
Economic Theory manuscript No.
(will be inserted by the editor)

Head note that is usually deleted

Minimal Belief Change, Pareto-Optimality
and Logical Consequence

Oliver Schulte1?

Simon Fraser University, Department of Philosophy and School of Computing Sci-
ence, Simon Fraser University, Burnaby, B.C., V5A 1S6, Canada (e-mail: oschulte@cs.sfu.ca)

The date of receipt and acceptance will be inserted by the editor

Abstract A rational agent changes her beliefs in response to new infor-
mation; a widely held idea is that such belief changes should be minimal.
This paper is an overview of the theory of minimal belief revision. I employ
a decision-theoretic framework to compare various principles for minimal
belief revision. The main topics covered include the AGM postulates for be-
lief revision, belief contraction, Grove's representation theorem, axioms for
conditionals, and the connections between minimal belief change and ques-
tions in formal logic. I characterize under what conditions belief revision
functions are consistent with the Levi Identity, and under what conditions
belief contraction functions are consistent with the Harper Identity.
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1 Belief Revision

Belief change pervades human life. As we interact with our environment, we
continually update our beliefs about it. In such situations, we encounter the
problem of how should an agent change his beliefs in light of new informa-
tion. In the last three decades or so, logicians, philosophers and computer
scientists have developed answers to this question under the heading of
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\belief revision theory". Two main features characterize belief revision the-
ory: the formal model of belief, and the guiding principle for belief change,
namely minimizing the extent of change.

Sets of Beliefs. A set of assertions is the basic formal structure that
represents the epistemic state of an agent in belief revision theory. The in-
tended interpretation is that they are the assertions that the agent believes
or accepts. Section 2 discusses the relationship between belief as accepted
propositions and probabilistic representations of belief. Belief revision the-
orists assume that the beliefs of a rational agent satisfy the principles of
logical reasoning. Thus in belief revision theory, logic determines the struc-
ture of belief sets, and the concepts and techniques of mathematical logic
are as characteristic of belief revision theory as probability theory is of
statistics.

Logically related assertions form a highly abstract and general mathe-
matical structure. As a result, the formal apparatus and theorems of be-
lief revision theory lend themselves to applications besides modelling belief
changes. For example, we may identify sets of assertions with records in a
database, or with laws in a legal code. On the ¯rst interpretation, belief
revision theory becomes a theory of revising and updating databases given
new inputs, and on the second, an account of revising legal codes given new
laws or changes to existing ones. The most in°uential interpretation, how-
ever, and the one that I shall pursue in this paper, is that belief revision
theory models the belief changes of logical reasoners. The guiding principle
of this theory is that belief changes should be minimal.

Minimal Belief Change. The core project of belief revision theory is
to answer the question: What is a minimal belief change? In this paper,
I describe several common approaches to this question. My own is based
on decision-theoretic principles, especially the Pareto principle (applied to
choice among objects with multi-dimensional attributes). I compare the
results of this approach with other important analyses of minimal belief
change, notably the Alchourr¶on-GÄardenfors-Makinson (AGM) axioms.

An interesting aspect of belief revision is its close connection with conditionals|
statements of the form \if p, then q". I describe a formal method for estab-
lishing correspondences between belief revision postulates and conditional
axioms known as the Ramsey Test. It turns out that the conditional axioms
corresponding to Pareto-minimal belief revision are part of a widely used
conditional logic.

Finally, in keeping with the theme of this special issue on Logic, I point
out the role that various fundamental facts of Mathematical Logic play in
belief revision theory as we go along.

Unless otherwise noted, proofs of formal results are in Section 12.

2 Theories, Logical Consequence and Belief

I begin with the representation of an agent's current beliefs as a theory. By
the term \theory" logicians usually mean a set of assertions that is closed un-
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der logical consequence, in the sense that if a proposition p follows from the
statements in a theory, then p is also part of the theory. There are two main
ways to represent theories, syntactically or semantically. For a syntactic
representation, we assume that some formal language L has been ¯xed, and
take a theory to be a deductively closed set of sentences or formulas from L
(more below). On a semantic approach, we take theories to be propositions,
where propositions are suitable abstract objects such as sets of possible
states of a®airs, possible worlds, or sets of points in an \outcome space".
Probability theory employs a form of the semantic approach: One begins
with an abstract set of points, which in statistical applications are often
thought of as \outcomes". Sets of points are referred to as \events". Logical
operations such as conjunction (\and") and disjunction (\or") correspond
to set-theoretic operations (intersection and union) on the powerset of the
outcome space. In decision theory and game theory, it is more usual to speak
of \possible states of the world" rather than \outcomes". In philosophically
motivated developments such as modal logic (which includes among others
the logics of belief, knowledge, possibility, and tense) the standard concept
is that of a \possible world", and sets of possible worlds are referred to as
\propositions" rather than \events". From the point of view of formal logic,
it does not matter how one labels the basic set of points and sets of these
points; I will employ the logician's usage of \propositions".1

For the bulk of this paper, I represent theories syntactically to facilitate
comparison with the large part of the literature on belief revision that takes
a syntactic approach. Another advantage of the syntactic approach, from
the point of view of computer science, is that a syntactic formulation is
indispensable if we want to apply belief revision theory to computational
agents. However, it should be noted that all of the developments to follow
are valid in a purely semantic, propositional setting as well.

A syntactic representation of belief begins with a set of formulas, which
I denote by L. I denote typical formulas by lower case Roman letters such as
p; q etc. Formulas are strings of symbols, somewhat comparable to the way
in which English sentences are strings of words. We think of formulas being
interpretable, such that a formula expresses a proposition, or state of a®airs,
again comparable to the way in which an English sentence expresses a state
of a®airs. Although in this paper I do not go into the theory of interpreting
formulas|a part of logic called semantics|the reader's intuitions will be
helped by thinking of formulas as expressing a proposition and as being

1 Incidentally, John Maynard Keynes came out strongly against the \event"
terminology: \With the term `event', which has taken hitherto so important a
place in the phraseology of the subject, I shall dispense altogether. Writers on
Probability have generally dealt with what they term the `happening' of `events'.
... But these expressions are now used in a way which is vague and [un]ambiguous;
and it will be more than a verbal improvement to discuss the truth and the
probability of propositions instead of the occurrence and the probability of events."
(Keynes 1921, Ch.1.4), emphasis Keynes's.
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either true or false. Kaneko's introductory paper gives a precise development
of the notion of a formula.

For example, suppose that we want a formal language for describing a
very simple situation: there are three objects and one table. Our language
has three propositional letters a; b; c. To provide some intuition, we interpret
a to mean \the ¯rst object is on the table", b to mean \the second object is
on the table", and c as \the third object is on the table". This is the kind of
example discussed by (Katsuno and Mendelzon 1991), (Chou and Winslett
1994), (Ginsberg and Smith 1987). I will use the scenario throughout the
paper to illustrate de¯nitions.

This language allows us to say very little. For example, we cannot ex-
press the proposition \all three objects are on the table". What we need is a
way of combining the basic statements given by the propositional letters. So
we enrich our language with operators and connectives. An operator yields
a new formula from another; a binary connective yields a new formula from
two others. I begin with three connectives that in a propositional setting
correspond to the three basic set-theoretic operations of complementation,
intersection and union. All told, we have the following de¯nition of a lan-
guage.

A language L is a set of formulas satisfying the following conditions.

1. L contains a negation operator : such that if p is a formula in L, so
is :p.

2. L contains a conjunction connective ^ such that if p and q are for-
mulas in L, so is (p ^ q).

3. L contains an implication connective ! such that if p and q are
formulas in L, so is (p ! q).

The implication connective ! is intended to correspond to material
implication, the kind of \if-then" that is used in mathematical statements.
In the presence of the negation operator, disjunction (\or") can replace
material implication and vice versa, because p ! q is equivalent to \not p
or q" (the only way that \if p, then q" is false in mathematical statements
is for p to be true and q to be false). For our purposes, it is technically
convenient to use material implication rather than disjunction.

To make formal expressions more readable, I will follow standard prac-
tice and omit parentheses around formulas when the intended reading is
clear (e.g., write p ^ q instead of (p ^ q).)

Logical reasoners derive conclusions from a given set of premises. For-
mally this corresponds to a consequence operation Cn: 2L ! 2L, where
Cn(¡ ) gives the set of formulas derivable from the formulas in the set ¡ .
A set of formulas ¡ entails another set of formulas ¡ 0, written ¡ ` ¡ 0,
i® Cn(¡ ) ¶ ¡ 0. A set of formulas ¡ entails a formula p, written ¡ ` p, i®
p 2Cn(¡ ). Thus ¡ ` ¡ 0 i® every formula p 2 ¡ 0 is a consequence of ¡ , that
is, i® ¡ ` p for all p 2 ¡ 0.

A theory is a deductively closed set of formulas. That is, a set of for-
mulas T µ L is a theory i® Cn(T ) = T . I denote the set of all theories by
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T. As another piece of terminology, a theorem is a formula p that holds
without any assumptions; formally p is a theorem i® ; ` p. It is customary
to abbreviate ; ` p as ` p.

I assume that Cn satis¯es a number of properties, for all sets of formulas
¡;¡ 0. The ¯rst three do not depend on the structure of our formal language.

Inclusion ¡ µCn(¡ ):
Montonicity Cn(¡ ) µCn(¡ 0) whenever ¡ µ ¡ 0:
Iteration Cn(Cn(¡ )) =Cn(¡ ).

These properties are known as the Tarskian properties in honour
of the great logician Alfred Tarski. Inclusion expresses the idea that any
statement p follows from itself. The motivation for Monotonicity is that the
more premises we are given, the more conclusions we can derive. Iteration
says that if a conclusion p follows from conclusions of an original set of
premises, then p follows from the original premises. Clearly these properties
hold for mathematical reasoning. Recently there has been a surge of interest
in nonmonotonic logics in which the addition of information may render
previous inferences invalid (Brewka, Dix, and Konolige 1997) (see Section
10.1).

I further assume that the entailment relation ` (and hence the conse-
quence operation Cn) is related to the propositional connectives as follows.

Modus Ponens If ¡ ` p; (p ! q), then ¡ ` q:
Implication If ¡ ` q, then ¡ ` (p ! q):
Deduction ¡ [ fpg ` q i® ¡ ` (p ! q):
Conjunction ¡ ` (p ^ q) i® both ¡ ` p and ¡ ` q:
Consistency Suppose that ¡ 6` p. Then ¡ [ f:pg 6` p.
Inconsistency fp ^ :pg ` L.
Double Negation ¡ ` p i® ¡ ` ::p.

These conditions bring the behaviour of the propositional connectives
in line with their intended interpretation. As Kaneko's introductory paper
shows, the provability relation ` of classical logic as well as those of modal
logics satis¯es these requirements.

Belief revision theorists usually assume that the consequence relation
Cn is compact. A consequence relation Cn is compact i® for all formulas p
and sets of formulas ¡ , we have that p 2Cn(¡ ) only if p 2Cn(¡ 0) for some
¯nite subset ¡ 0 of ¡ . There is a clear analogy with topological compactness,
though not more than an analogy since we are not working in a topological
space. Compactness corresponds to the idea that proofs are ¯nite sequences
of ¯nite objects (lines in the proof). Thus any given proof can make use of
at most ¯nitely many premises. So if we have a proof of p from premises ¡ ,
there must be a ¯nite subset of ¡ that su±ces for a proof of p, namely the set
of all assertions mentioned in the proof of p. Logics that allow in¯nitely long
statements or in¯nitely long proofs are generally not compact. When the
set of possible worlds (or the \event space") is in¯nite, semantic entailment
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relations are typically not compact either. None of the results in this paper
require compactness.

