-tree, and ex-
tend an efficient icebeg growth algorithm, H-cubing.
This data structure and algorithm were shovn to be
highly efficient for computingicebeg cubeswith com-
plex measure$8]; they allow usto do maximalsharing
betweercellsin the computation.This furtherenhances
theefficiency of constrainedyradientanalysis.

4.1 Pruning gradient cells and probe cells using gra-
dient constraints

SupposeP, the setof probecells,hasbeencomputedThe
next stepin the computationis to determinewhich cell
shouldbeassociateavith which probecell to producevalid
gradient-probgpairs. The computatiornwill startfrom low
dimensionsandproceedo higherdimensionsjn a depth-
first manner Informationon low dimensiongradientcells
will beusedto prunehigherdimensioncells.

Definition 1 Thelive setof a gradientcell ¢,, denotedas
LiveSet(c,), is thesetof probecellsc, sud thatit is pos-
siblethat(c,, ¢p) is aninterestinggradient-pobepair, for
somedescendantell ¢,r of ¢,.

Fromthis definitionit is clearthatthe smallerLiveSet
is, the more gradientcells can be pruned. The determi-
nationof LiveSet involvesthe gradientconstraintandthe
matcheshetweendimensionsof gradientand probecells.
This sectiononly dealswith the former, andthe next sec-
tion dealswith thelatter,

Interestingly pruningcanbedonein bothdirectionsbe-
tween LiveSet(c,) ande,: (1) LiveSet(c,) canbe used
to determineif ¢, and its descendanthiave the poten-
tial to be interestinggradientcells w.r.t. (any probecell
in) LiveSet(cy); if not, ¢, canbe pruned. (2) Informa-
tion aboutc, canalsobe usedto pruneprobecellsc, in
LiveSet(cy). This involves checkingwhetherc, andits
descendantbiave the potentialto be interestinggradient
cellsw.rt. c,. If theansweris no, ¢, canbe prunedfrom
the LiveSet(c,).

Definition 2 Let ¢, be a gradientcell, C,, a setof probe
cells,and Cy,qq the gradientconstaint. We sayc, andits
descendanthavepotential to beinterestinggradientcells
wr.t. Cp, if thefollowingis true:

(1) If the gradient constaint is anti-monotone(sud as
sum), thenCly,qq(cy, ¢p) is satisfiedfor somec, € C,.

(2) If the gradient constaint is not anti-monotone sud
as (avg_price(cy) /avg_price(cy) > v), thena trans-
formed, wealer constiaint can be potentially satisfied
for some ¢ € Cyp, sud
as (avg® price(c,)/avg-price(c,) > v), whee avgk
representgop-k average and & is the minimumsupport
threshold(i.e., significanceconstaint). Observehatthe



avg® constaint is a wealer anti-monotonicconstaint
constructedor the non-anti-monotoniavg constaint.

We say a gradientcell ¢, is a potential cell, or has po-
tential to grow, if (i) ¢4 is significantand (i) ¢, and/orits
descendanthavepotentialto beinterestinggradientcells
w.r.t. LiveSet(cy).

Observation. Somenon-antimonotoniconstraintcanbe
transformedinto a wealer, anti-monotonicconstraintfor
pruning. For (2) above, we useavg® price(c,) asanup-
per estimateof avg_price(c,) for all significantdescen-
dantcellscy of cg.

Example3 Using the schema of Ex. 1, suppose
Coraalcs,cp) = (avg-price(cy)/avg_price(cy) > 1.4).

Assumethe set of probecells P hasbeenderived using
the two constraintsCy;, andCp,s. Letc, bethel-d cell

(00, *, %, %), which is assumedo be significant.

Supposethat initially® LiveSet(c,) is the follow-
ing subset {¢p,,cp,,cps } Of P, where ¢p, (00,
“Vancouver”, “Business”, %, 2800, $1500), ¢p, =
(99, “Toronto”, x, PC, 7900, $3000), and ¢,, = (00,
“Toronto”, “Education”, PC, 450, $2000).

