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Fig. 1. A freeform 3D object, the kitten, automatically decomposed into five machinable patches, each carved using a CNC machine following a continuous
iso-scallop Fermat spiral path. The fully machined object is shown on the left. We deliberately lowered the path resolution to ease path visualization.

We present an automatic algorithm for subtractivemanufacturing of freeform
3D objects using high-speed machining (HSM) via CNC. A CNC machine
operates a cylindrical cutter to carve off material from a 3D shape stock,
following a tool path, to “expose” the target object. Our method decomposes
the input object’s surface into a small number of patches each of which is
fully accessible and machinable by the CNC machine, in continuous fashion,
under a fixed cutter-object setup configuration. This is achieved by covering
the input surface with a minimum number of accessible regions and then
extracting a set of machinable patches from each accessible region. For
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each patch obtained, we compute a continuous, space-filling, and iso-scallop
tool path which conforms to the patch boundary, enabling efficient carving
with high-quality surface finishing. The tool path is generated in the form
of connected Fermat spirals, which have been generalized from a 2D fill
pattern for layered manufacturing to work for curved surfaces. Furthermore,
we develop a novel method to control the spacing of Fermat spirals based
on directional surface curvature and adapt the heat method to obtain iso-
scallop carving. We demonstrate automatic generation of accessible and
machinable surface decompositions and iso-scallop Fermat spiral carving
paths for freeform 3D objects. Comparisons are made to tool paths generated
by commercial software in terms of real machining time and surface quality.
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1 INTRODUCTION
With the increasing popularity of additive manufacturing and 3D
printing in computer graphics, one should not overlook the fact that
subtractive processes remain the core and dominant technology in
manufacturing today1. Compared to additive manufacturing in most
cases, subtractive manufacturing is faster and more cost-effective
for the same level of product precision, accommodates a vastly
wider range of materials, and is capable of superior surface finishes.
Moreover, while a 3D printer builds a 3D shape one 2D layer at
a time, subtractive manufacturing of 3D objects is intrinsically a
three-dimensional problem, involving direct manipulation of 3D
objects and operation over curved surfaces. The ensuing geometry
processing appears to possess more compelling twists and technical
challenges than those arising from additive fabrication.

Subtractive manufacturing is primarily realized by computer nu-
merical control (CNC) machining tools. A CNC machine operates
a cylindrical cutter to carve off material from a shape stock in 3D
space to “expose” the target 3D object; see Figure 3. The cutter head
traces out a space curve, called a tool path, which must completely
fill the object surface. Desirable properties of tool paths for efficient
CNC machining, in particular high speed machining (HSM), include
fairness (i.e., low-curvature) and continuity (i.e., less on/off switch-
ings or tool retractions), similar to additive manufacturing, but all
considerations must be shifted from 2D regions to curved surfaces.
One added twist for subtractive manufacturing is accessibility: in
general, the CNC cutter may not be able to access all regions of the
object no matter how it is oriented. Another new issue is control-
ling the amount of residual material, called scallop, after carving to
ensure a quality surface finishing; see Figure 3. The typical goal for
scallop optimization is to maximize uniformity of the scallops while
minimizing their height without over-carving the surface.

Existing methods for CNC tool path planning from the computer-
aided design (CAD) and manufacturing (CAM) domains are pri-
marily designed to machine relatively simple geometric primitives,
e.g., planar and quadric surfaces, swept volumes, and CAD models
composed of planes and other parameterizable patches. Conven-
tional tool path patterns such as zigzags work quite effectively for
such surfaces with simple boundaries and interior geometries. In
terms of setup planning, where a machinist decides how to orient
and stabilize the shape stock with fixtures for carving, it is highly
critical to minimize the number of setups, i.e., to avoid re-fixturing
and re-orientation of the object or the CNC machine cutters. In
practice, setup planning is predominantly a manual process, where
machinists rely heavily on their domain knowledge and experience.
In this paper, we are interested in efficient subtractive manufac-

turing of 3D objects formed by freeform or sculpted surfaces [Lasemi
et al. 2010], such as the example shown in Figure 1. In general, a 3D
object cannot be fully machined under a single setup. Thus during
the setup planning phase, there is an inherent surface decomposi-
tion problem which seeks to segment the object’s surface into a
minimum number of patches each of which can be fully machined