For the remainder of this paper, assume that a language L and a con-
sequence relation Cn (and hence an entailment relation `) have been ¯xed
that satisfy the conditions laid down above. It will help to understand this
model of belief based on logic if we relate it to formal models of belief used
in economics. One connection is that we may interpret the agent's belief
set as his knowledge, often modelled with information partitions (Osborne
and Rubinstein 1994, Ch.5). The set of assertions that an agent knows|
that are entailed by his current information|form a deductively closed set.
Another interpretation (consistent with the ¯rst) is that an agent's belief
set represents the assertions to which the agent assigns a personal prob-
ability of 1 (cf. (GÄardenfors 1988, Ch.5)). We can then see belief revision
theory as an extension of the Bayesian theory of belief change through up-
dating, an extension that addresses the case in which the agent receives
new information to which he had assigned probability 0. This combination
of belief revision and Bayesian updating suggests some fruitful analogies
between probabilistic conditionalization and belief revision (see Section 8).
For discussion of the concept of belief employed in belief revision theory,
including comparisons with probabilistic conceptions of belief, see for ex-
ample (GÄardenfors 1988), (Levi 1980), (Levi 1983), (Harper 1975), (Harper
1976), (van Fraassen 1976), (Spohn 1987).

I conclude this section with two simple lemmas regarding consequence
relations. Though we will not need them until later, I state them here to
emphasize that they are a consequence only of our assumptions about con-
sequence relations.

Unless otherwise noted, proofs are in Section 12.

Lemma 1 Let T1; T2 be two theories. Then T1 \ T2 is a theory.

We will often have occasion to consider the logical consequences of
adding a formula p to a theory, that is Cn(T [ fpg). In belief revision the-
ory, this operation is called expansion. Introducing a special symbol for
expansion will simplify the notation in what follows.

De¯nition 1 For a set of formulas ¡ and a formula p de¯ne ¡ +p =Cn(¡ [
fpg).

Note that in this notation, the Deduction Principle is expressed as ¡ `
p ! q i® ¡ + p ` q.

Another useful fact is that, given our assumptions about the consequence
relation Cn, expansion distributes over the intersection of two theories.

Lemma 2 Let T1; T2 be two theories. For any formula p, (T1 \ T2) + p =
(T1 + p) \ (T2 + p).
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3 Additions and Retractions

I now begin the analysis of what a minimal theory change is. An obvious
approach to this question would be to de¯ne a metric ½ between theories,
such that ½(T0; T1) is a real number that measures the \distance" between
two theories. If we had such a metric ½ at our disposal, we could de¯ne a
minimal change from a current theory T0 to be another \closest" theory
T1, that is, a theory T1 such that there is no \closer" theory T2. In sym-
bols, a theory T1 is ½-closest to T0 if ½(T0; T1) � ½(T0; T2) for all theories
T2. However, so far no generally satisfactory metric between theories has
been designed. An interesting approach would be to assume that an agent
has some subjective metric among theories, but di®erent equally rational
agents may have di®erent metrics. Then universal, intersubjective princi-
ples of minimal belief revision would be those that hold for any agent who
revises his theories minimally according to his subjective metric. This ap-
proach would be analogous to a subjective approach to probabilistic belief
change, in which agents revise their subjective priors by Bayesian updat-
ing. In Section 8 I describe an account of minimal theory change based on
subjective orderings that is similar in spirit.

Another approach is to aim for less than a metric provides. Note that
a metric ½ between theories de¯nes a total order �½

T among possible new
theories given a current theory T : de¯ne T1 �½

T T2 i® ½(T;T1) � ½(T; T2),
where � denotes the standard ordering of the real numbers. My approach
is to consider partial orders ÁT where we read T1 ÁT T2 as \T1 is a smaller
change from T than T2 is". We can think of a given partial order Á as
de¯ning a set of minimal theory changes, namely the minimal elements in
that order. So the minimal changes of a theory T according to the ÁT -
criterion would form the set fT 0 : for all T ¤, either T ¤ ¹T T 0 or T ¤ and T 0

are not comparable with respect to ¹T g.
In these terms, the project of the ¯rst part of this paper is this: De-

¯ne naturally motivated partial orders, and then characterize their minimal
elements in terms of a belief revision operation ¤, such that ¤ produces a
minimal element if and only if ¤ satis¯es certain axioms.

I make use of decision-theoretic principles to de¯ne partial orders among
theory changes. Let's begin by distinguishing two kinds of change: A retrac-
tion in which the old theory entails a formula that the new theory does not
entail, and an addition, in which the new theory entails a formula that the
old theory does not entail.

De¯nition 2 Let T;T 0 be two theories.

1. T 0 retracts the formula p from T () T ` p and T 0 6` p.
2. T 0 adds the formula p to T () T 6` p and T 0 ` p.

For example, consider again our simple setting with three objects and
a table and the language with propositional letters a; b; c for asserting that
a given object is on the table. Let T =Cn(fa; bg) (the ¯rst two objects are
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on the table). Then T¡ =Cn(fag) retracts b from T , and T+ =Cn(fa; b; cg)
adds c to T .

Next, I de¯ne two partial orders among theory changes by applying the
principle of dominance. The ¯rst partial order de¯nes a notion of a theory
T1 \retracting more" from a previous theory T than another theory T2,
namely if T1 retracts all the formulas from T that T2 retracts from T , and
T1 retracts at least one formula from T that T2 does not retract. The second
partial order de¯nes a notion of a new theory T1 \adding more" to a previous
theory T than another new theory T2, namely if T1 adds all the formulas
from T that T2 adds to T , and T1 adds at least one formula to T that T2

does not add to T .

De¯nition 3 Let T;T1; T2 be three theories.

1. T1 retracts more formulas from T than T2 does ()
(a) for all formulas p, if T2 retracts p from T , then T1 retracts p from

T , and
(b) for some formula p, T1 retracts p from T but T2 does not retract p

from T .

2. T1 adds more formulas to T than T2 does ()
(a) for all formulas p, if T2 adds p to T , then T1 adds p to T , and
(b) for some formula p, T1 adds p to T but T2 does not add p to T .

Thus T1 retracts more formulas from T than T2 i® T ¡T2 ½ T ¡T1, and
T1 adds more formulas to T than T2 i® T2 ¡ T ½ T1 ¡ T , where ½ stands
for proper set inclusion (recall that T =Cn(T ) for any theory T ). Figure 1
illustrates these de¯nitions.

In the example above, with T =Cn(fa; bg), we have that T¡ =Cn(fag)
retracts more formulas from T than T+ =Cn(fa; b; cg) does, and that T+

adds more formulas to T than T¡ does.
We may think of the addition partial order and the retraction partial

order as de¯ning two distinct dimensions of \cost" in theory revision. If
additions and retractions were linked such that minimizing one minimizes
the other, this distinction would have no interesting consequences for the
question of how to minimize theory change: we would just minimize both
additions and retractions at once. What makes the distinction important
is the fact that in general, additions and retractions trade o® against each
other. Typically, avoiding retractions entails adding more sentences than
necessary, and avoiding additions entails retracting more sentences than
necessary.

For an example, suppose again that T =Cn(fa; bg), meaning that the
agent believes that the ¯rst two objects are on the table and is uncertain
about the third. Suppose that the agent learns that both the ¯rst and on
the second are on the table, that :(a ^ b) holds. Consider two possible
revisions, ¯rst T1 =Cn(fa; :bg) and second T2 =Cn(f:(a ^ b)g). In the
sense of De¯nition 3, we have that T1 adds more to T than T2 does. For
instance, T1 adds the formula :b to T , whereas T2 does not (upon learning
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Fig. 1 Dominance in Additions and Retractions

that either the ¯rst or the second object are o® the table, the agent comes
to hold a new belief about the second object). Also, T2 retracts more from
T than T1 does, in the sense of De¯nition 3. For instance, T2 retracts a from
T whereas T1 does not.

This example illustrates the general tension between avoiding additions
and avoiding retractions. The results below characterize the extent of this
tension; essentially, additions and retractions trade o® against each other
unless the current theory already entails the new information. When addi-
tions and retractions stand in con°ict, how shall we make trade-o®s between
them? This is the topic of the next section.
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4 Pareto-Minimal Theory Change

When a con°ict arises between avoiding additions and avoiding retractions
in belief revision, an agent may strike a subjective balance between them, as
in any case of con°icting aims. She may assign one kind of change more sub-
jective weight than the other, or favour some beliefs as more \entrenched"
than others. I will come back to this idea in Section 8. But before we re-
sort to subjective factors, we can look to decision theory for an objective
constraint that applies to all agents seeking to minimize theory change. If
avoiding changes is our aim, then we should avoid revisions that make more
additions than necessary without avoiding retractions, and we should avoid
revisions that make more retractions than necessary without avoiding ad-
ditions. This is an instance of the basic principle of Pareto-optimality. For
minimal theory change, we can render it as follows.2

De¯nition 4 Let T;T1; T2 be three theories. T1 is a greater change from
T than T2 is ()

1. T1 retracts more formulas from T than T2 does, and for all formulas p,
if T2 adds p to T , then T1 adds p to T ; or

2. T1 adds more formulas to T than T2 does, and for all formulas p, if T2

retracts p from T , then T1 retracts p from T .

An equivalent purely set-theoretic de¯nition is that T1 is a greater change
from T than T2 is i® T2 4 T ½ T1 4 T , where ½ denotes proper inclusion
and 4 is symmetric di®erence (A 4 B = [A ¡ B] [ [B ¡ A]).3

For an example, suppose that T =Cn(fag) and that the agent learns b.
Let T1 =Cn(fa; b; cg) and let T2 =Cn(fa; bg). Then T1 adds more formulas
to T than T2 does (for example, c) and T1 retracts all the formulas from
T that T2 retracts (which is none). Hence by Clause 2 of De¯nition 5, it
follows that T1 is a greater change from T than T2 is. To illustrate Clause 1,
suppose that the agent learns a. Then T3 =Cn(fbg) retracts more formulas
from T than T does, and adds all formulas that T adds (which is none). So
T3 is a greater change from T than T is.

The principle of Pareto-Optimality de¯nes a partial relation ÁT between
theories: T2 ÁT T1 i® T1 is a greater change from T than T2 is. It seems that
we can now take a minimal change from T to be a minimal theory in the
ÁT -ordering. But on that de¯nition, the only minimal change from T is T
itself! Of course, it is generally true that the smallest change is no change,
on any acceptable notion of \small change" (cf. (Levi 1988, p.52, Condition
(1)), (Lewis 1981, p.313)). What we want is a minimal change that satis¯es
additional constraints. In the case of belief update, the additional constraint

2 To obtain the appropriate de¯nition for the propositional setting, replace the
word \formulas" by \propositions" in the following de¯nition.
3 Rott considers this set-di®erence criterion for comparing theory changes (Rott
2000). Norman Foo made the observation that Pareto-optimality with respect to
additions and retractions is equivalent to the set-di®erence criterion.
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is that the minimal theory change should incorporate the new information.
Accordingly, I de¯ne a Pareto-minimal theory change from T , given new
information p, as a theory that is minimal in the ¹T -ordering among the
theories that entail p.

De¯nition 5 Let T;T1 be two theories, and let p be a formula. Then T1 is
a Pareto-minimal change from T that incorporates p ()
1. T1 ` p, and
2. for all theories T2 such that T2 ` p, T1 is not a greater change from T

than T2 is.

Now we are ready to give necessary and su±cient conditions for a theory
revision to be a Pareto-minimal change. It is not di±cult to see that the
following three conditions are necessary. Let us write T ¤ p for the revision
of theory T given new information p. First, it is our basic constraint that
the revision T ¤ p must entail p. Second, since the least change of a theory
T is T itself, we don't change the current theory at all if it already entails
the new information p; in symbols, T ¤ p = T . Third, the revision T ¤ p
must follow from the result of simply adding the new information to the old
theory; formally, it must be the case that T + p ` T ¤ p: For suppose that a
revision T ¤ p does not satisfy this condition. Then T ¤ p entails a sentence
q that is not entailed by T + p, and hence not by T . Consider the theory
T 0 that entails a sentence r just in case both T ¤ p and T + p + :q entail r.
Clearly T 0 adds less to T than T ¤ p does because T 0 is weaker than T ¤ p;
in particular, T 0 does not add q to T whereas T ¤ p does. Furthermore, T 0

retracts from T exactly those sentences that T ¤ p retracts from T . For let
r be a sentence entailed by T but not by T 0. Then T + p+ :q entails r and
so by the de¯nition of T 0, it must be the case that T ¤ p does not entail
r. This argument shows that T ¤ p is a greater change from T than T 0 is.
Hence T ¤ p is not a Pareto-minimal change unless T + p entails T ¤ p. The
next theorem shows that the three conditions listed are su±cient as well,
that is, any theory revision that satis¯es them is Pareto-minimal. Thus we
have the following characterization of Pareto-minimal theory change that
incorporates a given piece of new information (see Figure 2 in Section 5).