We examine two scenarios: (i) avgk_price(c,) =
$2500. Since avg® _price(c,)/avg_price(cy,) =
2500/1500 > 1.4, ¢, haspotentialto grow. However, be-
cause2500/3000 < 2500/2000 < 1.4, ¢, andcp, can
both be prunedfrom LiveSet(c,). (i) avg®_price(cy) =
$2000. Sinceavg® price(c,)/avg_price(c,) < 1.4 for
eache, € LiveSet(c,), ¢, doesnothave potentialto grow,
andcanthusbe pruned. m|

Let'sconsidethow to useasetC;, of probecellsto prune
gradientcells,whereavg_price(c,) is known for every ¢,
in Cp. Givena gradientcell ¢y, clearly it is not efficient
to checkagainstall individual probecells ¢, in LiveSet
whetherthe condition avg® price(c,)/avg_price(c,) >
1.4 holds. Fortunately one can derive an overall gradi-
entcell constraintfor setCp, Cycen(Cp), Which specifies
arangeof measurevalues(suchas averageprices)for ¢,
andwhich mustbesatisfiedoy agradientcell ¢  if ¢, might
co-occurin interestinggradient-pobepairswith anyprobe
cellin Cp. In generalwe have thefollowing:

Property 4.1 (gradient cell constraint for a setof probe
cells) If Cyraq = (m(cqy)/m(cp) 0 v), whered isin {<
,>,>,<}, visaconstanvalue,andm(c,) > 0, thenthe
gradientcell constraintorrespondingo asetof probecells
Cp is Cycer1 (Cp), Where

m(cg) 0 v x min{m(cp)|c, € Cp}
) iff e {>>}
Cyeert(Cp) = m(cy) 6 v x maz{m(cp)|c, € Cp)
if €{<,<}
1)
a

3Thenext sectionwill discusshow LiveSet is derived.

This propertycanbe usedto derive a gradientcell con-
straintfrom a setof probecells.

4.2 Pruning probe cellsby dimension matching anal-
ysis

In this subsectionye describewhat probecells shouldbe
associatedvith agradientcell, andhow to prunetheassoci-
atedprobecellswhenthe processingyoesfrom a gradient
cell to a descendantne; both will be from a dimension-
matchingperspectre.

The dimensionmatchinganalysisis madepossibleun-
dertheassumptiorthatwe areonly interestedn gradient-
probe pairs involving ancestoidescendantdescendant-
ancestarandsibling-siblingpairs.

Let ¢, bea gradientcell. Recallthat LiveSet(c,) de-
notesthe setof probecells ¢, suchthatit is possiblethat
(cqr,¢p) Is aninterestinggradient-probepair for somede-
scendantell ¢, of ¢,. Hence,from a dimensionalper
spectve, a probecell ¢, canbein LiveSet(cy) if (i) ¢p is
an ancestoror descendandf ¢4, or ¢, itself; or (i) ¢, is
a sibling of somedescendantf ¢, or a sibling of ¢,. It
turnsoutthattheseconditionscanbe capturedby a notion
of “matchablée) definednext.

Letc, = (di1,ds2, . .., dim) beaprobecell ande, =
(dg1,dg2,-..,dym) be a gradientcell. The number of
solid-mismatchesbetweenthe two cells ¢, andc, is the
numberof dimensionsn which both valuesare not x but
arenot matched(i.e., of differentvalues). The numberof
x-mismatchesbetweenc, andc, is the numberof dimen-
sionsin whichc, is * but ¢, is not. (Obsenrethatthenotion
of x-mismatchess not symmetricandthe cellsareplaying
certainroles) A probecell ¢, is matchablewith agradient
cell ¢, if eitherc, andc, have no solid-mismatchpr they
have exactonesolid-mismatctbut no «-mismatch.

