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aAbstra
t. Well-known prin
iples of indu
tion in
lude monotone indu
-tion and di�erent sorts of non-monotone indu
tion su
h as in
ationaryindu
tion, indu
tion over well-ordered sets and iterated indu
tion. Inthis work, we de�ne a logi
 formalizing indu
tion over well-ordered setsand monotone and iterated indu
tion. Just as the prin
iple of positiveindu
tion has been formalized in FO(LFP), and the prin
iple of in
a-tionary indu
tion has been formalized in FO(IFP), this paper formalizesthe prin
iple of iterated indu
tion in a new logi
 for Non-Monotone In-du
tive De�nitions (NMID-logi
). The semanti
s of the logi
 is stronglyin
uen
ed by the well-founded semanti
s of logi
 programming.Our main result 
on
erns the modularity properties of indu
tive de�n-itions in NMID-logi
. Spe
i�
ally, we formulate 
onditions under whi
ha simultaneous de�nition � of several relations is logi
ally equivalent toa 
onjun
tion of smaller de�nitions �1 ^ � � � ^ �n with disjoint sets ofde�ned predi
ates. The diÆ
ulty of the result 
omes from the fa
t thatpredi
ates Pi and Pj de�ned in �i and �j , respe
tively, may be mutu-ally 
onne
ted by simultaneous indu
tion. Sin
e logi
 programming andabdu
tive logi
 programming under well-founded semanti
s are properfragments of our logi
, our modularity results are appli
able there aswell. As an example of appli
ation of our logi
 and theorems presentedin this paper, we des
ribe a temporal formalism, the indu
tive situation
al
ulus, where 
ausal dependen
ies are naturally represented as rules ofindu
tive de�nitions.1 Introdu
tionThis paper �ts into a broad proje
t aiming at studying general forms of indu
tivede�nitions and their role in diverse �elds of mathemati
s and 
omputer s
ien
e.Monotone indu
tive de�nitions and indu
tive de�nability have been studied ex-tensively in mathemati
al logi
 [Mos74,A
z77℄. The algebrai
 foundations formonotone indu
tion are laid by Tarski's �xed point theory of monotone latti
eoperators [Tar55℄. The notion of an indu
tive de�nition is the underlying 
on
eptin �xed point logi
s [DG02℄, whi
h are 
losely 
onne
ted to database query lan-guages. Fixed point 
onstru
ts for monotone indu
tive and 
o-indu
tive de�n-itions play a 
entral role in the spe
i�
ation languages for formal veri�
ation



of dynami
 systems su
h as the �-
al
ulus. Indu
tion axioms have been usedsu

essfully in proving properties of proto
ols using automated reasoning tools,and the 
on
ept of a de�nition is fundamental in the area of des
ription logi
s.Thus, it appears that the notion of a de�nition and its indu
tive generalizationsemerges as a unifying theme in many areas of mathemati
s and 
omputationals
ien
e. Hen
e, the study of indu
tive de�nitions 
ould provide further insightin the interrelations between these areas and lead to synergy between them.Despite an abundan
e of logi
s that 
apture some aspe
ts of indu
tive de�n-itions, there is no suÆ
iently general logi
 that represents monotone indu
tion,and, at the same time, 
aptures non-monotone forms of indu
tion, su
h as iter-ated indu
tion and indu
tion over well-ordered sets. Re
ently, [Den98,DBM01℄have argued that semanti
al studies of logi
 programming may 
ontribute to abetter understanding of su
h generalized forms of indu
tion. In parti
ular, it wasargued that the well-founded semanti
s of logi
 programming [VRS91℄ formal-izes and generalizes the non-monotone forms of indu
tion mentioned above. In[DMT00℄, a �xed point theory of general non-monotone latti
e operators, 
alledapproximation theory, was developed. This theory generalizes Tarski's theory of�xed points of monotone latti
e operators, and provides the algebrai
 foundationof this generalized prin
iple of iterated indu
tion modeled by the well-foundedsemanti
s.Our main obje
tive here is to study modularity properties of non-monotoneindu
tion. Modularity is widely re
ognized as an important property in formalveri�
ation and knowledge representation. For example, in the 
ontext of spe-
i�
ation and veri�
ation of 
omplex dynami
 systems, it is 
ru
ial that we 
anspe
ify a 
omplex system by des
ribing its 
omponents in independent moduleswhi
h 
an then be 
onjoined to form a 
orre
t des
ription of the 
omplete sys-tem. Thus, the operation of joining modules should preserve the 
orre
tness ofthe 
omponent modules. The dual operation of splitting a 
omplex theory intoan equivalent set of smaller modules is equally important. It allows to invest-igate 
omplex theories by studying its modules independently, and redu
es theanalysis of the 
orre
tness of the 
omplex theory to the mu
h simpler problemof analyzing the 
orre
tness of its modules.Our main result is a set of te
hniques that allow one to break up a de�nitioninto a 
onjun
tion of smaller and simpler de�nitions. More pre
isely, we invest-igate general formal 
onditions that guarantee that a simultaneous de�nition ofseveral predi
ates 
an be split into the 
onjun
tion of a set of 
omponents of thisde�nition, ea
h 
omponent de�ning a subset of the de�ned predi
ates. Our the-orems also provide 
onditions under whi
h joining a set of de�nitions for distin
tsets of predi
ates into one simultaneous de�nition is equivalen
e preserving. Theproblem we study is similar to that studied in [S
h95,VDD00℄, but our resultsare uniformly stronger in that they are proven for a more expressive logi
 andunder more general 
onditions.The paper is stru
tured as follows. In se
tion 2, we extend 
lassi
al logi
with generalized non-monotone de�nitions. In se
tion 3, the modularity is in-vestigated. Then we demonstrate an appli
ation of our logi
 on the example of