Theorem 1 Let T be a theory and let p be a formula. A theory revision
T ¤ p is a Pareto-minimal change from T that incorporates p ()
1. T ¤ p ` p, and
2. T + p ` T ¤ p, and
3. if T ` p, then T ¤ p = T .

The proof is in (Schulte 1999).4 The theorem shows that the tension
between additions and retractions arises whenever the agent's current theory

4 Theorem 1 entails that when the new information p is inconsistent with the
current theory T , any theory T 0 entailing p is a Pareto-minimal revision. Rott
observed this part of Theorem 1 independently (Rott 2000, Observation 1).
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does not already entail the new information. When this is the case, the
revisions that make Pareto-acceptable trade-o®s run in strength from adding
the evidence to the current theory (T + p) to entailing nothing but the
evidence and its consequences Cn(fpg).

Pareto-minimality appears to be a basic necessary requirement for any
minimal theory change: it is hard to imagine a context in which a theory
change T ¤p violates Pareto-minimality and can yet be considered minimal.
But in a given context, we might well require more than Pareto-minimality
to accept a theory change as minimal. For example, Pareto-minimality is
consistent with an agent retracting just about all her beliefs when her cur-
rent theory T is consistent with the new information p but does not entail
it: in that case it follows from Theorem 1 that T ¤ p =Cn(fpg) is a Pareto-
minimal theory change. The reason why T ¤ p =Cn(fpg) is Pareto-minimal
is that by retracting beliefs, the agent avoids adding new ones; we can think
of such an agent as viewing additions to be a higher \cost" than retractions.
Katsuno and Mendelson have drawn a well-known distinction between two
di®erent kinds of contexts in which, they argue, di®erent weightings of addi-
tions and retractions are appropriate (Katsuno and Mendelzon 1991). If be-
lief revision represents the process of receiving increasing information about
a static world, they recommend avoiding retractions. But if the agent's envi-
ronment is dynamically changing, they would treat additions and retractions
on a par, as Pareto-minimality does. (I return to Katsuno and Mendelson's
\update" theory in Section 7.)

In the remainder of the paper, I describe a number of proposals for fur-
ther constraints on theory change beyond Pareto-minimality, most of which
place higher weight on avoiding retractions than on avoiding additions.

5 Retraction-Minimal Theory Change and the AGM Postulates

The previous section determined the implications of the Pareto principle for
making the trade-o® between additions and retractions in minimal theory
change. Lexicographic ordering is another standard principle for making
such trade-o®s without invoking weightings of cost dimensions. There is
support among belief revision theorists for the view that retracting beliefs
is to be especially avoided.5 What happens in theory revision if we assign
maximum priority to avoiding retractions? Formally, this means that we
choose retraction-minimal theory revisions, which are de¯ned as follows. A
revision T ¤p of a theory T on new information p is retraction-minimal if
(1) T ¤ p entails p, and (2) no other theory T 0 entailing p is such that T ¤ p

5 \The next postulate for expansions can be justi¯ed by the `economic' side of
rationality. The key idea is that, when we change our beliefs, we want to retain
as much as possible of our old beliefs|information is in general not gratuitous,
and unnecessary losses of information are therefore to be avoided. This heuristic
criterion is called the criterion of information economy." (GÄardenfors 1988, p.49);
emphasis is GÄardenfors'.
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retracts more from T than T 0 does (in the sense of De¯nition 3). Now it is
easy to see that no retraction-minimal revision T ¤p retracts any belief from
T . For if T ¤p retracts some belief q, then it retracts more than the revision
(T ¤ p) + q. In the case in which the new information p is consistent with
the current theory T , the only revision that is both Pareto-minimal and
retraction-minimal is T + p, which may be a satisfactory result. But when
the current theory T entails :p, there is trouble: since no retraction-minimal
revision T ¤ p retracts anything from T , we have that T ¤ p entails :p. But
since T ¤ p entails the new information p as well, T ¤ p is inconsistent. In
other words, when the new information contradicts the current theory, the
only retraction-minimal revision is the inconsistent theory.

One possible remedy is to look for a consistent retraction-minimal the-
ory revision. But it turns out that when T is inconsistent with the new
information p, every consistent retraction-minimal revision T ¤ p is a com-
plete theory, in the sense that for every formula q, either T ¤ p entails q
or :q. The proof of this result is in (Alchourr¶on and Makinson 1982, Ob-
servation 3.2). Intuitively, the reason is this: If T ` :p, then by Deduction
and Inconsistency, for every formula q, it is the case that T ` p ! q and
T ` p ! :q. To make T consistent with p, one of these implications must be
removed. But retraction-minimality forces us to keep at least one of them,
say T ¤p ` p ! q. Thus by Modus Ponens, T ¤p ` q. Since q is an arbitrary
formula, any retraction-minimal revision T ¤ p is complete.

For example, take T =Cn(fa; bg). Then T ` :a ! c and T ` :a ! :c,
because T ` :p ! q whenever T ` p (by Deduction and Inconsistency). Now
if the agent learns :a, minimizing retractions does not allow him to give up
both :a ! c and :a ! :c, or else he could retract less by keeping one of the
implications among his beliefs. If the agent does not retract :a ! c, then
retraction-minimality implies that his revised theory is T 0 =Cn(f:a; b; cg),
and if the agent keeps :a ! :c, retraction-minimality implies that his
revised theory is T 0 =Cn(f:a; b; :cg). The same is true for the other basic
sentences a and b, and so the agent has complete beliefs about all three
objects in our example scenario.

More details on retraction-minimal revisions (known as \maxichoice re-
visions" in the belief revision literature) are in (Schulte 1999), (GÄardenfors
1988, Ch.4), (Alchourr¶on and Makinson 1982).

Another approach to minimal belief change, indeed the most common
one, is to investigate various belief revision axioms directly without relating
them to decision-theoretic principles. A standard set of axioms has emerged
from these investigations known as the AGM axioms (after their origina-
tors, Alchourr¶on, GÄardenfors, and Makinson). In my notation, the AGM
axioms for theory revision are the following, for a theory T and sentences
p; q (GÄardenfors 1988, Ch.3.3).

K*1 T ¤ p is a theory.
K*2 T ¤ p ` p.
K*3 T + p ` T ¤ p.
K*4 If T + p is consistent, then T ¤ p ` T + p.
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Fig. 2 The behaviour of Pareto-minimal, retraction-minimal and AGM belief
revision functions

K*5 T ¤ p is inconsistent just in case p is inconsistent.
K*6 If p and q are logically equivalent, then T ¤ p = T ¤ q.
K*7 (T ¤ p) + q ` T ¤ (p ^ q).
K*8 If (T ¤ p) + q is consistent, then T ¤ (p ^ q) ` (T ¤ p) + q.

I will discuss the justi¯cation for these axioms in Sections 7 and 8;
see also (GÄardenfors 1988, Ch.3). For comparison with Pareto-minimal and
retraction-minimal theory change, the relevant axioms are K*1{K*4. From
the decision-theoretic standpoint that I have adopted so far, these axioms
are a mixture of Pareto-minimality and retraction-minimality. K*3 expresses
the characteristic property of Pareto-minimal revisions. K*4 expresses the
characteristic property of retraction-minimal revisions, but its application
is restricted to the case in which the current theory is consistent with the
new information, because as we have seen retraction-minimality leads us to
inconsistent or at least complete beliefs when the current theory is inconsis-
tent with the new information. Because K*4 requires an agent to preserve all
her beliefs when the new information is consistent with her current beliefs,
the postulate is often called the preservation principle.

Figure 2 compares the three theories of minimal theory change outlined
so far.
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6 Belief Revision Functions and Belief Contraction Functions

A major part of the theory of minimal belief change is the analysis of be-
lief contraction. Roughly speaking, contracting beliefs T with respect to a
formula p means withdrawing beliefs from T so that T does not entail p.
The idea is to develop the analysis of belief contraction independently of the
analysis of belief revision. We can then relate the two accounts in ways de-
scribed below. If we ¯nd that two independently motivated theories support
each other, this provides an argument in favour of each.

We ¯rst need the notions of belief revision and belief contraction func-
tions. So far we have considered a single theory change of a theory T in
light of some speci¯c new information p; a belief revision function speci¯es
a new revised theory for every new piece of information p. Extending the
previous notation, I write T ¤p for the result of applying a revision function
¤ for T to a formula p.

De¯nition 6 A belief revision function for a theory T is a function ¤ : L !
T such that for all formulas p, T ¤ p ` p.

De¯nition 6 makes it part of the notion of a belief revision function that
the result of applying the function is a theory entailing the new information.
In other words, the result of applying the function satis¯es the AGM axioms
K*1 and K*2. This de¯nition simpli¯es the theorems below. However, in a
more general setting we may wish to investigate theory changes that do not
satisfy K*1 and K*2 (see (Schulte 1999, Sec.7), (Levi 1996)).

As we will see presently, in the context of belief contraction there is
special motivation to pay attention to belief revision functions that avoid
the inconsistent belief set. If the new information p is a theorem|that is, if
` :p|then any revision on p leads to an inconsistent theory. But we may
require that in all other cases, the revision produces a consistent theory.
This leads to the following de¯nition.

De¯nition 7 A belief revision function ¤ for a theory T is consistent if
for all formulas p, T ¤ p = L () ` :p.

In other words, a belief revision function is consistent if it satis¯es the
AGM postulate K*5. The consistency requirement is more complex than it
may seem at ¯rst. Conceptually, the goal of achieving consistent beliefs is
distinct from the goal of minimizing belief change. This is especially clear
in the case in which the current theory T is inconsistent. Since T is in-
consistent, it entails any new information. And since the smallest change
is clearly no change (cf. Section 4), the minimal revision of an inconsistent
theory T that entails the new information is to stay with the inconsistent
theory. A technical point is that requiring the minimal revision of the incon-
sistent theory to be consistent causes di±culties in relating belief revision
postulates to conditional logics (Arl¶o-Costa 1990) (see Section 10.2).

In general, we will avoid confusion if we distinguish clearly between
belief revision principles that serve the aim of minimizing the extent of
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belief change, and belief revision principles that express other constraints,
such as principles of rational belief. Without any further conditions, the
smallest belief change is no belief change. In Sections 4 and 5 we considered
the consequences of the constraint that a belief revision has to entail the new
information. We may also examine the consequences of another constraint,
namely the consistency requirement K*5. In all these cases, we can apply the
principle of Pareto-minimality to ¯nd principles of minimal belief change for
a given set of constraints. Decision-theoretically, a set of constraints on the
possible revisions limits the range of available alternatives. Since an option
is Pareto-optimal i® it is not Pareto-dominated by another available option,
limiting the range of available alternatives can and typically does change the
set of Pareto-optimal outcomes|in our setting, the set of Pareto-minimal
theories. (Schulte gives a general de¯nition of Pareto-minimality in terms
of arbitrary constraints on acceptable revisions (Schulte 1999, Sec.7).)

Next, I introduce a requirement on belief contraction functions that
corresponds to the consistency requirement K*5. First de¯ne a belief con-
traction function as follows.

De¯nition 8 A belief contraction function _¡ for a theory T is a function
_¡ : L ! T such that for all formulas p, T ` T _¡p.

In the terms of Section 3, a belief contraction only retracts, but does not
add. Usually belief revision theorists require that a belief contraction on a
formula p yields a theory that is consistent with the negation of p. Clearly
this is possible if and only if p is not a theorem. Thus we have the following
de¯nition.

De¯nition 9 A belief contraction function _¡ for a theory T is consistent
if for all formulas p, T _¡p ` p () ` p.

For example, we might have Cn(fa; :bg) _¡:b =Cn(fag) for a consistent
belief contraction function _¡. In words, this belief contraction withdraws
the belief to contract on, and nothing else.

Let's compare De¯nition 8 with GÄardenfors' postulates for belief con-
traction, which in my notation are the following.