1A 2017 publication from Wohler Associates, an independent consulting firm special-
izing in rapid product development and 3D printing, reported that the market value
for the additive manufacturing industry grew to US$6.1 billion. On the other hand,
according to a 2017 article from Global Information, Inc, the global CNC machine tool
industry’s output already had a market value approximated at EUR$67.6 billion in 2014.

under one setup. For a freeform object with moderate complexity,
regardless of how it is decomposed, the machinable patches are
likely to exhibit irregular interior undulations and wavy bound-
aries, which would pose various challenges to tool path planning,
especially when taking scallop optimization into account.
Our goal is automatic optimization of setup and tool path plan-

ning for finish-stage machining of free-form 3D objects using 3+2
machines, where at this finishing stage of the carving process, the
current object is already geometrically close to the final product. In
the CAD/CAM industries, freeform surfaces are typically carved
by 5-axis machining and 3+2 machining represents a special but
dominant configuration for 5-axis CNC machines. Specifically, the
cutter of a 3+2 machine has a fixed orientation during carving, but
can move with three degrees of freedom. The cutter orientation can
be adjusted with two degrees of freedom for the next carving2.
Given an input 3D object represented by a closed two-manifold

surface, we develop an algorithm to tackle two key technical prob-
lems in setup and tool path planning:

(1) Surface decomposition. During setup, the core problem is
to minimize the number of object or cutter setups (i.e., re-
fixturing or re-orientation of the CNC cutter) to ensure acces-
sibility of the entire input surface by the CNC cutter. To this
end, we cover the input surface with a minimum number of
accessible regions by posing and solving a set-cover problem;
see Figure 2(b). Then from each accessible region, we extract
a set of patches each of which can be fully machined by 3+2
machining, in a single fixed cutter-object setup. We obtain
these patches by integrating the accessible regions with a pre-
segmentation of the input surface into a small set of height
fields; see Figure 2(a). Together, these patches, which we refer
to as machinable patches, form a decomposition of the input
surface; see Figure 2(c).

(2) Tool path planning. In the carving phase, for each machinable
patch obtained from the decomposition step, we compute
a continuous, space-filling, and iso-scallop tool path which
conforms to the patch boundary, where iso-scollop paths
seek to maximize uniformity of the scallop height over the
patch. To this end, we advocate the use of connected Fermat
spirals [Zhao et al. 2016] as the preferred tool path pattern.
This is justified by the observation that Fermat spirals tend to
outperform zigzag, the dominant tool path patterns for CNC
machining, as the patch boundary and interior geometry
become more complex.
To compute iso-scallop Fermat spirals, we first generalize the
original Fermat spirals designed for layered manufacturing to
work for curved surfaces. Then we develop a novel method
to control the spacing of Fermat spirals based on directional
surface curvature and adapt the heat method [Crane et al.
2013a] to obtain iso-scallop carving; see Figure 2(d).

We call our setup and tool path planning algorithm decompose-
and-spiral-carve, or DSCarver , for short. We demonstrate automatic
generation of accessible and machinable surface decompositions
and iso-scallop Fermat spiral carving paths for 3+2 machining of

2Equivalently, the additional two degrees of freedom are provided by adjusting the
tilt-rotary table that support and hold the carved object, as shown in Figure 3
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Fig. 2. Overview of DSCarver, our decompose-and-carve algorithm for 3+2-axis CNC machining of freeform 3D objects. (a) Input 3D shape with pre-
segmentation into few height fields. (b) Decomposition into accessible regions (left: with overlaps; right: after boundary extraction). (c) Integration of
accessibility decomposition (b) and height fields (a) into machinable patches. (d) Connected iso-scallop Fermat spiral paths computed for a few patches.

Fig. 3. 3-axis pocket milling (left) with a square cutter vs. 3+2-axis machining
(cutter on top) with a ball cutter. Scallop (red) is the material residual left
between adjacent ball cutter (green) paths.

freeform 3D objects. Comparisons are made to conventional tool
paths generated by high-end CAD/CAM systems, both over real
CNC machining time and surface quality.