a non-monotoni
 reasoning formalism of the indu
tive situation 
al
ulus. We
on
lude with se
tion 5, where we summarize our results, and outline futuredire
tions.2 NMID-Logi
In this se
tion, we present an extension of 
lassi
al logi
 with non-monotoneindu
tive de�nitions. This work extends previous work of [Den00℄.Syntax First, we introdu
e the notion of a de�nition. We introdu
e a newbinary 
onne
tive  , 
alled the de�nitional impli
ation. A de�nition � is a setof rules of the form 8�x (X(�t) ') where (1){ �x is a tuple of obje
t variables,{ X is a predi
ate symbol (i.e., a predi
ate 
onstant or variable) of some arity r,{ �t is a tuple of terms of length r of the vo
abulary � ,{ ' is an arbitrary �rst-order formula of � .The de�nitional impli
ation must be distinguished from material impli
ation.A rule 8�x (X(�t)  ') in a de�nition does not 
orrespond to the disjun
tion8�x(X(�t) _ :'). Note that in front of rules, we allow only universal quanti�ers.In the rule (1), X(�t) is 
alled the head and ' is the body of the rule.Example 1. The following expression is a simultaneous de�nition of even and oddnumbers on the stru
ture of the natural numbers with zero and the su

essorfun
tion: f8x(E(x) x = 0);8x(E(s(x)) O(x));8x(O(s(x))  E(x))g : Anexample of a non-monotone de�nition in the well-ordered set of natural numbersis the expression f8x(E(x) x = 0);8x(E(s(x))  :E(x))g :A de�ned symbol of � is a relation symbol that o

urs in the head of at leastone rule of �; other relation, obje
t and fun
tion symbols are 
alled open. Inthe Example 1 above, E and O are de�ned predi
ate symbols, and s is an openfun
tion symbol.Remark 1. In most parts of this paper, we do not make a formal distin
tionbetween variable and 
onstant symbols. Symbols o

urring free in a formula 
anbe viewed as 
onstants; symbols in the s
ope of a quanti�er 
an be viewed asvariables. In examples, we tend to quantify over x, y, X , Y , and leave 
, g, fand P , Q free and treat them as 
onstants.Let free(�) denotes the set of free symbols of �. We shall use notation�(x1; : : : xn) to emphasize that symbols x1; : : : xn are distin
t and are free in �.Let � be a vo
abulary interpreting all free symbols of �. The subset of de�nedsymbols of de�nition � is denoted �d�. The set of open symbols of � in � isdenoted �o�. The sets �d� and �o� form a partition of � , i.e., �d� [ �o� = � , and�d� \ �o� = ; . A well-formed formula of the Logi
 for Non-Monotone Indu
tiveDe�nitions, brie
y a NMID-formula, is de�ned by the following indu
tion:{ If X is an n-ary predi
ate symbol, and t1; : : : ; tn are terms then X(t1; : : : ; tn)is a formula.



{ If � is a de�nition then � is a formula.{ If �;  are formulas, then so are (:�) and (� ^  ).{ If � is a formula, then 9� � is a formula.A formula � is an NMID-formula over a vo
abulary � if free(�) � � . We useSO(NMID)[� ℄ to denote the set of all formulas of our logi
 over �xed vo
abulary� . The �rst order fragment FO(NMID)[� ℄ is de�ned in the same way, ex
ept thatquanti�
ation over set and fun
tion symbols is not allowed.Example 2. In the language of the natural numbes, the following formula ex-presses that there is a set whi
h is the least set 
ontaining 0 and 
losed undertaking su