Example4 Considerthe 4-d probecell ¢, = (a, b, *,d).
¢p is matchablewith its ancestorgradientcell ¢;; =
(%, %, %, d) sincec,; containmeithers-mismatchor solid-
mismatchi, is matchablevith its siblingcge = (f, b, *, d)
since ¢g2 containsonly one solid-mismatchbut no *-
mismatch;c, is matchablewith ¢,3 = (%, g, *,d) since
cg3 containsone solid-mismatchbut no s-mismatch;c,
is matchablewith c,4 = (a,*,c¢,d) sincecyq contains
no solid-mismatch;andalso c, is matchablewith its de-
scendantcys = (a,b,c,d) sincecys containsonly one
x-mismatch. However, it is not matchablewith ¢, =
(%, ¢,e,d) sincecys containsone solid-mismatchandone
x-mismatch.As illustratedabove, ¢, is the sibling of ade-
scendanbf thegradientcell (cg3 OF cg4). m|

Property 4.2 (correctnessof dimension analysis) ¢, is
matchablewith ¢, iff ¢, is ¢4, an ancestor/descendaot
¢g, Orit isasibling of ¢, or of somedescendarf ¢,.

Rationale. Forthe*only if”: Suppose, is matchablevith
¢g. TWo casesarise:(a) ¢, andc, have no solid-mismatch.
Let ¢' be obtainedby taking the more specificvalue, for



eachdimension,from ¢, andc,. (Non-* valuesare not
comparableandeachnon-* valueis morespecificthanthe
* value.) Thenc' is adescendandf ¢, andc’ is adescen-
dantof ¢,. Hencec, is anancestoof somedescendandf
¢y. Therearespecialcaseshere:if ¢ = ¢,, thenc, is an
ancestoof ¢,; if ¢ = ¢, = ¢,, thenc, is¢,. (b) ¢, ande,
have exactly one solid-mismatchout no x-mismatch. Let
¢ be obtainedby taking the more specificvalue,for each
dimension,from ¢, andc,, exceptthat¢’ takesthe value
of ¢, for the dimensionof the solid-mismatch.So ¢’ is a
descendartdf c,. Sincethereis no*-mismatchbetweerc,
andc,, eachof thespecificvaluealsooccursin ¢,,. Clearly
¢p andc’ have exactly onesolid-mismatchandsoc, is a
sibling of ¢’. Obserethatc’ canbec,; in thatcasec, is a

sibling of ¢,.
We omit thedetailsof the“if.” Thenon-trivial casesare
illustratedin Ex. 4. O

We now discusshow dimensionanalysisis usedfor
pruningLiveSet whentheprocessingoesfrom agradient
cellto adescendantne.

Property 4.3 (relationship betweenlivesetsof ancestor
descendantcells) Let ¢,; and g2 be two gradientcells
suchthatc,, is adescendantf ¢y, . ThenLiveSet(cy2) C
LiveSet(cg1).

Rationale. Letc, beaprobecell suchthat(c,s, c¢,) might
exist asaninterestinggradient-probeell pair for somede-
scendantell ¢g3 Of ¢g2. Sincecys is adescendantf ¢,y as
well, thefactin thelaststatemenimpliesthatc, is alsoin
LiveSet(cg1). O

This propertyensureghatwe canproducethe LiveSet
of adescendantell from thatof theancestocell. Theway
to do thatis simply to do a dimensionmatchinganalysis,
plusagradient-basedruning.Weillustratethedimension-
matchingbasedpruningusingthefollowing example.

Example5 Let ¢;1 = (*,%,c¢,%) be a gradientcell and
let cgo = (*,b, ¢, x), which is a descendandf c,;. Sup-
poseLiveSet(cg1) = {(*,*,x,%), (a,b, ¢, %), (x,b1,¢,%),
(a,bl,c,x), (x,bl,cl,*)}. Then LiveSet(cgz) =
{(*a *a *a *)’ (a’ ba C, *)' (*3 b]-a C, *)’ (aa b]-a Ca *)}’ i'e" It iS
theresultof pruning(x, b1, c1, %) from LiveSet(cy1). O

Noticethatif we considettheexpansiorof gradientcells
following a particular order, more pruning of the probe
cellscanbe done. For example,if the dimensionsare ex-
pandedirom left to right, somedescendantef ¢, will be
processetieforec, is processedobserethattheancestor
descendantelationshipis mary-to-mary). A technical
definition capturingsuchtraversal-orderdependenprun-
ing wasobtainedn our own study but is omittedhere.