2 BACKGROUND AND RELATED WORK
The core geometry problems for both additive and subtractive man-
ufacturing can be classified into setup and tool path planning. In the
setup stage for 3D printing, a 3D object may be hollowed [Lu et al.
2014], decomposed [Hu et al. 2014; Luo et al. 2012], or reconfigured
in other ways [Bermano et al. 2017; Chen et al. 2015; Prévost et al.
2013; Stava et al. 2012] to improve print quality and/or save material
consumption. Frequently adopted and commercially available tool
path patterns for 3D printing include zigzag [Ding et al. 2014] and
contour parallel paths [Yang et al. 2002]. Zhao et al. [2016] introduce
connected Fermat spirals as an alternative and demonstrate their
advantages over conventional tool paths for layered manufacturing.
CNC machining basics. CNC machining operates a cylindrical

cutter with a prescribed length and size (measured on the cutter’s
horizontal profile) and goes around in 3D space with its head spin-
ning at high speed to carve off material from a shape stock. During
rough-stage machining, larger chunks of material are carved off
along the path by a thicker cutter often with a flat end. In the sur-
face finishing stage, a rounded or ball end cutter is often employed.
The fine lines of residuals left between adjacent tool paths after
surface finishing are referred to as scallop; see Figure 3. The height
and width of the scallop should be properly controlled and they
depend on path spacing, cutter orientation, and surface curvature.
For example, over convex regions (compared to concave regions

and assuming that the angle between the cutter orientations stay
fixed), path spacing needs to be denser to reduce scallop height.

Full 5-axis vs. 3+2 machining. 3-axis machining or pocket milling
is similar to layered manufacturing as it also traverses a 2D domain,
but removes instead of injects material. Curved freeform or sculpted
surfaces [Lasemi et al. 2010] are typically carved by full 5-axis or
3+2 machining. The cutter of a full 5-axis machine can move with
five degrees of freedom. In contrast, the cutter of a 3+2 machine
has a fixed orientation and moves in x ,y, z directions only. In both
cases, the cutters typically only point downward at an oblique angle,
not upward. As well, it is desirable that the cutter orientation does
not deviate from the surface normal too much to bound the scallop
height [Farouki 2016; Farouki and Li 2013; Zhao et al. 2013].
In our current work, we choose 3+2 machining over full 5-axis

CNCs due to several factors. 3+2 machining represents the dominant
5-axis CNC technology in the industry and 3+2 machines are a lot
more accessible and easier to work with compared to full 5-axis
machines. Conventional tool paths such as zigzag work much more
naturally with 3+2machining. Given the same surface patch to carve,
3+2 machining almost always beats full 5-axis CNC in speed and
accuracy. Overall, improving the state of the art in 3+2 machining
offers more value to the domain of subtractive manufacturing.

Setup planning for CNC machining. Generally, setup planning
involves the preparation of instructions for setting up parts for CNC
machining [Hazarika et al. 2015; Xu et al. 2007]. The key issue is how
to orient the parts, perhaps in multiple configurations, to attain a
high level of efficiency and surface quality. Setup planning methods
from the CAD and manufacturing literature have mainly focused
on CAD models, where it is widely assumed that the input consists
of feature-based designs or outputs from a feature recognition sys-
tem [Xu et al. 2007]. Typically, the machined parts are assumed to be
composed of prismatic or rotational primitives [Amaitik and Kiliç
2007], or geometric features that possess certain manufacturing or
functional significance [Tseng and Joshi 1998], e.g., k-sided pockets,
through, semi-blind, or compound slots, etc.
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Fig. 4. Frequently applied CNC tool path patterns.

Tool paths for CNC machining. Existing methods for carving
curved surfaces can be roughly classified into parameterization-
based and drive surface methods [Choi and Jerrard 1998]. By param-
eterizing a curved patch onto the plane, a tool path can be planned
on the plane and then mapped back to the surface patch, e.g., [Ren
et al. 2009]. Methods based on drive surfaces intersect the input
surface patch with a set of planes to obtain the tool paths. The most
frequently adopted drive surfaces are equidistant parallel planes, re-
sulting in iso-planar tool paths. The orientations of the drive planes
can be optimized, resembling the slicing problem for additive manu-
facturing [Hildebrand et al. 2013]. Iso-planar curves resulting from
plane-surface interactions can be turned into zigzag [Misra et al.
2005], contour-parallel offset, or spiral patterns [Hauth and Linsen
2012; Held and Spielberger 2014; Zhou et al. 2016]; see Figure 4.
Desirable properties of CNC tool paths include fairness, conti-

nuity, and good spacing for quality scallop and surface finishing.
Improper spacing between adjacent, parallel tool paths can lead to
over- or under-fill for layered manufacturing. For CNC machining,
under-fill translates to uncut strips over the surface, which is caused
by widely spaced tool paths. Such artifacts on machined surfaces
are more problematic than inefficiencies caused by paths spaced too
closely. The latter, an “over-fill” in the context of CNC machining,
leads to overlapping between cutter trajectories over the surface
and thus inefficiency; it may also over-cut the desired parts.