essor numbers, and whi
h 
ontains all domain elements. It is equival-ent with the standard indu
tion axiom:9N [f8x(N(x) x = 0);8x(N(s(x)) N(x))g ^ 8x N(x)℄:Semanti
s. The exposition below is a synthesis of di�erent approa
hes to thewell-founded semanti
s, in parti
ular those presented in [Van93,Fit03,DBM01℄.We assume familiarity with semanti
s of 
lassi
al logi
. A stru
ture I of a vo
ab-ulary � 
onsists of a domain dom(I) and for ea
h symbol � 2 � a value �I indom(I), i.e. a fun
tion for a fun
tion symbol and a relation for a predi
ate symbolof 
orresponding arity. The value tI of a term t in I is de�ned by the standardre
ursion. The stru
ture obtained from I by assigning value v to symbol � isdenoted I [� : v℄.Let � be an arbitrary de�nition. For ea
h de�ned symbol X of �, we de�ne:'X(�x) := 9�y1 �x = �t1 ^ '1 _ � � � _ 9�ym �x = �tm ^ 'm; (2)where �x is a tuple of new variables, and 8�y1 (X(�t1) '1), . . . , 8�ym (X(�tm) 'm) are the rules of � with X in the head.The basis of the 
onstru
tion of the well-founded model is an operator T�mapping pairs of � -stru
tures to � -stru
tures. Given su
h a pair (I; J), the op-erator T� evaluates the bodies of the rules in a parti
ular way. In parti
ular,it evaluates positive o

urren
es of de�ned symbols in rule bodies by I , andnegative o

urren
es of de�ned symbols by J . To formally de�ne this operator,we simply rename the negative o

urren
es in rule bodies of �. We extend thevo
abulary � with, for ea
h de�ned symbol X , a new relation symbol X 0 of thesame arity. The extended vo
abulary � [ �X 0 will be denoted � 0. Then in ea
hrule body in �, we substitute the symbol X 0 for ea
h negative o

urren
e of ade�ned symbol X , thus obtaining a new de�nition �0.Now all de�ned predi
ates of �0 o

ur positively in the bodies of the rules, so�0 is a positive de�nition based on vo
abulary � 0. The new de�nition �0 hasthe same de�ned symbols as �, and the symbols with primes are its new opensymbols.Let �0 be obtained from � as des
ribed. As in the 
ase of ��, we obtainformula (2), but now we use �0 instead of �. For any pair of � -stru
tures I; Jwhi
h share the same domain, de�ne IJ as the � 0-stru
ture whi
h satis�es thefollowing:



{ its domain is the same as the domain of I and J{ ea
h open symbol of � is interpreted by J{ ea
h de�ned symbol of � is interpreted by I{ the value of ea
h new symbol X 0 is XJ , the value of X in J .It is 
lear that for some de�ned symbol X , evaluating '0X under IJ simulatesthe non-standard stru
ture of 'X where J is \responsible" for the open and thenegative o

urren
es of the de�ned predi
ates, while I is \responsible" for thepositive ones.De�nition 1 (operator T�). We introdu
e a partially de�ned binary operatorT� : I�I 7! I, where I is the 
lass of all �-stru
tures. The operator is de�nedon pairs of stru
tures whi
h share the same domain, and is unde�ned otherwise.We have I 0 = T�(I; J) if and only if{ dom(I 0) = dom(J) = dom(I),{ for ea
h open symbol �, �I0 := �J and{ for ea
h de�ned symbol X 2 �d�, XI0 := f�a j IJ j= '0Xi [�a℄g where formula'0X is de�ned by equation (2) applied to �0.Let J be a � -stru
ture, and Io := J j�o� , the restri
tion of J to �o�. The unaryoperator �J T�(I; J), often denoted by T�(�; J), is a monotone operator; andits least �xpoint in this latti
e is 
omputed by lfp(T�(�; J)) := F� E�; whereE� := T�(E<� ; J); and E<� := F�<� E� :De�nition 2 (stable operator). De�ne the stable3 operator ST� : I 7! I asfollows: ST�(J) := lfp(T�(�; J)):Operator ST� is anti-monotone. As is standard for anti-monotone operators,the operator ST� gives rise to a sequen
e (I� ; J�)��0 de�ned byI� := ST�(J<�); where J<� := u�<�J� ;J� := ST�(I<�); where I<� := t�<�I�:Noti
e that I<0 is, by de�nition, the bottom element ?Io of the latti
e of � -stru
tures extending Io, i.e., the stru
ture whi
h assigns ; to every de�ned sym-bol; and J<0 is the top element >Io whi
h assigns Cartesian produ
t Ar to ea
hr-ary de�ned symbol X of �.The anti-monotoni
ity of ST� implies that the sequen
e (I�)��0 is in
reasingand (J�)��0 is de
reasing. Moreover, for ea
h �, I� v J� . Thus, it holds that thesequen
e (I� ; J�)��0 is indeed a sequen
e of in
reasingly pre
ise approximations.This sequen
e has a limit (I; J), whi
h is the maximal os
illating pair of ST�.Equivalently, I and J are �xpoints of the square ST 2�, lfp(ST 2�) and gfp(ST 2�),respe
tively.We de�ne Io�# := lfp(ST 2�), and Io�" := gfp(ST 2�). We extend this notationto any stru
ture K whi
h interprets at least �o� and de�ne K�# := (Kj�o�)�#,3 This operator is often 
alled the Gelfond-Lifs
hitz operator. The 
orresponding trans-formation was introdu
ed in [GL91℄.