In this study we assumehatthe setof probecells,and
hencethe LiveSet, is usually a small set, which can be
sortedin valueascendingorderaccordingto certainmea-
surevalues(seethe next subsection}o facilitate pruning

usinggradientconstraint.In casethereis a large set,tree
structureor hashtablecanbe adoptedor fastaccessing.

4.3 The LiveSet-Driven Algorithm

Basedon the above discussionthe LiveSet-driven algo-

rithm is worked out for computingall the gradient-probe
pairswhich satisfyall theconstraints. Ourmethodstarts
with theO-d cell of thecube carryingtheinitial setof probe

cells, P, asits LiveSet, and proceedgo higher dimen-

sionalgradientcells. Along the way, it usesthe givencon-

straintsto prunethe gradientcellswhich cannotsatisfythe

LiveSet, andto prunethecellsin the LiveSet which can-

not passeithergradientconstraintsor dimensionalmatch-

ing analysis. The processinglongary branchterminates
whenthe LiveSet becomesmpty or whenthe gradient
cell hasno potentialto generateary interestingpairs.

Let'sexamineanexamplein moredetail.

Example 6 (LiveSet-Driven) For the same base table
schemaD in Ex. 1, we examine how to perform con-
strained gradient analysis by the LiveSet-Drivenalgo-
rithm.  Let the gradientconstraintbe Cyrq4(cy,cp) =
(ave_price(cq)/avg-price(c,) > 1.2), and the signifi-
canceconstrainteCy;, = (ent > 100).

LetthesetP of probecellsbegivenin Table2, sortedin
avg_price ascendingrder Noticethis orderis important
sinceoncea probecell in the table cannotsatisfythe gra-
dientconstraintsall the cellsfollowing it cannotsatisfyit
either(sincethey carry an evenlarger measurevalue)and
thuscanall beprunedimmediately
(00, Vancouver, Education, PC,100, 1500)

(99, Toronto, ¥, PC, 4000, 1800)
(*, Montreal, Business, PC, 1500, 8000)
(*, Edmonton, *, Ski, 2000, 10000)
(x, W hisler, *, Ski, 1000, 10050)

Table2: Thesetof probecells,P.

The set of all probe cells P is the initial LiveSet
for the 0-d gradientcell ¢ = (x,%,x,%). Since 1500
is the lowest avg_price value amongall current probe
cells, it is taken asthe global gradientlower bound. Sup-
posethe top-100 averageof the 0-d cell ¢y is 4000 and
its countis 50000. Thency haspotentialto grow, be-
cause4000 > 1.2 x 1500 = 1800 and 50000 > 100.
Now, the top-100 average of ¢y is usedto prune the
probe cells to generatea tighter LiveSet for ¢y: Since
thefourth cell (x, Edmonton, %, Ski, 2000, 10000) cannot
satisfythe gradientconstraintdueto 4000 < 1.2 x 10000,
this cell and all the remainingin the LiveSet will be
pruned. The actualaveragevalue of ¢y will decidewhich
probecell will be pairedwith this cell to becomeaninter-
estinggradient-probgair.

The computatiorthenproceedso procesdl-d cells,2-d
cells,andsoon, in adepthfirst manner To avoid repetition
andfor thesale of clarity, we now shav how theprocessing
is donefor atypical 3-d cell.



Supposehefirst threeprobecellsareall alive afterpro-
cessingthe 2-d gradientcell ¢, = (00, Toronto, *, *),
andthe processinggoesfrom this 2-d cell to the 3-d cell
¢z = (00, Toronto, x, PC).

| Probecell | # of mismatches|
(00, Vancouver, Edcationu, PC, 100, 1500) 1
(99, Toronto, *, PC, 4000, 1800) 1
(*, Montreal, Business, PC,1500, 8000) 1, 1%

Table3: Numberof mismatcheén probecells.