For high-speed machining, path continuity and fairness are even
more critical than in the case of layered manufacturing since for
CNC cutters operating at high speed, cutter lifting, retraction, and
deacceleration, as the results of path discontinuities and sharp turns,
are especially counter-productive [Park et al. 2003; Zhou et al. 2016].
Therefore, continuous tool paths based on Fermat or double spirals
are preferred [Hauth and Linsen 2012; Wang et al. 2015; Zhao et al.
2016; Zhou et al. 2016]. In the CAD and manufacturing domains,
many methods have been presented for iso-scallop tool path plan-
ning, e.g., [Agrawal et al. 2006; Can and Ünüvar 2010; Zoua et al.
2014]. However, most of these methods were designed to work with
zigzag tool paths and our work is the first attempt at generating
iso-scallop Fermat spiral paths for curved surfaces.

Surface decomposition. There have been many works in computer
graphics on shape decomposition [Shamir 2008]. The central cri-
terion for our decomposition analysis is accessibility. The fairness
criterion for region boundaries is sought since conventional tool
paths typically conform to the boundaries [Hauth and Linsen 2012;
Lasemi et al. 2010; Zhou et al. 2016]. Existing works from the subtrac-
tive manufacturing domain, e.g., [Hauth and Linsen 2012; Held and
Spielberger 2014; Zhao et al. 2016], mainly considered the problem
of decomposing a planar region into simple geometric segments

for efficient pocket machining. Such simple segments often admit
continuous and fairer tool paths, e.g., using Fermat spirals, and
the per-segment tool paths can be linked to attain global continu-
ity [Zhou et al. 2016]. Our work follows a similar approach but must
deal with free-form surfaces and accessible regions with complex
boundaries and interior undulation.
With its connection to the set cover problem, it is known that

generally, finding the minimum number of orientations to ensure
full accessibility, i.e., the accessibility-based decomposition problem,
is NP-hard [Frank et al. 2006; Gupta et al. 1996]. Early work by
Gupta et al. [1996] takes a greedy approach which iteratively identi-
fies accessible regions of maximal surface areas. Frank et al. [2006]
analyze accessibility in one planar slice and solve a set cover prob-
lem. Various solution mechanisms including decision trees [Keeney
and Raiffa 1993], swarm intelligence [Guo et al. 2009], and genetic
algorithms [Bo et al. 2006] have been proposed to solve the difficult
optimization problem. Also related is the problem of decomposing a
surface into a set of approximate height fields [Herholz et al. 2015],
which we adopt for pre-segmentation of the input surface.

3 OVERVIEW
The input to our algorithm is a freeform 3D object represented as
a 2-manifold triangle mesh. During preprocessing, the input mesh
surface is first segmented into a small number of height fields. We
compute height fields since each such surface region can be fully
machined by a 3+2 machine with a fixed cutter orientation and
fixed cutter-object setup. Then we cover the input surface by a
minimum number of accessible regions and integrate the resulting
regions with the pre-segmentation to obtain a small number of
machinable surface patches, which form a decomposition of the
input surface. Tool path planning is carried out for each patch to
obtain a continuous space-filling curve attaining maximal scallop
uniformity. Figure 2 illustrates the algorithm pipeline.

Surface decomposition. Our accessibility analysis involves finding
a minimum number of object setups to ensure accessibility of the
entire input surface by the CNC cutter. Each object orientation in-
duces an accessible region, which is the set of all points on the input
surface that are accessible by the cutter in some valid orientation.
When machining the same accessible region, the fixture setup for
the CNC machine remains unchanged. Switching from one accessi-
ble region to another, the fixtures need to be adjusted to re-stabilize
the shape stock, which is a delicate and time-consuming endeavor.
We proceed by sampling a set of object orientations, so that the

union of their induced accessible regions completely covers the
input surface. With this cover as input, we find the minimum num-
ber of orientations by solving a set-cover problem [Cormen et al.
2001]. Typically, the optimal solution incurs significant overlaps
between the accessible regions. We resolve these overlaps and arrive
at a surface decomposition by integrating the accessible regions
with the pre-segmented height fields. This is followed by boundary
optimization to obtain the set of machinable patches.