and K�" := (Kj�o�)�". Note that K�# and K�" agree with K on the opensymbols but not ne
essarily on the de�ned symbols.De�nition 3. De�nition � is total in �o�-stru
ture Io if Io�# = Io�".The aim of an indu
tive de�nition is to de�ne its de�ned symbols. Therefore,a natural quality requirement for a de�nition is that it is total. We will de�nethat � -stru
ture I satis�es�, or equivalently, that� is true in I (denoted I j= �)if � is total in I and I�# is identi
al to I .De�nition 4 (�-extension of I). Let � be a de�nition. Let I be a stru
tureof vo
abulary �I su
h that �o� � �I � � . If � is total in I, de�ne the �-extensionof I, denoted I�, as I� := I�# (or, equivalently, I� := I�"). If � is not totalin I, then I has no �-extension.Note that for any �o�-stru
ture Io, there is at most one �-extension extending Io.De�nition 5 (� true in stru
ture I). Let � be a NMID-formula and I anystru
ture su
h that free(�) � �I . We de�ne I j= � (in words, � is true in I, orI satis�es �, or I is a model of �) by the following indu
tion:{ I j= X(t1; ::; tn) if (tI1; ::; tIn) 2 XI ;{ I j=  1 ^  2 if I j=  1 and I j=  2;{ I j= : if I 6j=  ;{ I j= 9�  if for some value v of � in the domain dom(I) of I, I [� : v℄ j=  ;{ I j= � if I = I�# = I�".Given an NMID-theory T over � , a �-stru
ture I satis�es T (is a model of T )if I satis�es ea
h � 2 T . This is denoted by I j= T .3 ModularityIn this se
tion, we split a de�nition � into subde�nitions f�1; �2; : : : ; �ng.We study under what 
onditions we 
an guarantee that for stru
ture I , I j=� i� I j= �1 ^�2 ^ � � � ^�n: This is the subje
t of the Modularity theorem.De�nition 6 (partition of de�nitions). A partition of de�nition � is a setf�1; : : : ; �ng, 1 < n, su
h that � = �1 [ � � � [ �n, and if de�ned symbol Pappears in the head of a rule of �i, 1 � i � n, then all rules of � with P in thehead belong to �i.Noti
e that �i has some \new" open symbols. For instan
e, if P is de�ned in�, but not in �i, then it is a new open symbol of �i. Of 
ourse, it holds that� = �o� [ �d� = �o�i [ �d�i , 1 � i � n. Also, [i�d�i = �d� and �d�i \ �d�j = ;whenever i 6= j.The following theorem demonstrates that a model of a de�nition, is, at thesame time, a model of ea
h its sub-de�nitions. As a side e�e
t, we demonstratethat the totality of the large de�nition implies the totality of its sub-de�nitions.



Theorem 1 (de
omposition). Let � be a de�nition over � with partition(�1; : : : ; �n). Let I be a �-stru
ture. Then I j= � implies I j= �1 ^ : : : ^�n.Let I be a model of �. The theorem says that for ea
h i, 1 � i � n, �i is totalin the restri
tion I j�o�i of I to the open symbols of �i and moreover that I isthe �i-extension of I j�o�i . Using the notations of De�nition 4, this means thatI = I�i# = I�i". We obtain the following 
orollary.Corollary 1. If I j= �, then for ea
h i, 1 � i � n, �i is total in I j�o�i .The following example shows that the inverse dire
tion of theorem 1 does nothold in general.Example 3. Let �, �1, �2 be the following de�nitions.� := �P  Q;Q P � �1 := �P  Q	 �2 := �Q P 	 :De�nition � is total, and its unique model is ; in whi
h both P and Q are false.A