We first prunethe LiveSet of ¢ using dimensional-
ity matchingwith ¢3. The numberof mismatcheof each
probecell w.r.t. ¢3 is presentedn Table 3, where1 indi-
categhatthereis onesolid mismatchand1x indicateshat
thereis one*-mismatch.Table3 indicateshatthefirst two
probecellsremainalive w.r.t. the 3-d gradientcell ¢s.

Theactualaveragevalueof c; decideswhich probecell
should be pairedwith this cell to becomean interesting
gradient-probeair. If avg_price(c3) = 1850, thencz and
thefirst probecell form aninterestinggradient-probecell
pair, but not ¢z andthesecond.

The minimum averageof the cells in LiveSet, 1500,
andthe top-100averageof c3, will decideif the process-
ing shouldcontinuewith c;’s descendantslf the top-100
averageof c3 is lessthan1800 = 1.2 x 1500, computa-
tion stopsfor this branch. Otherwise,it continues. Sup-
posethe top-100averageof c3 is 1900. Thenwe go back
to prunethe current LiveSet of c;3. Becausel900 <
1800 = 1.2, we canindeedprune the secondprobe cell,
(99, Toronto, x, PC,4000, 1800), from the LiveSet.

In summarytheprocessingf agradientcell ¢ involves:
(1) derive aninitial LiveSet from the LiveSet of the an-
cestorof thecell ¢ by dimensiormatching(2) computethe
necessarmeasureandtop-kaveragemeasuresf ¢, check
themagainsthe LiveSet for answersanddecideif thede-
scendantsf ¢ mayrequireprocessing(3) if processingf
descendants neededprune LiveSet usingthe gradient
constrainandthetop-k averagevalues. m|

We now presenthe LiveSet-Driven algorithm.

Algorithm 1 (LiveSet-Driven)

Input: A baserelationaltableD, a significanceconstraint
Csig, aprobeconstraintCy,4, anda gradientconstraint
grad-
Output: The completeset of gradient-probepairsin the
data cube derived from D that satisfy the three con-
straints.

Method:

1. Apply anicebeg cubecomputationalgorithmto com-
putethe setof icebeg probecells P from D usingsig-
nificanceconstraintC,;, andprobeconstraintC,s;

2. Derive gradientcell constraintCy..;; for P;

3. Initialize the potentialgradientcell to ¢ = (x, ..., x). Ini-
tialize LiveSet(c) = P.

4. Useabottom-up depth-firsticebeg cubingmethod(we
useH-cubingbut other methodscan be employed, e.g.
BUC) to find all interestinggradient-probepairs. In
depth-firstprocessingyaluesin eachdimensionare or-
deredandthedimensionsrealsoordered.

for every valuein eachdimensiondo {

1 If ¢ is significant, for eachlive probecell ¢, in
LiveSet(c), outputthe gradient-probepair (c, ¢;)
if the pair passeshegradientcell constraint.

2 Usethe measurdgor transformedneasuresuchas
top-k) valueof ¢ to pruneLiveSet(c).

3 If LiveSet(c) is empty or ¢ has no potential to
grow, terminatethis branchand backtrackto pro-
cesghenext cell accordingo the depth-firstorder

4 If ¢ haspotentialto grow, expandit to the next
level, accordingto the depth-firstorder
If adescendantell ¢’ of ¢ is processedrom this
expansion,derive LiveSet(c') from LiveSet(c)
usingthe matchabilitytest.

} O

5 PerformanceAnalysis

In this section,we reportour experimentakesultson com-
putinggradientsn datacubes.