Tool path planning. Given a machinable patch, we produce a sin-
gle continuous space-filling curve for that patch using connected
Fermat spirals [Zhao et al. 2016]. The main innovation is to ensure
that the patch finishing using the spiral carving path is optimized
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Fig. 5. Accessibility cones on the kitten model. For the object orientation
shown, p0 has a full accessibility cone; p2’s cone is split into two sub-cones
due to cutter collision with the kitten’s tail. p1 is inaccessible.

for scallop quality, i.e., to compute an iso-scallop Fermat spiral.
To this end, we adjust the path spacing based on directional cur-
vature over the input surface path, to optimize uniformity of the
resulting scallops. We show that an nonhomogeneous version of the
heat method [Crane et al. 2013a] for geodesic computations can
be adapted to compute iso-scallop level-set contours over the sur-
face patch, from which we can extract the connected Fermat spiral
paths. Each machinable patch is machined separately following the
iso-scallop Fermat spiral paths under a fixed 3+2 machining setup.

4 SURFACE DECOMPOSITION
In this section, we detail the surface decomposition step. It produces
a small set of connected and machinable surface patches, each of
which is fully accessible by the CNC cutter with respect to one of
few machining setups. The patches possess fair or low-curvature
boundaries to facilitate efficient tool path planning therein.

Height field decomposition. During preprocessing, we decompose
the input object’s surface into a small number of height fields by
implementing a scheme that is very similar to [Herholz et al. 2015].
Our height field decomposition problem is almost exactly the same
as the one addressed by the said approach except for two minor
differences. First, we do not deform the input surface to lower the
number of height fields produced. Second, the height fields in their
workwere defined using ideal lines/rays with infinitesimal thickness.
In our implementation, we replace the rays with cylinders with non-
negligible radius which reflect the physical girth of the CNC cutter,
assuming that the cutter is sufficient long during carving.

Accessibility cones. In CNC machining, there is typically a bound
on the angle φ between cutter orientation and surface normal at a
point on the object surface. This bound defines an accessibility cone
around each surface normal. If the surface is oriented in such a way
that the cutter can orient itself to fall inside the accessibility cone
at a point p ∈ S , then p is accessible with respect to that surface
orientation. In our work, we liberally set the angle at φ = π/2 but
account for the cutter’s physical girth and possible global collision
with parts of the 3D object. Such a collision leads to a splitting of the

Fig. 6. Cell accessibility and illustrations on the Gaussian sphere. (a) In-
trinsic Voronoi cells over object surface. (b) Corresponding regions on the
Gaussian sphere representing object orientations which would allow the
blue and red cells (a) to be accessible. (c) Color coding of the number of
accessible Voronoi cells for each object orientation (red = higher count).

Fig. 7. Three different MINORI solutions computed by SCP, with the same
object orientations count (three).

full cone into sub-cones conservatively to ensure full accessibility
of the sub-cones; see point p2 in Figure 5.

Point accessibility. Most 5-axis CNC machines can only point the
cutter downward inside an oblique angle between 0◦ and 90◦ [Apro
2008]. For the orientation of the kitten model shown in Figure 5,
point p0 is accessible from any direction in its accessibility cone, p1
is inaccessible since its cone is entirely pointing downward, and p2
is partially accessible due to potential cutter collision.

Cell accessibility. We start by uniformly sampling N points over
the input surface mesh and computing an intrinsic Voronoi tes-
sellation with the sample points as sites. For each Voronoi cell ci ,
1 ≤ i ≤ N , based on point accessibility and accessibility cones,
we estimate a set Ri of object orientations each of which would
allow all points in ci to be accessible by the CNC cutter. Mapping
Ri onto the Gaussian sphere defines a region Ri on the sphere;
see Figure 6. The color coding indicates the number of accessible
Voronoi cells for a number of orientation candidates. Red colors are
associated with orientations for which many cells are accessible.
The set of candidate object orientations can be sampled uniformly
or randomly.