K¡1 T _¡p is a theory.
K¡2 T ` T _¡p.
K¡3 If T 6` p, then T _¡p = T .
K¡4 If 6` p, then T _¡p 6` p.
K¡5 If T ` p, then (T _¡p) + p ` T .
K¡6 If p and q are logically equivalent, then T _¡p = T _¡q.
K¡7 T _¡(p ^ q) ` T _¡p \ T _¡q.
K¡8 If T _¡(p ^ q) 6` p, then T _¡p ` T _¡(p ^ q).

In my usage, GÄardenfors' postulates K¡1 and K¡2 de¯ne a belief con-
traction function, and adding K¡4 yields a consistent belief revision func-
tion. Sometimes in the literature the term \belief contraction" is used to
refer to what I call consistent belief contraction, and sometimes it is used
to refer to a function that satis¯es all of GÄardenfors' postulates.
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6.1 Mappings Between Belief Revision and Belief Contraction Functions:
The Levi and Harper Identities

One of the early ideas about belief revision was Levi's proposal that a theory
change from T on new information p ought to proceed in two stages (Levi
1980, Ch.3). First, we may contract the theory T on the assertion :p. If the
contraction is consistent, this yields a theory T 0 that does not entail :p,
and hence is consistent with p. Then we add the new information p to T 0,
which is guaranteed to yield a consistent theory. Thus using consistent belief
contractions to de¯ne belief revision via Levi's two-step process guarantees
that revisions satisfy the consistency postulate K*5. This is the sense in
which it is a consistency requirement to stipulate that a belief contraction
on p should not entail p.

Another way to think about Levi's proposal is that it provides a recipe
for constructing a belief revision function from a belief contraction function.
That is, Levi's proposal maps contraction functions to belief revision func-
tions; see Figure 3. GÄardenfors refers to this mapping as the \Levi Identity";
his formal de¯nition is as follows.

De¯nition 10 (The Levi Identity) Let _¡ be a belief contraction function
for a theory T . The belief revision function ¤ associated with _¡ is de¯ned
by T ¤ p = T _¡:p + p.

I write levi( _¡) to denote the belief revision function associated with
_¡. To illustrate the Levi Identity, consider again the belief contraction
Cn(fa;:bg) _¡:b =Cn(fag). The associated belief revision is Cn(fa; :bg) ¤
b = (Cn(fa;:bg) _¡:b) + b, which is Cn(fag) + b =Cn(fa; bg). In words, we
can think of the revision as ¯rst withdrawing nothing but the negation of
the new information b, and then adding the new belief b.

It is easy to see that the Levi Identity yields a belief revision function
for a given belief contraction function, and that it yields a consistent belief
revision function for a consistent belief contraction function.

Lemma 3 Let _¡ be a belief contraction function for a theory T , and let ¤
be the function associated with _¡ . Then

1. ¤ is a belief revision function for T , and
2. if _¡ is consistent, then ¤ is consistent. (In other words, if _¡ satis¯es

K¡4, then ¤ satis¯es K*5).

How should we de¯ne a belief contraction function given a revision func-
tion ¤ for a theory T? Harper made the following proposal (translated into
our syntactic framework) (Harper 1975). Consider the revision T ¤ :p. If
T ¤ :p is a minimal revision of T on :p, then the di®erence between T ¤ :p
and T is minimal, and so T ¤:p has as much in common with T as is possible
given the requirement of accommodating :p. Thus the overlap T \ T ¤ :p
ought to be as large as it can be while conforming with :p. This means that
T \T ¤:p is a plausible candidate for a minimal retraction of T that makes
room for :p, that is, a contraction of T on p. Hence the following de¯nition.



18 Oliver Schulte

Fig. 3 The Levi and Harper Identity

De¯nition 11 (The Harper Identity) Let ¤ be a belief revision function
for T . The contraction function associated with ¤ is de¯ned by T _¡p = T \
T ¤ :p.

As the Levi Identity yields a contraction function given a revision func-
tion, the Harper Identity de¯nes a revision function from a contraction
function; see Figure 3. I write harper(¤) to denote the belief contraction
function associated with ¤.

To illustrate the Harper identity, consider again the revision Cn(fa;:bg)¤
b =Cn(fa; bg) from before. (The agent initially believes that the ¯rst ob-
ject is on the table and the second is not. On learning that the second is
on the table, her new beliefs are that the ¯rst two objects are on the ta-
ble.) Assume that the revision function treats b and ::b identically, such
that Cn(fa; :bg) ¤ ::b =Cn(fa; bg). The associated belief contraction is
Cn(fa;:bg) _¡:b =Cn(fa; :bg)\(Cn(fa;:bg)¤::b), which is Cn(fa;:bg)\Cn(fa;:bg)¤
b =Cn(fa;:bg)\Cn(fa; bg). It is possible to show that Cn(fa; :bg)\Cn(fa; bg) =Cn(fag).
All told, we have that Cn(fa;:bg) _¡:b =Cn(fag).

Note that in this case, the Levi and Harper Identities invert each other. If
we start with the revision Cn(fa; :bg) ¤ b =Cn(fa; bg), the Harper Identity
yields the contraction Cn(fa;:bg) _¡:b =Cn(fag). And as we saw above,
applying the Levi Identity to the contraction Cn(fa;:bg) _¡:b =Cn(fag)
yields the revision Cn(fa;:bg) ¤ b =Cn(fa; bg).

It is easy to see that the Harper Identity yields a belief contraction
function for a given belief revision function, and that it yields a consistent
belief contraction function for a consistent belief revision function.

Lemma 4 Let ¤ be a belief revision function for a theory T , and let _¡ be
the function associated with ¤. Then

1. _¡ is a belief contraction function for T , and
2. if ¤ is consistent, then _¡ is consistent. (In other words, if ¤ satis¯es

K*5, then _¡ satis¯es K¡4).

6.2 The Content of the Levi and Harper Identities
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The Levi Identity stipulates a constraint on revision functions for minimal
belief change by connecting them to belief contraction. What is the content
of this constraint? That is, what properties must belief revision functions
satisfy if they follow the Levi Identity? The answer is that the Levi Identity
picks out those revision functions that satisfy K*3|the requirement that
the expansion T + p must be at least as strong as the revision T ¤ p. Thus
the Levi Identity and Pareto-minimality turn out to characterize a very
similar class of belief revision functions; the only di®erence is that Pareto-
minimality does not allow any change when the evidence is entailed by the
agent's current theory, whereas the Levi Identity does.

Let us say that a function ¤ satis¯es the Levi Identity, or is gen-
erated by the Levi Identity, if there is a belief contraction function _¡
such that ¤ is the function associated with _¡ (i.e., ¤ = levi( _¡)). It is easy to
see that if a belief revision function satis¯es the Levi Identity, then it also
satis¯es K*3, the characteristic property of Pareto-minimal revisions.

Lemma 5 Let _¡ be a belief contraction function for a theory T with asso-
ciated belief revision function ¤. Then for all formulas p, T + p ` T ¤ p.

To illustrate the lemma, let us consider an example of a revision that
does not satisfy the Levi Identity. For example, let T =Cn(fag) and consider
the revision T ¤ b =Cn(fa; b; cg) (from the belief that the ¯rst object is on
the table, and the information that the second is on the table, infer that
the third one is as well). Consider any contraction T¡ =Cn(fag) _¡:b. By
De¯nition 8, we have that T ` T¡, so T¡ is consistent with b and :b as well
as c and :c (T¡ entails nothing about the whereabouts of the second and
third object). Thus any revision T 0 de¯ned by T ¤ b = T¡ + b is consistent
with c as well as :c. Therefore the revision Cn(fag) ¤ b =Cn(fa; b; cg) does
not satisfy the Levi Identity.

What about the converse of Lemma 5? The converse requires us to show
that if a belief revision function ¤ satis¯es K*3, then there is some con-
traction function _¡ that generates ¤ via the Levi Identity. The obvious
candidate for such a contraction function is the function harper(¤) that
the Harper Identity associates with the revision operator. It turns out that
indeed, applying the Levi Identity to harper(¤) yields the original belief
revision function ¤; in other words, the Levi Identity inverts the Harper
Identity, but only with some provisos. The ¯rst proviso is that ¤ must sat-
isfy K*3, as Lemma 5 requires. The second is that ¤ must treat doubly
negated formulas like unnegated formulas. Thus I say that a belief revision
function ¤ for T respects double negation if for all formulas p, we have
that T ¤ p = T ¤ ::p. Respect for double negation is much weaker than
the AGM postulate K*6 which requires that the respective results of revis-
ing on logically equivalent formulas be the same. With these conditions in
place, the postulate K*3 is a necessary and su±cient condition for the Levi
Identity to invert the Harper Identity.
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Proposition 1 Let ¤ be a belief revision function for T that respects dou-
ble negation. Then the Levi Identity inverts the Harper Identity applied to
¤ () for all formulas p, T + p ` T ¤ p.

Proposition 1 immediately yields a characterization of the belief revision
functions that are consistent with the Levi Identity.

Corollary 1 A belief revision function ¤ for a theory T that respects double
negation can be generated by the Levi Identity () for all formulas p,
T + p ` T ¤ p.

Next, I investigate the content of the Harper Identity. Let us say that
a function _¡ satis¯es the Harper Identity, or is generated by the
Harper Identity, if there is a belief revision function ¤ such that _¡ is the
function associated with ¤ (i.e., _¡ = harper(¤)). It is not hard to prove that
the following condition is necessary for a belief contraction function to be
generated by the Harper Identity.

Lemma 6 Suppose that ¤ is a belief revision function for a theory T , and
that _¡ is the contraction function associated with ¤. Then for all formulas
p, T _¡p + p = T + p.

To illustrate the lemma, let us consider an example of a contraction
that does not satisfy the Harper Identity. For example, let T =Cn(fa; bg),
and suppose that T _¡a =Cn(;) (to withdraw the belief that the ¯rst object
is on the table, contract to being uncertain about all three objects). Then
T _¡a+b =Cn(fbg), which is di®erent from T +b =Cn(fa; bg). Hence Lemma
6 entails that T _¡a does not satisfy the Harper Identity.6

In the case in which T ` p, the condition that T _¡p + p = T + p is
essentially equivalent to GÄardenfors' postulate K¡5, viz. T _¡p + p ` T .
Since T + p = T if T ` p, the condition of Lemma 6 entails K¡5. And
since T ` T _¡p for any contraction function _¡, it is immediate that T + p `
T _¡p + p.

In the case in which T 6` p, GÄardenfors' postulate K¡3 stipulates that
T _¡p = T , which clearly entails the condition of Lemma 6. However, the
requirement that T _¡p+p = T +p does not entail K¡3 because for example
T _¡p might retract a statement q from T provided that it does not retract
p ! q.

The postulate K¡5 is often referred to as a recovery postulate because
it asserts that after ¯rst contracting on p and then adding p \back in", the
agent recovers all of the beliefs in her original theory T . The intuition behind
the recovery principle is this. To contract beliefs on p means to \give :p
a hearing", or to entertain the possibility that p may be false. If the agent
gives :p a hearing, but then ¯nds that p is correct after all, the agent should
restore con¯dence in any proposition q that he may have believed but called

6 To verify this fact directly, consider any revision T ¤ :a and apply Lemma 2
to (T \ T ¤ :a) + a.
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into doubt along with q. The condition of Lemma 6 is a formulation of
the recovery principle. As we will see, the recovery postulate characterizes
contraction functions that satisfy the Harper Identity.

Before establishing a converse to Lemma 6, I ask under what circum-
stances the Harper Identity inverts the Levi Identity, as before in the case
of the Levi Identity. The recovery postulate turns out to be su±cient as
well as necessary, provided that the consequence relation satis¯es two more
conditions.

First, as with belief revision functions, I say that a belief contraction
function for a theory T respects double negation if for all formulas p, it
is the case that T _¡::p = T _¡p. Respect for double negation is an instance
of GÄardenfors' postulate K¡6. Second, a consequence relation Cn satis¯es
disjunctive syllogism if for all sets of formulas ¡ it is the case that if
¡ ` p ! q and ¡ ` :p ! q, then ¡ ` q. If a consequence relation satis¯es
disjunctive syllogism, it licenses arguments of the form \If p, then q. And
if :p, then q. Therefore q." Clearly the standard logic of mathematical
practice satis¯es this principle. With these conditions in place, the recovery
principle is a necessary and su±cient condition for the Harper Identity to
invert the Levi Identity.