ording to theorem 1, ; satis�es �1 and �2. Note that fP;Qg is not a modelof � and yet, it satis�es �1 and �2. Indeed, fP;Qg is the �1-extension of the�o�1 -stru
ture fQg and the �2-extension of the �o�2 -stru
ture fPg. The reasonwhy the equivalen
e between �1 ^�2 and � breaks down is that in � there is a
ir
ular dependen
y between P and Q. After splitting, this 
ir
ular dependen
yis broken up into two non-
ir
ular dependen
ies.The example suggests that splitting a de�nition will be equivalen
e preservingif the splitting does not break 
ir
ular dependen
ies between atoms. To this end,we introdu
e the notion of a redu
tion relation. A redu
tion relation will bede�ned as a binary relation on ground atoms, whi
h expresses possible depend-en
ies between atoms in the de�nition.A domain atom over vo
abulary � in domain A is any atom P (x1; : : : ; xn)where P is relation symbol of � and x1; : : : ; xn are elements of A. Let At�A bethe set of domain atoms over � in A. Let � be any binary relation on At�A. IfQ[�b℄ � P [�a℄, we will say that P [�a℄ depends on Q[�b℄ (a

ording to �). We useQ[�b℄ �� P [�a℄ as an abbreviation for Q[�b℄ � P [�a℄ ^ P [�a℄ 6� Q[�b℄. For any domainatom P [�a℄ and any pair I; J of � -stru
tures with domain A, we de�ne I �=�P [�a℄ Jif for ea
h atom Q[�b℄ � P [�a℄, I j= Q[�b℄ i� J j= Q[�b℄. We extend this to pairs byde�ning (I; J) �=�P [�a℄ (I 0; J 0) if I �=�P [�a℄ I 0 and J �=�P [�a℄ J 0.Let Ko be a stru
ture with domain A interpreting at least all obje
t andfun
tion symbols of � and no de�ned predi
ates of �.De�nition 7 (redu
tion relation). A binary relation � on At�A is a redu
tionrelation (or brie
y, a redu
tion) of � in Ko if for ea
h domain atom P [�a℄ withP a de�ned symbol, for all �-stru
tures I; J; I 0; J 0 extending Ko, if (I; J) �=�P [�a℄(I 0; J 0) then IJ j= 'P [�a℄ i� I 0J0 j= 'P [�a℄.



Intuitively, the de�nition expresses that � is a redu
tion relation if the truthof the formulas 'P [�a℄ depends only on the truth of the atoms on whi
h P [�a℄depends a

ording to �.Re
all that a pre-well-order is a re
exive and transitive relation su
h thatevery non-empty subset 
ontains a minimal element. Note that every de�nition� has a trivial redu
tion pre-well-order in every �o�-stru
ture. Indeed, the totalbinary relation on At�A trivially satis�es the 
onditions of a redu
tion pre-well-order. The following de�nition is 
ru
ial for the right-to-left dire
tion of theModularity theorem.De�nition 8 (redu
tion partition). Call partition f�1; : : : ; �ng of de�ni-tion � a redu
tion partition of � in �o�-stru
ture Io if there is a redu
tionpre-well-order � of � in Io and if Q[�b℄ � P [�a℄ and P [�a℄, Q[�b℄ are not de�ned inthe same �i then Q[�b℄ �� P [�a℄.The intuition underlying this de�nition is that in a redu
tion partition, if anatom de�ned in one module depends on an atom de�ned in another module,then the latter atom is stri
tly less in the redu
tion ordering and hen
e does notdepend on the �rst atom.A partition f�1; : : : ; �ng of � is 
alled total in Ko if ea
h �i is total in Ko.Theorem 2 (modularity). If f�1; : : : ; �ng is a total redu
tion partition of �in �o�-stru
ture Io, then for any �-stru
ture M extending Io, M j= �1 ^ � � � ^�n i� M j= �:Corollary 2. Let To a theory over �o� su
h that for any �o�-model Mo of To,f�1; : : : ; �ng is a total redu
tion partition of � in Mo.Then To ^� and To ^�1 ^ � � � ^�n are logi
ally equivalent.Now we 
onsider for two spe
ial 
ases of de�nitions how to translate themin 
lassi
al logi
. Let � be a positive de�nition, i.e. with only positive o

ur-ren
es of de�ned symbols in rule bodies, de�ning the symbols �P . Let Xi andPi have the same arity. De�ne PID(�) := V� ^ 8 �X(V�[ �P= �X℄ ! �P � �X):Here, V� is the 
onjun
tion of formulas obtained by repla
ing de�nitional withmaterial impli
ations in �, �[ �P= �X℄ is the de�nition obtained by substitutingXi for ea
h de�ned symbol Pi and �P � �X is a shorthand for the formula(8�xP1(�x) ! X1(�x)) ^ � � � ^ (8�xPn(�x) ! Xn(�x)). The formula PID(�) is thestandard se
ond-order formula to express that predi
ates �P satisfy the positiveindu
tive de�nition �.Theorem 3. � is total in ea
h �o�-stru
ture. For any stru
ture I, I j= � i�I j= PID(�).De�ne the 
ompletion of �, denoted 
omp(�), as the 
onjun
tion, for ea
hde�ned symbolX of�, of formulas 8�x(X(�x)$ 'X [�x℄): A redu
tion relation� of� on At�A is stri
t inKo if it is a stri
t well-founded order (i.e., an antisymmetri
,transitive binary relation without in�nite des
ending 
hains). Thus, if P � Qholds, then the bodies of rules de�ning Q may depend on the truth value of P ,but not vi
e versa.