Accessibility cover. We compute the accessible regions by formu-
lating the problem as an instance of the set-cover problem (SCP).
Then we resolve overlapping between the obtained covers to arrive
at a surface decomposition. Given a set U = {1, 2, . . . ,n}, called
the universe, and a collection S of subsets of the universe whose
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Fig. 8. Orientation label assignment and propagation. (a) Height field H1
is assigned region R1’s label since it covers some non-overlapping parts
(red) of R1 and of R1 only. H3 is not assigned any label since it covers
non-overlapping parts from both R1 and R2. (b) H1 propagates its label
to H2 since H2 is entirely covered by an overlap (yellow) involving R1. (c)
Unassigned height fields H3 and H4 may be split by graph cut.

union equals the universe, the set cover problem is to identify the
smallest sub-collection (one with the fewest subsets) of S whose
union equals toU . SCP is one of most classic NP-hard problems in
combinatorics and computer science [Cormen et al. 2001].

For our accessibility region problem, we consider all the Voronoi
cells ci , i = {1, 2, . . . ,n} as the elements of the universe U , and
for each sampled orientation P , all of its accessible cells consist of
a subset S of universe U . Then given all sampled orientation Pi
and their corresponding subsets Si , i = {1, 2, . . . ,m}, using SCP we
could get a minimal number of orientations Pi , i = 1, 2, ..,k , the
union of their corresponding subsets Si , i = 1, 2, . . . ,k equals toU .
We call such a set of minimal number of orientations MINORI.

To solve the MINORI problem, which is an instance of the over-
lapping SCP, we resort to the greedy scheme from Chvatal [1979].
For a typical freeform 3D object with the prescribed set of sampled
orientations, our MINORI solution often include only a handful of
orientations. Moreover, solutions with the same orientation count
are often not unique. Figure 7 shows three possible MINORI solu-
tions for the kitten model. After overlap resolution, the MINIORI
solution that leads to the smallest number of machinable patches is
selected for tool path planning, after boundary refinement.
Overlap resolution. A MINORI solution typically contains many

cells that are accessible frommore than one object orientation. Thus,
the accessible regions in a MINORI are expected to overlap signifi-
cantly; see Figure 7. On the other hand, the number of accessible
regions in a MINORI gives us the minimum number of object ori-
entations, or fixture setups, for CNC machining. By definition, an
accessible region thus obtained can be fully accessed by the CNC,
assuming that the CNC cutter can be oriented differently. However,
when machining a surface piece, the cutter orientation is fixed in
a 3+2-axis setup. For the piece to be fully machinable with that
fixed orientation, the piece must be a height field. Hence, to re-
solve the overlap and obtain a surface decomposition into 3+2-axis
machinable patches, we must integrate the accessible regions from
a MINORI with the height fields computed from pre-segmentation.
Integrating accessible regions and height fields. The integration

step produces a surface decomposition for a given MINORI solution
by assigning object orientation labels associated with the MINORI to
height fields from the pre-segmentation. The label assignment starts

away from the overlaps between active regions and progresses
towards the overlaps via label propagation. Specifically, we first
identify any height field that contains surface points which belong
to some non-overlapping part of one and only one accessible region;
we assign the orientation label associated with this accessible region
to the height field; see Figure 8(a). Then we propagate, recursively,
orientation labels from assigned height fields to adjacent unassigned
ones only when they are entirely covered by an overlap between
appropriate accessible regions. For example, height field H1, with
label from accessible regionR1, propagates its label toH2 only when
H2 is entirely covered by an overlap involving R1; see Figure 8(b).
After the propagation, any remaining unassigned height field may
be split by the boundary extraction process we outline next.
The integration step keeps the number of accessible regions or

fixture setups fixed, but can split a height field. The above assign-
ment procedure aims to keep such splits to a minimum since the
final number of height field pieces (i.e., the machinable patches for
tool path planning) corresponds to how many times the 3+2-axis
CNC machine needs to be re-oriented.

Boundary extraction and refinement. The orientation label assign-
ments to the height fields already provide a partial set of patch
boundaries. To “close the loop” and complete the remaining bound-
aries, we apply graph cut [Boykov et al. 2001] to split regions cor-
responding to unassigned height fields along low curvature paths.
The graph cut is formulated as an energy minimization defined over
the cells ci , 1 ≤ i ≤ m in the region of interests. Specifically, we seek
a cell assignment r that minimizes the following energy function:

E (r) =
m∑
i=1

D (r(ci )) + α
∑
(i j )