Proposition 2 Assume that the consequence relation Cn satis¯es disjunc-
tive syllogism, and let _¡ be a belief contraction function for a theory T that
respects double negation. Then the Harper Identity inverts the Levi Identity
applied to _¡ () for all formulas p, T _¡p + p = T + p.

Proposition 2 immediately yields a characterization of the belief revision
functions that are consistent with the Harper Identity.

Corollary 2 If the consequence relation Cn satis¯es disjunctive syllogism, a
belief contraction function _¡ for a theory T that respects double negation can
be generated by the Harper Identity () for all formulas p, T _¡p+p = T+p.

7 In Search of Contraction Functions

The Levi Identity suggests that we construct belief revision functions from
contraction functions. Corollary 1 shows that Pareto-minimal belief revision
functions can be so constructed. And conversely, if a contraction function
generates a belief revision function, the belief revision function is Pareto-
minimal provided that it makes no change to the current theory when the
current theory is consistent with the evidence. Thus Pareto-minimality and
the Levi Identity together strongly support basing minimal belief change on
belief contraction.

So to ¯nd further constraints on minimal belief revision, we may look
¯rst for further constraints on belief contraction. An obvious idea is to re-
quire that a belief contraction function _¡ should be such that it satis¯es the
Harper Identity. By Corollary 2, this amounts to requiring that the belief
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contraction function _¡ should satisfy the recovery principle: T _¡p+p = T +p
for all theories T and formulas p. Unfortunately, whereas the recovery prin-
ciples does constrain belief contraction, combining it with the Levi Identity
does not yield any constraints on belief revision. Makinson discusses this is-
sue in detail (Makinson 1987); see also (GÄardenfors 1988, Ch.3.6). Basically,
the reason is this. Suppose we stipulate that a revision function ¤ ought to
be generated by a contraction function _¡ that satis¯es the Harper Identity.
From Proposition 1, we know that a contraction function that generates ¤ is
given by T _¡p = T \ T ¤ :p (if one exists at all). By Proposition 2, we have
that T _¡p satis¯es the Harper Identity if and only if T _¡p+p = T +p. So for
_¡ to satisfy the Harper Identity, the required constraint on the associated
revision function ¤ is that (T \ T ¤ :p) + p = T + p. Now by Lemma 2,
(T \ T ¤ :p) + p = (T + p) \ (T ¤ :p + p), which is T + p \ L = T + p since
T ¤ :p ` :p and so T ¤ :p is inconsistent with p. This requires only that
T ¤ :p ` :p, which is the case for any revision function. Thus if a revision
function ¤ is generated by any contraction function _¡, then ¤ is generated
by a contraction function that satis¯es the Harper Identity. Therefore the
Harper Identity does not yield constraints on belief revision.

Another suggestion is to choose retraction-minimal contraction func-
tions. A contraction T _¡p is retraction-minimal just in case there is no other
contraction T 0 of T such that T 0 retracts less from T than T _¡p does (in the
sense of De¯nition 3). Clearly the only retraction-minimal contraction on a
theory T retracts nothing, that is, T _¡p ` T . Then by the Levi Identity, it
follows that T ¤p = T _¡:p+p = T +p. Thus if belief contraction minimizes
retractions, then belief revision is just belief expansion: adopting the logical
consequences of adding the new information to the current beliefs. And we
saw that in terms of our decision-theoretic approach to belief revision, the
expansion function + is the only Pareto-minimal belief revision function
that minimizes retractions. Although there are thus several considerations
pointing towards expansion as minimal belief change, there is one big prob-
lem: when the new information is inconsistent with the current theory, just
adding the new information leads to inconsistent beliefs.

The obvious remedy is to require that contraction functions should be
consistent and retraction-minimal. Recall from Lemma 6 that if a belief con-
traction function _¡ is consistent, then the belief revision function ¤ associ-
ated with _¡ produces consistent beliefs (provided that the new information
p itself is consistent). A belief contraction T _¡p is consistent and retraction-
minimal just in case (1) T _¡p is consistent in the sense of De¯nition 9, and
(2) there is no other consistent retraction T 0 of T on p such that T 0 retracts
less from T than T _¡p does. However, it turns out that applying the Levi
Identity to consistent retraction-minimal contractions leads to a complete
theory T ¤ p whenever the current theory T contradicts the new informa-
tion p. We saw the basic reason for this in Section 5: If T ` :p, then by
Implication, T ` p ! q and T ` p ! :q, for any formula q. If the contrac-
tion T _¡:p is consistent and retraction-minimal, it will retract one of these
implications but not both. Thus either T _¡:p+ p ` q or T _¡:p+ p ` :q for
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any formula q; in other words, the revision T ¤ p = T _¡:p + p produces a
complete theory.

As a claim about minimal belief change, it intuitively seems false that
whenever an agent's current beliefs are inconsistent with new information,
all minimal revisions of her beliefs should lead her to have a de¯nite opin-
ion about every possible fact. Thus belief revision theorists do not require
contraction functions to be retraction-minimal (\maxichoice" (GÄardenfors
1988, Ch.4.2)); see (GÄardenfors 1988, pp.58{59) and (Levi 1996, p.22). Much
of belief revision literature has the aim of developing constraints on belief
contraction that do not lead an agent into complete theories whenever the
new information contradicts her current beliefs. There is no space here to
review all proposals comprehensively, but I will brie°y describe three of the
main approaches that are still subject of current research. The ¯rst employs
so-called belief bases, the second \update" approach essentially abandons
the idea that contraction functions should avoid retractions above all addi-
tions, and the third project is the standard AGM axiomatization.

Belief Bases. A belief base is just a set of formulas (Nebel 1989; Nebel
1994), (Schulte 1999). Hence a belief base is not necessarily closed under
logical consequence. What does a belief base represent? An interesting in-
terpretation of belief bases is that they capture the fundamental or basic
beliefs of an agent. A rational agent will also have other beliefs, but these
we may view as \mere consequences" of the basic beliefs. An interesting
nonepistemic interpretation of what a belief base represents is to view a
database as a belief base by identifying data records with formulas. Clearly
the records in a database entail all sorts of facts that are not themselves
part of the database (e.g., \there is only one employee who smokes").

Now we may de¯ne Pareto-minimal revision of belief bases much as
we did for theories, by considering only changes in the basic beliefs, not
in the consequences of basic beliefs. (For more details, see (Schulte 1999,
Sec.6).) A Pareto-minimal revision of B on new information p is just B[fpg.
This returns us to the problem that revising a belief base on information
inconsistent with it yields an inconsistent set of beliefs. As in the case of
theories, the obvious remedy is to restrict attention to consistent Pareto-
minimal revisions of belief bases. One might think that this will again lead
to a complete set of beliefs, as in the case of theories, but as Alchourr¶on and
Makinson observed in an important paper, this undesirable result does not
obtain for belief bases (Alchourr¶on and Makinson 1982). For the simplest
possible example, consider the belief base B = f:ag (the ¯rst object is
not on the table). Note that B entails the \irrelevant implications" a ! b
and a ! :b (for example), but B does not contain these implications.
Given new information a, the consistent Pareto-minimal revision of B is
just B ¤a = fag. This revision B ¤a no longer entails the implication a ! b
(for example), but that implication was not a basic belief. The only basic
belief that B ¤ a retracts from B is :a, which any consistent revision of B
on p must retract. Hence B ¤ p is retraction-minimal with respect to basic
beliefs. But clearly B ¤ p is not a complete theory.
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Schulte proves that the Levi identity applied to retraction-minimal base
contractions characterizes the Pareto-minimal base revisions (Schulte 1999,
Th.14). More precisely, say that a belief base B0 is a consistent contraction of
B on p if B _¡p µ B and B _¡p 6` p. A belief base B0 is a consistent retraction-
minimal contraction of B on p if (1) B0 is a consistent contraction of B on
p and (2) no other consistent contraction B¤ of B on p retracts less from B
than B0 does. Then we have the following result: A consistent revision B¤p is
a Pareto-minimal contraction () there is a consistent retraction-minimal
contraction B _¡:p such that B ¤ p = B _¡:p [ fpg.

Thus the Levi Identity, applied to retraction-minimal contractions, gives
exactly the necessary and su±cient conditions for Pareto-minimal base re-
visions. And unlike in the case of theories, consistent retraction-minimal
contractions do not lead to a de¯nite belief about every possible assertion.
A sample of papers on base revision with further references is (Nebel 1994),
(Nebel 1989), (Hansson 1993), (Hansson 1998), (Meyer 1999).

Update:Abandoning Retraction-Minimality. Let us return to modelling
the agent's beliefs by logically closed theories. In that case the aim of min-
imizing retractions causes the di±culty that it leads to complete beliefs, at
least when formulated as the directive to choose retraction-minimal theo-
ries. If we abandon this aim, the di±culty disappears. In general, we may
allow any Pareto-minimal trade-o® between additions and retractions, with
no special weight given to avoiding retractions. In some in°uential papers,
Katsuno and Mendelzon argued that treating additions and retractions on
a par is appropriate when the agent receives information about changes
in the world (\update") rather than new information about a static world
(Katsuno and Mendelzon 1991). The result is a theory of minimal change
that discards the preservation principle K*4, but otherwise is generally com-
patible with the AGM postulates. Speci¯cally, Katsuno and Mendelzon in-
troduce an update function ¦ such that T ¦ p is a set of sentences. Their
postulates for update functions ¦ are as follows.7

U1 T ¦ p ` p.
U2 If T ` p, then T ¦ p = T .
U3 If T and p are each consistent, then T ¦ p is consistent.
U4 If p and q are logically equivalent, then T ¦ p = T ¦ q.
U5 (T ¦ p) + q ` T ¦ (p ^ q).
U6 If (T ¦ p) ` q and (T ¦ q) ` p, then T ¦ p = T ¦ q.
U7 If T is complete, then (T ¦ p) [ (T ¦ q) ` T ¦ (p ^ q).
U8 (T \ T 0) ¦ p = (T ¦ p) \ (T 0 ¦ p).

The AGM Axiomatic Approach. The most wide-spread approach has
been to follow the preservation principle so long as it \works", that is, to
restricts its application to the case in which the current theory T is con-
sistent with the new evidence p. In that case, the AGM theory chooses
7 For ease of comparison, I have adapted Katsuno and Mendelzon's notation
to the one used in this paper. Also, they consider ¯nite belief bases rather than
deductively closed theories.
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the logically strongest Pareto-minimal revision, namely T + p. In terms of
contraction functions, this amounts to choosing T _¡p = T whenever T 6` p,
which is GÄardenfors' postulate K¡3. For the case in which the new informa-
tion is inconsistent with the current beliefs, we may seek a supplementary
account of minimal contraction, which need not be re°ected in axioms (cf.
(GÄardenfors 1988, Ch.4)). This approach has advantages and disadvantages.
I will brie°y review a few considerations; more discussion, especially per-
taining to the preservation principle may be found in (GÄardenfors 1988,
Ch.7.4), (Schulte 1999, Sec.7), (Levi 1988).

One disadvantage is that from our decision-theoretic perspective, the
AGM axioms are perched between retraction-minimality and Pareto-minimality.
When the new information is consistent with the current theory, the AGM
axioms give lexicographic preference to avoiding retractions rather than
avoiding additions. When the new information is inconsistent with the cur-
rent theory, the AGM axioms allow any Pareto-minimal trade-o® whatso-
ever. It seems that there ought to be a principled reason why the extent of
belief change should be assessed so di®erently in the two situations.

Another disadvantage is that, as it turns out, the preservation principle
K*4 makes it di±cult to connect axioms for minimal belief change with
axioms for reasoning about conditionals (statements of the form \if p, then
q"). I will come back to this issue in Section 10.

On the other hand, many theorists ¯nd K*4 and its concomitant, K¡3
intuitively plausible, certainly plausible enough to pursue a theory that
incorporates these principles.

Perhaps the most in°uential reason for accepting the AGM axioms is
that they de¯ne axiomatically what many researchers view as a natural and
plausible model of belief change. This is the content of the important Grove
Representation Theorem which I describe in the next section.