All experimentswere conductedon a PC with an Intel
Pentiumlll 700MHz CPU and 256M main memory run-
ning Microsoft Windows/NT. All programswerecodedin
Microsoft Visual C++ 6.0. The experimentswere con-
ductedon syntheticdatasetsgeneratedisingthe datagen-
eratordescribedn [8]. Theresultsaresimilar. Limited
by spacegexceptfor performancewith respecto the num-
ber of tuples,we reporthereonly resultson sometypical
datasetswith 10 dimensionsaandbetweenl 0, 000-20, 000
tuples. The cardinality for every dimensionis setto 10%.
Themeasuresrein rangeof [100, 1000]. Thenoisefactor
is setto 20% andrepeatfactoris 200.

The first datasetwe usehas 10,000 tuples. We test
the scalability of the algorithmswith respecto numberof
probesin Figurel, significancethresholdin Figure2, and
gradientthresholdn Figure3.

Figure 1 shows the scalability of the two algorithms,
All-Significant-Rairs and LiveSet-Drven, with respectto
the numberof probecells. We setthe significancethresh-
old to 10, the numberof binsto 3 for top-k average,and
the gradientthresholdis 1.2. The numberof probesvaries
from 1 to 1,000. Whenthe numberof probesis small,
bothalgorithmshave similar performanceHowever, asthe
numberof probesgrows, the pruning power of LiveSet-
Drivenalgorithmtakeseffect. It prunesunfruitful searches
andkeepgheruntimelow. In contrastthe All-Significant-
Pairs algorithmdoesnot scalewell underlarge numberof
probes.

4The smallerthe cardinality the denserthe datacube,and thus the
largernumberof cellssatisfythe constraints.
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Figure 2 shaws the scalability of both algorithmswith
respecto the significancethreshold. The gradientthresh-
old is setto 1.2, the numberof binsto 3 andthe numberof
probesto 50. LiveSet-Drvenachieszesgoodscalabilityby
pruningmary cellsin the searchwhereasAll-Significant-
Pairs checksa hugenumberof pairsof cells,thusrequires
exponentialruntime.

Figure 3 shows the scalability of All-Significant-Rairs
andLiveSet-Drvenwith respecto variousgradienthresh-
olds. We fix the significancethresholdto 10, number
of bins to 3 and numberof targetsto 50. As the gra-
dient thresholdgoesdown, the numberof cells that All-
Significant-Riirs hasto checkincreasesiramatically and
thusits runtimeincreaseslramaticallyaswell.

Figure4 shows a scaling-upexperimentwith respecto
variousnumberof tuples,varying up to 20,000. We set
the significancethresholdto 1% of the numberof tuples,
the gradientthresholdto 2, the numberof binsto 3 and
the numberof probesto 100. While both algorithmsare
scalableliveSet-Driennaturallyis moreefficient.

We alsoanalyzedhe numberof cells exploredby each
algorithm during the mining processon a 10, 000-tuple
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datasetvith 50 probecells. Figure5 presentshenumberof
cellsthatthe two algorithmsexploredwith respecto var
ious gradientthresholds. It confirmsthat LiveSet-Driven
achieves better pruning than All-Pairs. As shavn in the
figure, LiveSet-Drvenon averageexploresonly aboutone
tenthof the cells All-Significant-Pairsdoes. That explains
thedifferenceof efficiency andscalabilitybetweerthetwo
algorithms.

Similar statementganbe madeaboutFigure 6, where
the significance threshold varies from 10 to 1,000.
LiveSet-Drven exploresa substantiallysmaller subsetof
cellsthatAll-Significant-Pairsexamines.

6 Discussion

Herewe examinesomepossibleextensionsor refinements
of themethodandcompareour studywith relatedworks.

6.1 Possibleextensionsof the method

1. Mining constrained gradients for more restricted
relationship or under a subset of dimensions.

Our methodsearchedor ancestorsdescendantsand
siblings at the sametime. In someapplications,people
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maybeinterestedn only oneor two kindsbut notall kinds.
This canbeeasilyaddressetly modifying the definition of

LiveSet for potentialgradientcells. For eachspecialcase,
moreprobecellswill beremoved (andthusmoreefficient)

thanthe generalcase andthereis no needto changeother
partsof thealgorithm.