Theorem 4 (
ompletion). Suppose � is a stri
t redu
tion relation of � in�o�-stru
ture Io. Then (a) de�nition � is total in Io, and (b) the model Io� of� is the unique model of 
omp(�) extending Io.4 Example: Indu
tive Situation Cal
ulusThe vo
abulary �s
 of the situation 
al
ulus (see, e.g. [Rei01℄) is a many-sortedvo
abulary with equality with sorts for a
tions (A
t), situations (Sit), and pos-sibly a �nite number of domain spe
i�
 sorts 
alled obje
t sorts (Ob1,. . . , Obk).The vo
abulary 
ontains a potentially in�nite set of domain-dependent fun
-tion symbols of the sort A
t. Su
h fun
tions take only obje
ts of obje
t sorts astheir arguments. For example, in the blo
k world domain, we may have a
tionspi
k up(x) of arity 1 and put on(x; y) of arity 2. The 
onstant S0 of sort Sitdenotes the initial situation. Fun
tion do of sort Sit maps a
tions and situationsto situations, i.e., given a and s, term do(a; s) denotes the su

essor situationwhi
h is obtained from situation s by performing a
tion a. The predi
ate 
on-stants F1; F2; : : : are 
alled 
uents and denote properties of the world (both inthe initial situation and in other situations). They always have exa
tly one ar-gument of sort Sit while the sort of ea
h other argument is an obje
t sort. Forexample On(x; y; s) of arity 3 denotes that obje
t x is on obje
t y in situations. Here we de�ne a variant of Reiter-style situation 
al
ulus, whi
h we 
all theindu
tive situation 
al
ulus. All 
uents will be de�ned by simultaneous indu
tionon the well-ordered set of situations. Rami�
ations des
ribing propagation ofe�e
ts of a
tions are modeled as monotone indu
tions at the level of situations.The result is an iterated indu
tive de�nition with alternating phases of monotoneand non-monotone indu
tion. Below we des
ribe the 
omponents of the indu
tivesituation 
al
ulus.The foundational axioms of the indu
tive situation 
al
ulus, Df , are the setof axioms 
onsisting of the unique name axioms for situations8a 8s :(S0 = do(a; s));8a18a28s18s2 (do(a1; s1) = do(a2; s2)! a1 = a2 ^ s1 = s2); (3)and the domain 
losure axiom for situations9X �8s (X(s) s = S0);8s0 8a (X(do(a; s0)) X(s0))� ^ 8s X(s)): (4)The role of axiom (4) is to guarantee that the domain of situations Sit is thesmallest set 
losed under appli
ations of the fun
tion symbol do, whi
h satis�esthe unique name axioms for situations. It is equivalent to Reiter's indu
tionaxiom for situations.The se
ond and main part of the indu
tive situation 
al
ulus is the de�ni-tion �s
 de�ning the 
uents. To de�ne it, the vo
abulary �ind of the indu
tivesituation 
al
ulus extends �s
 by three types of symbols. For ea
h 
uent F , the



symbol IF is used to des
ribe the 
uent in the initial situation and has the sameobje
t arguments as F but misses the situation argument of F . The other twotypes of symbols are symbols denoting 
ausality predi
ates. For ea
h 
uent F ,we introdu
e predi
ates CF and C:F with the same arguments as F plus oneargument of sort A
t. The atom CF (�x; a; s) means that a
tion a has the dire
t orindire
t e�e
t of initiating F for obje
ts �x in situation s. Likewise, C:F (�x; a; s)represents that a has the e�e
t of terminating F for �x in situation s.The de�nition �s
 simultaneously de�nes all 
uents and 
ausality predi
atesin terms of the initial situation predi
ates. This de�nition 
an be split in thepartition f�
uent; �e�e
tg. The subde�nition �
uent 
onsists of for ea
h 
uentF , the following three rules8a8s8�x (F (�x; S0) IF (�x));8a8s8�x (F (�x; do(a; s)) CF (�x; a; s));8a8s8�x (F (�x; do(a; s)) F (�x; s) ^ :C:F (�x; a; s))The �rst rule of this subde�nition simply asso
iates the 
uent in the initialsituation with its initial situation predi
ate. The se
ond rule says that if a 
uentis 
aused to hold in a situation, then it holds in that situation. The third rulemodels the inertia law.The set �e�e
t de�nes all the 
ausality predi
ates and 
ontains rules of theform: 8a8s8�x (CF (�x; a; s) 
+F (�x; a; s))8a8s8�x (C:F (�x; a; s) 
�F (�x; a; s))where 
+F (�x; a; s) and 
�F (�x; a; s) are formulas with only positive o