8 The Grove Representation Theorem

As its name suggests, the Grove Representation Theorem is analogous to
other representation theorems such as Savage's for maximizing expected
utility (Savage 1954). A comparison might be helpful to clarify the import of
Grove's theorem. Let us think of maximizing expected utility as a plausible
and natural model for how a rational agent chooses. Savage's theorem shows
that we can think of an agent as choosing in this way just in case her binary
choices between options (which reveal her preference ordering among these
options) satisfy a certain set of axioms. Grove's approach also begins with
a natural model of theory choice, and then proves that we can think of an
agent as revising her theories in this way just in case her choice of a new
theory (her belief revision function) satis¯es certain axioms (Grove 1988).

It is easiest to describe Grove's model of belief change in terms of possi-
ble worlds. Aside from formal convenience, this approach will also provide
an opportunity to illustrate a technique for passing from a syntactic to a
semantic setting that is often useful in formal logic.
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In the dominant philosophical tradition, part of the notion of a possible
world is that every meaningful statement p is either true or false in a given
possible world. In standard logical notation, we write w ² p if the statement
p is true at a world w. If w is a possible world, no contradiction is true in w,
and we thus expect that the set of all statements true at w (i.e., fp : w ² pg)
forms a consistent set. Thus the set of statements true at w forms a maximal
consistent set : First, fp : w ² pg 0 L, and second, if q =2 fp : w ² pg, then
fp : w ² pg [ fqg ` L. Now, since the possible worlds (\possible states
of the world", \outcome space") are generally just uninterpreted points,
nothing prevents us from taking maximal consistent sets of formulas to be
possible worlds. Thus for a language L and consequence relation `, there
is a natural set of possible worlds W`, namely W` = fT : T is a maximal
consistent theoryg. When w is a maximal consistent set, we clearly have
that w ² p () p 2 w.

In our example scenario with three objects, a maximal consistent set of
formulas contains either a or :a, and either b or :b, and either c or :c. Thus
there is a one-to-one mapping between maximal consistent sets of formulas
and the 23 = 8 sets fa; b; cg; fa; b;:cg; fa;:b; cg; fa;:b;:cg; f:a; b; cg; f:a; b; :cg; f:a;:b; cg; f:a;:b;:cg.
For purposes of illustration, let us take these sets as possible worlds. Then
we may write, for example, that fa; b; cg ² a.

Note that we may identify any consistent theory T , for example one
modelling an agent's beliefs, with a set of possible worlds: the set of possible
worlds in which all assertions in T are true. Formally, we may write [T ] =
fw : for all p 2 T , it is the case that w ² pg. For example, if the agent's
belief is T =Cn(fa; bg), then [T ] = ffa; b; cg; fa; b; :cgg. Conversely, for a
set of possible worlds P , the set of all sentences true at all worlds in P is
a theory, which I denote by hP i. For example, if P = ffa; b; cg; fa;:b; cgg,
then hP i =Cn(fa; b; cg)\Cn(fa; :b; cg), which is equal to Cn(fa; cg).

Now consider an agent who ranks possible worlds according to a pre-
wellorder �. This means that the ordering � is total, re°exive and transitive;
furthermore, the equivalence classes de¯ned by w s w0 () w � w0 and
w0 � w, are well-ordered. Thus in every non-empty set of equivalence classes,
there is a minimal element. The intuitive interpretation of the � ordering is
that it represents something like the plausibility rank that an agent assigns
to a possible world. The minimal worlds at the bottom of the ordering are
the most plausible worlds, which correspond to the agent's current beliefs.
Worlds at higher levels of the ordering represent possibilities that the agent
does not believe to obtain but which he is nonetheless able to rank by
plausibility.

For an intuitive representation of the pre-wellorder �, imagine a sys-
tem of nested \spheres" where each sphere contains an equivalence class
of possible worlds as well as all the preceding equivalence classes. Figure
4 illustrates such a system, albeit with \boxes" rather than the custom-
ary spheres for the sake of readability. A system of spheres derived from a
pre-wellorder satis¯es the following conditions.
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Fig. 4 A Grove Sphere System centered on [T ] = ffa; b; cgg

De¯nition 12 Let W be a set of possible worlds. A collection S of subsets
of W (i.e., S µ 2W ) is a Grove sphere system centered on [T ] ()

1. S is totally ordered by µ (i.e., if S and S0 are in S, then S µ S0 or
S0 µ S).

2. [T ] is the µ-minimum of S (i.e., [T ] 2 S and for all S 2 S, [T ] µ S).
3. W is in S.
4. If p is a formula and there is some sphere S 2 S intersecting [p] (i.e.,

S \ [p] 6= ;), then there is a smallest sphere in S intersecting [p].

To illustrate, suppose that the agent currently believes that all three ob-
jects are on the table; take T =Cn(fa; b; cg). Let us measure the \distance"
dist between two possible worlds by the number of propositional letters on
which they disagree. Thus for example dist(fa; b; cg; f:a; b; cg) = 1, and
dist(fa; b; cg; f:a; :b; :cg) = 3 (this is the Hamming distance, a commonly
used metric; cf. (Chou and Winslett 1994)). Then we can rank possible
worlds according to their distance from the agent's current beliefs; formally,
I de¯ne w < w0 () dist(fa; b; cg; w) < dist(fa; b; cg; w0). Figure 4 shows
the resulting Grove sphere system.

If a formula p is consistent, then there is a smallest sphere Sp that
intersects [p]. Thus for any consistent formula p, the set C(p) = Sp \ [p]
contains the \most plausible" or \closest" worlds in which p is true. If p
is inconsistent, we let C(p) = ;. For example, let p = :a ^ b. Then [p] =
ff:a; b; cg; f:a; b;:cgg. Thus the smallest sphere intersecting [p] is Sp =
ffa; b; cg; f:a; b; cg; fa; :b; cgfa; b; :cgg. So C(p) = Sp \ [p] = ff:a; b; cgg.
In our interpretation, given that the agent believes that all three objects
are on the table, upon learning that the ¯rst is not and the second is on
the table, the closest scenario to his current beliefs, according to Hamming
distance, is that the ¯rst object is o® the table, the second is on and the
third is o®.
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�S w0 () Sw µ Sw0 . Given a formula p, there are many ways to form a
revised Grove system S ¤ p. But as long as (1) the minimum of S ¤ p entails
p, and (2) for any two worlds w; w0 consistent with p, it is the case that
w �S w0 () w �S¤p w0, we will have that the minimum of S¤p is Sp \ [p].
This observation suggests an analogy with changing degrees of belief by
Bayesian conditioning: In Bayesian updating, the ratio P (w)=P (w0) remains
constant for any two worlds w;w0 consistent with the new information (i.e.,
P (wjp)=P (w0jp) = P (w)=P (w0) whenever w;w0 j= p; recall that P (pjw) =
P (pjw0) = 1 if w; w0 ² p). Thus we may compare a Grove update to Bayesian
updating, in which (ordinal) \degrees of plausibility" play the role of (real-
valued) \degrees of belief" (Spohn 1987).

It is clear that the principle of keeping constant the relative ranking of
possible worlds that are consistent with the new information leads to the
preservation principle, K*4. For retracting beliefs corresponds to adding
worlds. But if any world w is not among the most plausible ones to begin
with (i.e., w is not in the minimum sphere), then a Grove update can in-
clude w among the most plausible worlds only if the new information p is
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inconsistent with all worlds in the minimum sphere, which corresponds to
the agent's current theory T . In other words, retracting beliefs is possible
only if the new information p is inconsistent with the current theory T , just
as K*4 says. In light of our previous discussion, this shows that minimizing
change of an agent's plausibility ranking � and minimizing change in his
actual beliefs is not the same thing: When the new information is consis-
tent with the agent's current beliefs, a Grove update induces essentially no
change in the plausibility ranking, but may lead the agent to entertain many
new beliefs (cf. (Schulte 1999, Sec.6), (Rott 2000, p.513)).

On the view of belief change suggested by the Grove representation theo-
rem, a theory of belief change amounts to a theory of plausibility rankings. In
speci¯c applications, it may be possible to provide more constraints on such
rankings. For example, Stalnaker has shown how to incorporate plausibility
rankings into game-theoretic models of decision-making (Stalnaker 1996).
This allows us to express a principle such as this (sometimes associated with
forward induction (Stalnaker 1996, Sec.6), (Battigalli 1996, p.179)): player
1 believes that player 2 is rational and hence that player 2 will make a cer-
tain move m. But of the two possibilities, (1) player 2 deviates from m by
mistake, and (2) player 2 deviates from m because she is irrational, player 1
should consider possibility (1) the more plausible one. Thus if player 1 were
to revise her beliefs given the information that 2 did not play m, then by
the Grove representation theorem player 1 would come to believe that 2 de-
viated from m by mistake. Moreover, it could be common knowledge among
the players that each considers mistakes more plausible than irrationality;
in other words, various aspects of their plausibility rankings|and hence,
belief revision functions|could be part of common knowledge among the
players.

9 Iterated Belief Change

At the level of general belief revision theory, much of the work that departs
from Grove's theorem has been concerned with iterated belief revision: mod-
elling situations in which an agent ¯rst revises her beliefs on p, then on some
other formula q, etc. After a revision T ¤p has taken place, what belief revi-
sion function ¤0 should guide the next revision? Since we have now identi¯ed
a belief revision function ¤ for a given theory T with a Grove sphere system
centered on [T ], the issue becomes updating an entire sphere system, rather
than just ¯nding the next set of beliefs. Even though Grove's representa-
tion theorem determines the next theory T ¤ p given a sphere system S, it
leaves some freedom in what the next sphere system S ¤ p should be. There
are various proposals for rules for updating plausibility rankings, some of
them with axiomatic characterizations (several are presented in Kelly's pa-
per (Kelly 1988), such as (Darwiche and Pearle 1997), (Nayak 1994) and
(Boutilier 1996)).

Once we have iterated belief change in view, it is natural to ask what the
long-run behaviour of methods for iterated belief change is. This is a familiar
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question for Bayesians: results that show long-run convergence to correct
beliefs via conditioning have long since been part of Bayesian statistics
((Savage 1954, Ch.3.6), (Halmos 1974, Sec.49, Th.B)). Roughly speaking,
it can be shown that given a countably additive probability measure ¹ over
a set of possible worlds, and a proposition p, then as the agent revises her
beliefs by conditioning ¹ on the evidence, with ¹-probability 1 the agent's
updated degrees of belief converge to 1 if p is true and to 0 if p is false
(assuming that the total body of evidence is such that it entails either p or
not p). In short, the agent is sure that he will eventually arrive at correct
beliefs via Bayesian updating. Is there any counterpart to the Bayesian
convergence result for iterated minimal belief change?

At ¯rst glance, minimal belief change looks bad for arriving at correct
beliefs. Consider an in¯nitely iterated Prisoner's Dilemma. Suppose that
player 1 initially believes the assertion p =\if I always cooperate, player 2
will eventually start cooperating too". Given this belief, he might continue
to cooperate waiting for player 2 to start cooperating. But p may be false
without ever being falsi¯ed by the evidence, for example if player 2 always
defects while player 1 cooperates. Since the new information qn = \player 2
has defected for the last n rounds" is logically consistent with p, the propo-
sition that 2 will eventually cooperate, by the preservation principle K*4
player 1 will never retract his belief in p no matter how many rounds player 2
defects. Thus if in fact player 2 defects as long as player 1 cooperates, player
1 will forever hold a false belief to the e®ect that his opponent will even-
tually cooperate|not to mention that player 1's payo®s will be miserable!
The general di±culty is that mere logical consistency with the evidence is a
very weak test for the correctness of an empirical hypothesis. It is possible
for a hypothesis to have much evidence against it without being logically
proven false by the evidence (any statistical hypothesis test illustrates this),
and it is possible for a hypothesis to be false without ever being proven false
by the evidence. But AGM belief change is stubborn in the sense that it
will not retract a belief until the belief is proven false (Kelly, Schulte, and
Hendricks 1995).