Similar extensionscan be worked out if a userwould
like to find the constrainedgradientsonly in relevance
to a small subsetof dimensioncombinations,such as
{D;,...,D;} in adatacube. In this case,startingwith
the 0-d cell, (%, ..., x), the setof (non-*) gradientcellsto
be consideredndtestedwill beconfinedto only thosein a
subsebf dimensions D, ..., D;}.

2. Finding multi-dimensional gradients constrained by
an “interval”.

Our algorithm searchesfor multi-dimensionalgradi-
ents by checking a single gradient constraint, such as
Cyrad(cq,cp) = (g(cg,cp) 0 v), wheref isin {<,>,>
,<}, v is a constantvalue, and g is a gradientfunction
In mary casesthe desiredconstraintcould be aninterval,
suchasl1.4 < g(c,,cp) < 2.5. In suchcasespnecanmod-
ify the gradienttestingpartof the algorithmby testingnot
only the lower boundon the top-k averageof the measure

(i.e.,nolessthanl.4 x avg(cp)) but alsothe upperbound
onthebottom+ averageof themeasurdi.e.,no morethan
2.5 x avg(cp)). Whetherit is more efficient to prunethe
searchspaceusing both upperand lower boundsor using
only oneof themandpostponingheevaluationof theother
afterthe constraintevaluationwill dependon the gradient
constraintvaluesandthe dataset.

3. Replacing ratio-based gradients by differences as
“gradient” constraint.

Althoughratio-basedyradientsarehandledn our algo-
rithm, with slight modifications,we canhandlegradients
definedwith differencessuchas,

C;:id(cg, ¢p) = (avg_price(cy) — avg_price(cp) > 400).
Similarly, ouralgorithmcaneasilybeextendedo find sim-

ilar patterns(i.e., measuresvhich are similar whensome
dimensionvalueschange).

4. What will happen if avg is replaced by sum or
count?

The measuré‘average”hasbeenusedin our gradient
analysissinceit is naturalto defineinterestinggradients
as substantiakchangeson “average”. However, if avg is
replacedby sumor count,anancestocell shouldnaturally
have muchbiggersumor countvaluesthanits descendants.
The simplegradientdefinition,suchasg(c,, ¢,) > v, may
not be sointeresting,andsome“normalized” definition of
gradientswill make more sense.Our algorithmcanalso
be madeto work with correspondingnodifications.

5. Extension of our model from cube to transaction-
based association rules.

Our model,thoughstudiedin the contet of datacubes,
can be extendedto mining transaction-basedssociation
ruleswith complex measuresA simplemethodis to con-
sidereachdistinctitem in a transactiorasone dimension
andconsiderthe averagesalesor price asa complex mea-
sure. Our modelandalgorithmarestill applicable. How-
ever, the “curseof dimensionality’poseschallenge®n ef-
ficiengy, andfurther studiesareneededo improve perfor
mance.

6.2 Relatedwork

The closestwork relatedto our studyis that on the cube-
grade problem by Imielinski, et al. [9]. A cuberade
gueryasksfor association-typeulesthatdescribechanges
in measurevaluesassociatedvith changesn dimension
descriptionsof cuboids. It dealswith questionssuchas

“what cube changesare associatedvith significantmea-
surechanges. Cubegradequeriescanalsohave constraints
thatrestrictthe attributesin the gradientcells, otherthan

thoseallowed by roll-up, drill-down, and mutation. Our

constrainedgradientanalysisdoesnot have userdefined
constrainton gradientcells. However, they canbe easily

dealtwith by addingmorepower to pruneLiveSet. Thus

addinguserdefinedconstraintswill actuallyleadto more

efficient processing.