urren
es of
ausality predi
ates and in whi
h the free variable s is the situation argument ofall 
uent and 
ausality predi
ates. Noti
e that the de�nitional impli
ations,  ,in these de�nitions represent 
ausal dependen
ies. The semanti
 
orresponden
ebetween 
ausality rules and rules in an indu
tive de�nition was �rst pointed outin [DTV98℄.A third and last part of the indu
tive situation 
al
ulus is the des
riptionof the initial situation, DS0 . It is a domain dependent theory 
ontaining neither
uent nor 
ausality symbols. For example, in 
ase of 
omplete knowledge of theinitial situations, DS0 may 
onsist of a set of de�nitions of the initial predi
atesIF .An indu
tive situation 
al
ulus 
onsists then of the elements Df[f�s
g[DS0 .Example 4 (gear wheels). Let us des
ribe a simple idealized me
hani
al systemof two 
onne
ted gear wheels. Suppose 
uents T1, T2 represent the fa
t that the�rst (respe
tively, the se
ond) wheel is turning. If a wheel starts or stops turning,we denote this 
hange by a
tion Start1, Start2, Stop1, or Stop2, respe
tively.The following de�nitions spe
ify dire
t and indire
t e�e
ts of a
tions:�wheelse�e
t :=8>><>>:8a8s (CT1 (a; s) a = Start1); 8a8s (CT2 (a; s) a = Start2);8a8s (C:T1 (a; s) a = Stop1); 8a8s (C:T2 (a; s) a = Stop2)8a8s (CT1 (a; s) CT2(a; s)); 8a8s (CT2 (a; s) CT1(a; s))8a8s (C:T1 (a; s) C:T2(a; s)); 8a8s (C:T2 (a; s) C:T1(a; s))9>>=>>;



Ea
h rule represents a lo
al property of the system, namely an individual 
ausale�e
t. By 
ombining them we obtain a modular des
ription of the entire system.Noti
e that the 
ausal dependen
ies form a positive 
y
le.De�ne �wheels
uent as the set of rules de�ning 
uents T1 and T2 and �wheelss
 :=�wheels
uent [�wheelse�e
t . Let in the initial situation neither wheel be turning:Dwheelsinit := f:IT1 ^ :IT2g:Finally, let Dwheelsuna(A
t) be the unique name axioms for the sort A
t. Thus, the gearwheels example is axiomatized byDwheels := Df [ f�wheelss
 g [ Dwheelsinit [ Dwheelsuna(A
t):Our goal now is to simplify our axiomatization of this example. Using the prop-erties proven in the previous se
tions, we are able to simplify our axiomatizationof the Gear Wheels example by redu
ing de�nitions to formulas in 
lassi
al logi
.Proposition 1. The theory Dwheels is logi
ally equivalent toDf [ 
omp(Dwheels
uent ) [ PID(�wheelse�e
t ) [ Dwheelsinit [ Dwheelsuna(A
t):Proof. We give a sket
h of the proof to illustrate how the theorems of Se
tion 3
an be used.First, we show that �wheels
uent is total in ea
h stru
ture satisfying the founda-tional axioms Df and moreover, thatDf j= �wheels
uent $ 
omp(�
uent):To this aim, we show that in ea
h stru
ture I satisfying Df , there is a stri
tredu
tion relation of �wheels
uent . Consider the following binary relation �1:8>><>>: (ITi ; Ti(SI0 ))(Ti(s); Ti(doI (a; s))(CTi(a; s); Ti(doI(a; s))(C:Ti(a; s); Ti(doI (a; s)) i = 1; 2 ^ a 2 A
tI ^ s 2 SitI9>>=>>;It expresses that Ti(S0) depends on its initial predi
ate, and Ti(doI (a; s)) de-pends on Ti(s); CTi(a; s) and C:Ti(a; s). It is easy to verify that �1 is a redu
-tion relation in I and that its transitive 
losure is a stri
t redu
tion relation of�wheels
uent . Then Theorem 4 guarantees that �
uent is total in I and that �
uentand 
omp(�
uent) are equivalent in I .Next, 
onsider that �wheelse�e
t is a positive indu
tive de�nition, so by Theorem3, it is total in ea
h stru
ture and it is equivalent to PID(�wheelse�e
t ).We have shown now that given Df the 
omponent de�nitions �wheels
uent and�wheelse�e
t 
an be translated to the appropriate 
lassi
al logi
 axioms. It remains tobe shown that �wheelss
 
an be split in the 
onjun
tion �wheels
uent ^�wheelse�e
t . Considerthe following binary relation:�2:=�1 [8>><>>: (CT1 (a; s); CT2(a; s))(CT2 (a; s); CT1(a; s))(C:T1 (a; s); C:T2(a; s))(C:T2 (a; s); C:T1(a; s)) a 2 A
tI ^ s 2 SitI9>>=>>;