However, the issue warrants a second look. Notice that in the in¯nitely
iterated Prisoner's Dilemma, if player 1 had started out believing that player
2 will always defect, then that belief would be eventually falsi¯ed by the
evidence if it is false, because if it is false there will be some stage at which
player 2 cooperates. This observation suggests that minimal belief change
might lead to correct beliefs after all provided we start with the right sort
of initial beliefs, and update them in the right way when they are logi-
cally falsi¯ed by the evidence. Indeed, it is possible to prove the follow-
ing learning-theoretic completeness result for AGM belief revision (stated
roughly): Suppose that there is any belief revision method at all that is
guaranteed to converge to correct beliefs about a given set of questions, or
hypotheses. Then there is a belief revision method that is guaranteed to
converge to correct beliefs in the same sense and satis¯es the AGM axioms.
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What does this completeness result tell us about AGM belief revision?
The negative conclusion is that we cannot rely in general on AGM belief
revision to lead us to correct beliefs, the way that the Bayesian convergence
theorems suggest that we can rely on Bayesian updating. The positive view
is that the AGM axioms provide only weak guidance as to what an agent
should believe, and one might welcome a source of principled constraints
on what the agent's initial beliefs and future belief revisions ought to be.
The learning-theoretic completeness theorem shows that we can derive such
constraints from the precept that belief revision methods ought to be as
powerful learners as possible, a principle that a rational agent may well
endorse. Kelly has shown how learning-theoretic analysis yields similar con-
straints on iterated belief revision (Kelly 1988). It turns out that many of
the standard proposals for updating plausibility rankings di®er in their abil-
ity to lead the agent to correct beliefs and predictions, and for many of these
updating methods their learning power depends on subtle speci¯cations on
their parameters, in ways that Kelly describes precisely.

The formal and computational learning theory involved in analyzing
belief revision methods is quite substantive, and further details are beyond
the scope of this paper. Kelly et al. discuss various interpretations of iterated
belief revision as learning, and give a completeness result for AGM belief
revision in a somewhat limited but fairly simple setting (Kelly, Schulte, and
Hendricks 1995). Martin and Osherson prove another completeness theorem
that is more general (and more complicated) (Martin and Osherson 1998).
Schulte provides a brief, informal summary of their work (Schulte 2000).
Osherson and Martin's book treats many aspects of AGM revision operators
guaranteed to converge to correct beliefs (Martin and Osherson 1998).

10 Conditionals

One of the major insights of contemporary logic is that various forms of
nondeductive, nonprobabilistic reasoning are closely related, especially be-
lief revision, nonmonotonic reasoning and conditional logic. A conditional
is a statement of the form \if p, then q". Arguably conditionals are closely
connected with causality (Gibbard and Harper 1981). Conditionals are also
important for strategic thinking (Stalnaker 1996): In game theory, agents
must think about what would happen if they were to make certain moves. In
this section I consider some of the characteristics of conditionals and their
relationship with nonmonotonic reasoning and belief revision.

10.1 Conditionals and Defeasibility

Some of the main properties of conditionals come out clearly when we con-
trast them with material implication. In material implication|in a math-
ematical theorem|a statement of the form \if p, then q", or p ! q in my
formal notation, is false just in case p is true and q is false, and otherwise
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true. If p is false, then p ! q is vacuously true, but true nonetheless. Thus
the truth or falsehood of a material implication p ! q is determined if we
know whether p and q are true or false. With the other standard logical
connectives, it is also the case that the truth values of their compounds
(p; q) determine the truth value of the compound; for example, p^ q is true
i® both p and q are true. Logicians call such connectives truth-functional.
Conditionals are not truth-functional. That is, if we write p > q for \if p,
then q", the truth values of p and q do not necessarily determine the truth
value of p > q. For example, the conditional \if I were the pope, then 2>4"
is false. And the conditional \if Dole had defeated Clinton in the presiden-
tial election, he would not be advertising Viagra" is true. However, in each
example both antecedent and consequent are false.

Another very important property that distinguishes conditionals from
material implication is their defeasibility. For material implication, it is the
case that whenever p ! q, then (p ^ r) ! q. But it is not always, or even
typically, the case that whenever p > q, then (p ^ r) > q. To use Nelson
Goodman's example, I can consistently assert that \if I strike the match, it
will light" along with \if I strike the match and it is wet, it will not light".

The essence of defeasibility is that knowing more facts undoes conclu-
sions that are warranted in the light of fewer facts. In other words, the set
of correct conclusions does not grow monotonically with the set of premises.
One approach to capturing defeasibility is therefore to consider consequence
relations that do not satisfy the monotonicity property. The ¯eld of non-
monotonic reasoning has received extensive development (a good overview
is (Brewka, Dix, and Konolige 1997)). In the remainder of this paper, I con-
sider the logic of defeasible conditionals with a consequence relation that is
monotonic.

As we have seen, the truth values of p and q by themselves do not deter-
mine the truth value of p > q. What more information is needed to settle
the truth or falsehood of p > q? Let's consider again our example. Suppose
that Nelson is about to strike an apparently dry match, and asserts that \if
I strike this match, it will light". If Mary challenges his assertion by noting
that if the match were wet, it wouldn't light, Nelson would reasonably reply
that he meant that the match would light assuming that things generally
stay as they are now. So one might say that conditionals implicitly assume
an \other things equal" condition: p > q holds if, whenever p is true and
\all other circumstances remain the same", then q is true. This condition
is too strict, however, because it is impossible for one fact to change and
for others to remain exactly the same. For example, if the match is struck,
someone has expended energy, the match is subject to a new force, etc.
Arguably, the correct analysis is that p > q holds if, whenever p is true
and all other circumstances are as similar as possible, then q is true. The
challenge, then, is to analyze the notion of one set of circumstances being
\similar" to another, at least with enough precision to give a foundation for
a formal logic of conditionals. This is the project of Lewis' and Stalnaker's
famous work on conditionals (Lewis 1981), (Stalnaker 1981). The result of
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their work is a formal logic of conditionals, which is demonstrably sound
and complete with respect to the interpretation of conditionals that I have
sketched, and whose mathematical properties have been studied in consider-
able detail. For example, the computational complexity of Lewis-Stalnaker
conditional logics is well understood, as is their relationship to nonmono-
tonic reasoning and belief revision principles (see for example (Arl¶o-Costa
1995)). It turns out that various axiom systems for conditionals are char-
acterized by properties of Lewis sphere systems, which are much like Grove
sphere systems. If we interpret the ranking speci¯ed by a sphere system as
representing similarity, the sphere system de¯nes truth conditions for condi-
tionals along the lines sketched above. Similarly, systems of nonmonotonic
logic can be characterized by various kinds of rankings of possible worlds,
such as pre-wellorders and metrics. Kraus, Lehmann and Magidor provide
a careful examination of various relationships between possible worlds that
supply an interpretation for nonmonotonic consequence relations (Kraus,
Lehmann, and Magidor 1990). Rott examines the connection between non-
monotonic reasoning and belief revision in light of constraints on selection
functions familiar from rational choice theory (Rott 1998). To see the gen-
eral idea, consider a nonmonotonic relation Inf : L ! T that yields for each
sentence p its nonmonotonic, or \default" consequences Inf (p). With each
theory T and belief revision function ¤ we may associate such an inference
relation by setting Inf (p) = T ¤p. With this de¯nition, it is possible to prove
that various belief revision postulates correspond to well-known principles
of nonmonotonic reasoning, in the sense that a belief revision function ¤ for
a theory T satis¯es the belief revision postulate i® the nonmonotonic conse-
quence relation Inf associated with ¤ and T satis¯es the reasoning principle
in question (cf. (Rott 1998, Sec.3), (Makinson and GÄardenfors 1991).) There
is a similar connection between belief revision functions and conditionals,
which I consider in some detail in the next subsection.

10.2 Conditionals and Belief Revision: The Ramsey Test

Instead of asking when a conditional p > q is true, we might ask a di®erent
question: when should an agent accept a conditional p > q? Along the lines
developed above, we may argue that the acceptance conditions for p > q
are as follows: Given the agent's current beliefs about the world, the agent
should ask herself whether q would obtain if p were true and other circum-
stances were as much as possible the way that she now believes them to be.
In other words, the agent should|for the sake of the argument|incorporate
the antecedent p into her beliefs but otherwise change her beliefs as little
as possible. If we introduce a belief revision function ¤ to represent minimal
belief change, we can state the acceptance condition for a conditional p > q
as follows: An agent should accept p > q given her current theory T just in
case T ¤ p ` q.

Since the agent's current theory T contains exactly the set of assertions
that the agent currently accepts|including conditionals|this means that
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Fig. 5 The Ramsey Test: T ` p > q just in case T ¤ p ` q.

T ` p > q () T ¤ p ` q. The proposal to analyze acceptance conditions
for conditionals in terms of belief revision originated with GÄardenfors, who
credited the basic idea to the logician and philosopher Frank Ramsey. For
that reason, belief revision theorists refer to the condition that T ` p >
q () T ¤ p ` q as the Ramsey test for the acceptability of a conditional.
Figure 5 illustrates the Ramsey Test.

For example, let m stand for \the match is struck", and let l stand for
\the match lights". Suppose that an agent believes that \if the match is
struck, it will light"; formally, T ` m > l. Then the Ramsey test says that
if the agent were to add the information m to his stock of beliefs, then the
agent would believe l; formally, T ¤ m ` l, where ¤ denotes the operation of
including the information m as a new belief in a minimal way. Conversely,
suppose that upon including the information m, the agent believes l; for-
mally, suppose that T ¤m ` l. Then the Ramsey test requires that the agent
accept the conditional m > l, so that T ` m > l.

Recall that the Deduction Principle for material implication asserts that
T ` p ! q () T + p ` q. Thus the Ramsey test is a kind of Deduction
Principle for the conditional > where the belief revision function ¤ plays the
role that the expansion function does for material implication. Note also
the similarity between the Ramsey test and associating a nonmonotonic
consequence relation with a theory and a belief revision operator. We can
complete the circle of translations between belief revision, nonmonotonic
reasoning and conditionals by connecting conditionals with nonmonotonic
consequence via the principle p > q () q 2 Inf (p).

We will require an extended formulation of the Ramsey test that applies
it not just to one given theory T , but to a range of theories that might
represent the agent's epistemic state. For that we need a belief revision
function that is de¯ned for a range of theories that might represent an
agent's belief state, rather than a speci¯c one. Hence the following de¯nition.

De¯nition 13 (GÄardenfors) A belief revision system K = hK; ¤i is
a set of theories K in a language L with conditionals and a belief revision
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function ¤ : K£ L ! K such that K is closed under expansions. That is, if
T 2 K and p 2 L, then T + p 2 K.

Extending the previous notation, I write T ¤p for the result of applying a
belief revision function ¤ to a theory T and a formula p. Now we are ready to
de¯ne the connection between the conditionals that an agent accepts with
how she revises her beliefs postulated by the Ramsey test.

De¯nition 14 (GÄardenfors) A belief revision system K = hK; ¤i satis-
¯es the Ramsey test i® T ` p > q () T ¤p ` q, for all theories T 2 K;
and formulas p; q 2 L.

This last de¯nition requires that our basic language L is closed under
the conditional connective, that is, if two formulas p; q are in L, then so is
the formula p > q. In the remainder of this paper, I always assume that the
basic language L is closed under the conditional connective.

Consider a belief revision system hK; ¤i that satis¯es the Ramsey test.
Suppose we place constraints on the belief revision operator ¤. Then we can
ask whether there are axioms governing the conditional > that are valid in
hK; ¤i in the sense that all theories in the system entail them. For example,
if the belief revision function ¤ satis¯es K*2, then for all theories T 2 T and
formulas p, we have that T ¤ p ` p, and so by the Ramsey test T ` p > p.
Thus in any belief revision system satisfying the Ramsey test and K*2,
the basic conditional axiom p > p is accepted in every belief state. And
conversely, if p > p is accepted for every formula p and theory T in a belief
revision system hK; ¤i satisfying the Ramsey test, then ¤ satis¯es K*2. In
this sense the conditional axiom p > p corresponds to the belief revision
postulate K*2.

What conditional axioms characterize Pareto-minimal revision functions?
Before I give the answer with the next theorem, let's state the exact de¯ni-
tion of what it is for a formula to be valid in a belief revision system.8

De¯nition 15 A formula p is valid in a belief revision system K =
hK; ¤i () all theories T 2 K entail p.