The main contributionsof [9] arethe cubegradeframe-
work andtheproposedanguagelt considerecrelativized
notionof monotonicity(w.r.t. acubeor aconstraineaube),
the so-calledstructuralmonotonicity which canbe tested
quite efficiently. Similar to our all-significant-paits ap-
proach,the evaluationstrateyy proposedn [9] usesmul-
tiple loops: for eachprobecell, searchthroughthe entire
spacefor potentialgradientcells. It will have a seriousef-
ficiengy problemif we generalizehe notion of “compara-
ble” cellsaswe discussedbove, becausd¢he searchspace
perprobecell will belarge,andthis searctwill berepeated
onceperprobecell.

Thereare also a few other studieson efficient explo-
ration of interestingcellsin datacubesor interestingrules
in multi-dimensionabkpace.

[12] considersdiscovery-driven exploration of OLAP
datacubes. It computesanticipatedvaluefor a cell using
theneighborhoodraluesandacell is considerednexcep-
tionf its valueis significantlydifferentfrom its anticipated
value. This is ratherdifferentfrom the “interestingness”
definedherebasedn a userspecifiedgradientratio in rel-
evanceto a cell's ancestorsgescendantandsiblings. For
computationtheformer([12]) is oninteractie exploration
of computectubecells; whereaghelatter (our study)is on
computing(nonmaterializedyells (more exactly, pairs of
cells) satisfyingcertainconstraints.lt is aninterestingis-
sueto seewhetherour computationcanbe usedasa filter-
ing processandfeedtheresultsinto the statisticalanalysis
of neighborhooaellsto reducethe overall processingost
of discovery-drivenexplorationof OLAP datacubes.

[2] considershow statistics(a measurepf onegroupof
tuplesdiffers from the samemeasureof a supegroup. It
shaws that, by adoptingsuchdifferenceor ratio measure,
the numberof associatiorrules can be reducedsubstan-
tially and only the interestingrules are presered. This
sharesa similar motivation as our study here. However,
our study provides a generalmechanisnto specify con-
straintsandary kind of measuresnd/orgradientsin rel-
evanceto ancestorsgdescendantandsiblings. Therefore,
it providesa more generalmodel, aswell as an efficient
constraint-pushin@gnd computationmethod. We believe
thatour methodcansene asanefficientpreprocessingtep
for subsequengtatisticalstudieson minedinterestinggra-
dientsor rules.

Our study is also closely relatedto (1) datacubeand
icebeg cube computationmethodsproposedin previous
studies,suchas|[1, 4, 6, 3, 8], aswell as(2) constraint-
baseddatamining methodssuchas[13, 10, 5, 7, 11]. This
study can be consideredas an extensionand integration
of both mechanismdowardsefficient, multi-dimensional,
constrainedjyradientanalysis.

7 Conclusions

In this paper we have studiedissuesand methodson effi-
cientmining of multi-dimensionalconstrainedradientsn
datacubes. Constrainedyradientsare substantiachanges

in asetof measuregaggreates)f interestassociatedvith

the changesn the underlyingcharacteristicef cubecells,
where changesin characteristicsaare expressedin terms
of the dimensionsand are limited to specializationgen-
eralization,and 1-d mutation. To ensureonly interesting
change®f relevantcellsarestudied we show thatit is nec-
essaryto introducethreekinds of constraints:significant
constaints, probeconstrints andgradientconstaints.

An efficientalgorithm, Live Set-driven,hasbeendevel-
opedwhich exploresset-orientegrocessingandthe maxi-
mal pushingof the constraintsasdeeplyaspossiblein the
earlystageof themining procesgo prunethesearctspace.
Moreover, we alsoadopta compressetlypertreestructure
to representhe basetable of a datacube,andto achieve
“maximal” sharingof computationamongdifferentcells.
Our performancestudy shaws that this methodis efficient
andscalable.It outperformsanothermethodwhich relies
ontheicebeg cubecomputatiorof all-significant-pairs.

Therearealsomary interestingssueswvhichcall for fur-
ther studies,including the efficient mining of association
ruleswith comple« measuresandthe analysisof obtained
gradient-probgairsto extracttruly interestingrules.
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