It is easy to verify that �2 is a redu
tion relation of �wheelss
 and, sin
e ea
h su-perset of a redu
tion relation is obviously also a redu
tion relation, its transitivere
exive 
losure ��2 is also a redu
tion relation. Also, one 
an verify that ��2 isa pre-well-order on At�A. Moreover, no 
ausality atom depends on a 
uent atoma

ording to ��2. Consequently, if P [�a℄ is a 
uent atom and Q[�b℄ a 
ausationatom, then P [�a℄ 6��2 Q[�b℄ and Q[�b℄ ��2 P [�a℄ implies Q[�b℄ ���2 P [�a℄. We alreadyshowed that �wheels
uent and �wheelse�e
t are total in ea
h stru
ture satisfying Df . Itfollows that f�wheels
uent ; �wheelse�e
tsg is a total redu
tion partition of �wheelss
 in ea
hstru
ture satisfying Df . We 
an apply Theorem 2 and the proposition follows.5 Con
lusionsRe
ently, we argued [Den00,DBM01℄ that non-monotone forms of indu
tive de�n-itions su
h as iterated indu
tive de�nitions and de�nitions over well-orders, 
anplay a unifying role in logi
, AI and knowledge representation, 
onne
ting remoteareas su
h as non-monotoni
 reasoning, logi
 programming, des
ription logi
s,dedu
tive databases and �xpoint logi
s. In this paper, we further substantiatedthis 
laim by de�ning a more general logi
 integrating 
lassi
al logi
 and mono-tone and non-monotone indu
tive de�nitions and applying it to what has alwaysbeen the most important test domain of knowledge representation | temporalreasoning.The main te
hni
al theorems here are the Modularity theorem and the theor-ems translating 
ertain 
lasses of NMID-de�nitions into 
lassi
al logi
 formalisa-tions. Problem-free 
omposition is 
ru
ial while axiomatizing a 
omplex system.Be
ause de�nitions in our logi
 are non-monotone, 
omposing or de
omposingde�nitions is in general not equivalen
e preserving. However, the 
onditions wehave presented allow one to separate problem-free (de)
ompositions from those
ausing 
hange in meaning. We have shown that the Modularity theorem is use-ful also for analyzing 
omplex de�nitions | some properties of large de�nitionsare implied by properties of sub-de�nition. The Modularity theorem is also animportant tool for simplifying logi
al formulas with de�nitions by translatingthem into formulas of 
lassi
al logi
.As an appli
ation of our logi
, we presented the indu
tive situtation 
al
ulus.In this formalisation, the situation 
al
ulus is modeled as an indu
tive de�ni-tion, de�ning 
uents and 
ausality predi
ates by simultaneous indu
tion in thewell-ordered set of situations. An important aspe
t of our formalisation is that
ausation rules 
an be represented in a modular way by rules in an indu
tivede�nition. We used the Modularity theorem to demonstrate its equivalen
e witha situation 
al
ulus axiomatization based on 
ompletion and 
ir
ums
ription. Ina forth
oming paper, we present a general solution to the rami�
ation problemfor the situation 
al
ulus within the NMID-logi
.Future Work Given the 
onne
tion between the �-
al
ulus and indu
tive de�n-itions, it would be interesting to study NMID-logi
 on Kripke stru
tures, andto understand what form the splitting 
onditions take on these stru
tures. Thismay lead to new results on 
ompositional veri�
ation. Imagine a 
omplex system




onsisting of numerous inter-related 
omponents (e.g. gear wheels). A formal de-s
ription of the behavior of su
h a system over time requires mutual re
ursionbetween its modules. If the spe
i�
ation 
an be de
omposed into spe
i�
ationsof individual parts, then the 
omplexity of veri�
ation of the entire system willbe redu
ed sin
e one has to deal with a redu
ed state spa
e ea
h time. Otherdire
tions in
lude the study of the 
onne
tions of our logi
 with the work on iter-ated indu
tion by Feferman and others, and also appli
ations of our modularityte
hniques for simplifying formulas with de�nitions through their translation to�rst- and se
ond-order logi
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