Now we are ready to establish which conditional axioms exactly charac-
terize Pareto-minimal theory change.

Theorem 3 Let K = hK;¤i be a belief revision system satisfying the Ramsey
test. Then ¤ is a Pareto-minimal belief revision operator () K validates

1. p > p, and
2. (p > q) ! (p ! q), and
3. (p ^ q) ! (p > q)

for all formulas p; q; r:

8 My de¯nition of validity is equivalent to GÄardenfors'; see (Schulte 1999, Sec.
9).
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The proof is in (Schulte 1999).
It is worth noting that there is no similar characterization of the AGM

postulates in terms of conditional axioms. One problem is that K*2, the
postulate that T ¤ p = L () ` :p is inconsistent with the Ramsey test,
as Arl¶o-Costa has shown (Arl¶o-Costa 1990). The source of the problem is
that K*2 requires a revision of the inconsistent theory to be consistent. If
we amend K*2 to read T ¤ p = L () T = L or ` :p, there is no longer a
problem with the Ramsey test. But more fundamentally, in a certain sense
made precise by GÄardenfors, the Ramsey test is inconsistent with K*4, the
preservation principle (GÄardenfors 1988, Ch.7); interestingly, we saw that
K*4 is also the main di®erence between Pareto-minimal and AGM theory
revision. (For more discussion of GÄardenfors' result and the Ramsey test, see
(GÄardenfors 1988, Ch.7), (Levi 1988), (Arl¶o-Costa 1995) and the references
in these papers).

11 Conclusion

The theory of minimal belief change considers a number of formal models
of belief and processes for belief change. A decision-theoretic framework in
which we weigh adding and retracting beliefs against each other suggests
several natural, precise senses in which a belief change is minimal. Pareto-
minimal change appears to be a core constraint on minimal belief change
in the sense that belief revisions that are not Pareto-minimal should hardly
count as minimal. The main requirement for Pareto-minimality is the AGM
postulate K*3|the revision of a theory T should not be logically stronger
than the conjunction of T with the new information. We obtain stronger no-
tions of minimal theory change by adding the preservation principle|do not
retract beliefs unless they are inconsistent with the new information|which
corresponds to lexicographically giving ¯rst priority to avoiding retractions
over avoiding additions, or by accepting the full set of AGM postulates.
Grove's representation theorem for the AGM postulates shows that they
correspond precisely to a rich and plausible model of belief change. The the-
orem illustrates the interest in formal representations of belief other than
identifying beliefs with a logically closed set of sentences, such as ordinal
rankings of possible states of a®airs. Belief bases|sets of sentences that
need not be closed under logical consequence|are another interesting ex-
ample of an alternative model of belief.

I considered in some detail the process of belief contraction, and the
relationships between contraction and revision established by the Levi and
Harper identities. I provided necessary and su±cient conditions for when
a revision function can be de¯ned via the Levi identity, and for when a
contraction function can be de¯ned via the Harper identity. For the Levi
identity, the condition is essentially that the revision function must satisfy
K*3, which also characterizes Pareto-minimal belief change.

Belief revision theory takes a highly abstract and general perspective.
As a result, it potentially applies to a wide range of situations in addition to
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revising beliefs, such as revising legal codes, and updating knowledge and
data bases. The drawback of this generality is that it is di±cult to ¯nd strong
principles that are correct in all potential domains of application, and so the
constraints o®ered by the theory, even the full set of AGM postulates, are
far from determining speci¯c belief revision procedures. More guidance may
come from considering speci¯c rankings or metrics for possible worlds (e.g.,
(Chou and Winslett 1994)), from examining the learning power of revision
operators (Kelly 1988; Martin and Osherson 1998), or from knowledge of
particular domains, for example rationality assumptions in game theory
(Stalnaker 1996).

A major research topic in modern logic is the close relationship between
belief revision and other logical formalisms, such as nonmonotonic reasoning
and the logic of conditionals (statements of the form \if p, then q"). The
Ramsey test establishes a connection between belief revision postulates and
axioms for reasoning about conditionals that allows us to prove exact corre-
spondences between them. It turns out that Pareto-minimal belief revision
corresponds exactly to a group of well-known conditional axioms.

Belief revision theory, together with nonmonotonic and conditional log-
ics, is a highly developed and fruitful area of modern logic. Even though we
do not yet have a well-developed application in economics, the combination
of these logical tools with the methods of economics promises to expand
our understanding of belief change in strategic interactions. It was the aim
of this paper to put in place some of the main concepts and techniques of
belief revision theory for future applications.

12 Proofs

Lemma 1 Let T1; T2 be two theories. Then T1 \ T2 is a theory.

Proof. Let q be a formula in Cn(T1 \ T2). By Monotonicity we have
that Cn(T1 \ T2) µCn(T1) and that Cn(T1 \ T2) µCn(T2), so it follows
that q 2Cn(T1) and q 2Cn(T2). Since T1 and T2 are theories, we have that
q 2 T1 \ T2. Hence Cn(T1 \ T2) µ T1 \ T2, and thus Monotonicity applied
to T1 \ T2 establishes that Cn(T1 \ T2) = T1 \ T2.¤

Lemma 2 Let T1; T2 be two theories. For any formula p, (T1 \ T2) + p =
(T1 + p) \ (T2 + p).

Proof. (µ) Let q be a formula in (T1 \ T2) + p. Then by Deduction
T1 \ T2 ` p ! q, and so by Lemma 1, p ! q 2 (T1 \ T2). Hence p ! q is
in T1 and in T2, and so by Modus Ponens, q 2 T1 + p and q 2 T2 + p, as
required.

(¶) Let q be a formula in T1 +p\T2 +p. Then by Deduction T1 ` p ! q
and T2 ` p ! q. Since T1 and T2 are theories, this entails that p ! q 2
(T1 \ T2). Hence by Modus Ponens, q 2 (T1 \ T2) + p, as required.¤
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Lemma 3 Let _¡ be a belief contraction function for a theory T , and let ¤
be the function associated with _¡ . Then

1. ¤ is a belief revision function for T , and
2. if _¡ is consistent, then ¤ is consistent. (In other words, if _¡ satis¯es

K¡4, then ¤ satis¯es K*5).

Proof. Let a formula p be given. Part 1 is immediate since T _¡:p is a
theory, and hence T _¡:p+p is well-de¯ned and also denotes a theory. Also,
T 0 + p ` p for any theory T 0, and hence in particular for T 0 = T _¡:p. For
part 2, we must show that T ¤p = L () ` :p given that _¡ is consistent. If
` :p, it follows from Part 1 that T ¤ p ` p ^ :p, and thus by Inconsistency,
T ¤ p = L. Conversely, suppose that 6` :p. Then since _¡ is consistent, it
follows that T _¡:p 6` :p. So by Consistency, T _¡:p + p 6= L.¤

Lemma 4 Let ¤ be a belief revision function for a theory T , and let _¡ be
the function associated with ¤. Then

1. _¡ is a belief contraction function for T , and
2. if ¤ is consistent, then _¡ is consistent. (In other words, if ¤ satis¯es

T*5, then _¡ satis¯es K¡4).

Proof. Let a theory T and a formula p be given. For part 1, note that
T ¤:p is a theory, and hence by Lemma 1, so is T \T ¤:p, which by de¯nition
is T _¡p. Also, by Monotonicity T ` T \ T ¤ :p = T _¡p. For part 2, we must
show that T _¡p ` p () ` p. Again by Monotonicity, we have that T _¡p ` p
if ` p. Conversely, suppose that T _¡p ` p. Since ¤ is a belief revision operator,
we have that T ¤ :p ` :p. By Monotonicity, T ¤ :p ` T _¡p. Since T _¡p ` p,
we have that T ¤ :p ` p ^ :p. Hence T ¤ :p = L, and since ¤ is consistent,
it follows that ` ::p, which by Double Negation implies that ` p. So _¡ is
a consistent belief contraction function.¤

Lemma 5 Let _¡ be a belief contraction function for a theory T with asso-
ciated belief revision function ¤. Then for all formulas p, T + p ` T ¤ p.

Proof. By the de¯nition of ¤, we have that T ¤ p = T _¡:p + p. Since
T ` T _¡:p, it follows by Monotonicity that T + p ` T _¡:p + p = T ¤ p.¤

Proposition 1 Let ¤ be a belief revision function for T that respects dou-
ble negation. Then the Levi Identity inverts the Harper Identity applied to
¤ () for all formulas p, T + p ` T ¤ p.

Proof. Let _¡ be the belief contraction function harper(¤) de¯ned by
T _¡p = T \ T¤:p. First we have that (a) T _¡:p + p = (T \ T¤::p) + p =
(T \ T¤p) + p by the assumption that T¤::p = T¤p. By Lemma 2 we
have that (T \ T¤p) + p = T + p \ T¤p + p, which is equal to T + p \ T¤p
since T¤p is a theory entailing p. Together with (a), this shows that (b)
T _¡:p+p = T +p\T¤p. Thus T _¡:p+p = T¤p if and only if T +p ¶ T¤p;
in other words, if and only if T + p ` T¤p.¤



Minimal Belief Change, Pareto-Optimality and Logical Consequence 39

Corollary 1 A belief revision function ¤ for a theory T that respects double
negation can be generated by the Levi Identity () for all formulas p,
T + p ` T ¤ p.

Proof. It follows from Lemma 5 that if a belief revision function ¤ can be
generated by contraction, then T + p ` T ¤ p. Conversely, if for all formulas
p, it is the case that T + p ` T ¤ p, then by Proposition 1, applying the
Harper Identity to ¤ yields a contraction function _¡ that generates ¤.¤

Lemma 6 Suppose that ¤ is a belief revision function for a theory T , and
that _¡ is the contraction function associated with ¤. Then for all formulas
p, T _¡p + p = T + p.

Proof. By the Harper Identity, T _¡p + p = (T \ T¤:p) + p, which by
Lemma 2 is equal to T+p\(T¤:p+p). Since T¤:p entails :p, by Consistency
T¤:p + p = L and so T + p \ (T¤:p + p) = T + p.¤

Proposition 2 Assume that the consequence relation Cn satis¯es disjunc-
tive syllogism, and let _¡ be a belief contraction function for a theory T that
respects double negation. Then the Harper Identity inverts the Levi Identity
applied to _¡ () for all formulas p, T _¡p + p = T + p.

Proof. Let ¤ be the belief revision function levi( _¡) de¯ned by T ¤ p =
T _¡:p + p.

()) If _¡ is the result of applying the Harper Identity to the belief
revision function ¤, it follows from Lemma 6 that for all formulas p, it is
the case that T _¡p + p = T + p.

(() Suppose that it is the case that T _¡p + p = T + p. We want to
show that T _¡p = T \ T ¤ :p. By the de¯nition of ¤, we must show that
T _¡p = T \ (T _¡::p + :p), which is equal to T \ (T _¡p + :p) if _¡ respects
double negation. It is easy to see that T _¡p µ T \ (T _¡p + :p). For if q
is a formula in T _¡p, then q 2 T since T _¡p µ T , and by Monotonicity
T _¡p + :p ` q. For the converse, let q be a formula in T \ (T _¡p + :p).
Then q 2 T + p, and so by hypothesis q 2 T _¡p + p. Thus by Deduction,
T _¡p ` p ! q. Also T _¡p ` :p ! q since q 2 T _¡p + :p. So if Cn satis¯es
disjunctive syllogism, then q 2 T _¡p; since q is an arbitrary formula, this
establishes that T _¡p = T \ (T _¡p + :p) and hence that T _¡p = T \ T ¤ :p.
Since this holds for any formula p, the Harper Identity inverts the Levi
Identity for the belief contraction function _¡, which was to be shown.¤

Corollary 2 If the consequence relation Cn satis¯es disjunctive syllogism, a
belief contraction function _¡ for a theory T that respects double negation can
be generated by the Harper Identity () for all formulas p, T _¡p+p = T+p.

Proof. It follows from Lemma 6 that if a belief revision function _¡ can be
generated by revision, then T _¡p+ p = T +p. Conversely, if for all formulas
p, it is the case that T +p ` T ¤ p, then by Proposition 2, applying the Levi
Identity to _¡ yields a revision function ¤ that generates _¡.¤
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