S (r(ci ), r(c j )),

where D is the unary data term, S is the pairwise smoothness term,
and α provides a trade-off (we set α = 100 in our experiments). The
data term D estimates the likelihood of ci to belong an orientation
r(ci ) by measuring its distance to a cell with a definite orientation.
The smoothness term S measures the curvature of the object surface
along the border between ci and c j and penalizes high-curvature
edges. To simplify the computation, we define S as follows:

S (r (ci ), r (c j )) =

{
|Ki j | if r (ci ) , r (c j ),
0 otherwise,

where Ki j is the normal curvature of the surface at the midpoint of
the edge (ci , c j ) in the tangent direction perpendicular to the edge
(ci , c j ). Finally, the combined patch boundaries are smoothed by
geometric snakes [Lee and Lee 2002].

Final selection of surface decomposition. As described above, each
MINORI solutionwould lead to a surface decomposition intomachin-
able patches. We select one result which contains the least number
of patches, and if there are ties, boundary quality is the tie breaker.
Tool paths are computed for the final set of machinable patches.

5 TOOL PATH PLANNING
Once the surface is decomposed into a collection of surface patches,
a tool path plan is designed for each patch. This tool path planning
is not as simple as generating an equally-spaced filling curve, and
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Fig. 9. Replacing zigzag re-routing connections (see top-left inset, which
is taken from Figure 5(c) of [Zhao et al. 2016]) with “oblique” lines that
conform better to tangential directions of the iso-contours, as shown in the
top-right inset. This can effectively reduce the number of sharp turns in the
final tool paths (after tool path optimization); see the before (left) and after
(right) pictures of the bunny patch and focus on the lower left region.

commonly it is designed by skillful professionals in an ad hoc man-
ner. For carving the surface, one needs to plan the path of a ball-end
cutter, which has some physical prescribed radius, and hence implies
two key requirements:

• Consideration of scallop. The problem is that equally-spaced
curves may not necessarily lead to a uniform scallop distribu-
tion. To obtain uniform scallop on a surface, the gap between
two neighboring paths needs to be adaptive to the directional
curvatures of the points along two nearby paths. This require-
ment is the most distinct feature of this tool path planning
problem.
• Smoothness. Generally speaking, a smooth tool path is pre-
ferred in practice due to the upper limit of velocity and the
acceleration of the cutter. A zigzag path not only slows down
the cutter, but also tends to cause damage to the cutter.

Based on these two requirements, we design a three-step algorithm
for generating the final tool path: (1) compute a shape aware scalar
field whose isolines meet the gap requirement, (2) connect the iso-
lines into a continuous tool path using the Fermat spiral generation
technique, and (3) smooth the tool path while keeping the gap vary-
ing as small as possible. In the following, we shall elaborate the
details of Step 1 and Step 3. For details on Step 2, we refer the reader
to the recent work by Zhao et al. [2016], in particular, Figures 4
and 5 in that paper. In this work, we apply a simple trick to alter
the way the iso-contours are re-routed to obtain the Fermat spirals,
effectively reducing the number of sharp turns in the tool paths
(as shown in Figure 9) and improving machining speed. Specifi-
cally, instead of making zigzag connections which would result in
many right-angle turns, we replace themwith short “oblique” curves
which conform better to the tangential directions of the iso-contour
at the re-routing points; see insets in Figure 9 for an illustration.

5.1 Shape-aware tool path generation
As mentioned above, the tool path design is constrained by geom-
etry variations of the points along the path. More precisely, the
scallop h is deemed to have close relationship with the directional
curvature [Kim et al. 2006]. Let p be a point on a surface S and path
Π that goes through p. Following [Kim et al. 2006], the dependency
between the scallop h and the gap д between adjacent sections of
the path is empirically formulated as

д(p,Π) =

√
8hRcutter

1 + RcutterG(p,Π)
, Rcutter ≫ h, (1)

where G(p,Π) is the curvature of p at the direction perpendicular
to the forward direction of tool path Π at point p. It is difficult to
generate the tool path directly from this formula because one cannot
determine the gaps before the continuation of the generated path is
defined.

Our key idea when computing the tool path is to obtain a shape
aware metric tensor field g on the surface from the directional
curvature tensor field G, and use its isolines as the tool paths with
the required uniform scallop. Once the metric field is defined, the
boundary ∂S is set to be the zero-level isoline, and then the other
isolines are iteratively defined, with respect to g, by increasing the
geodesic distance to the boundary ∂S by д during each step. We
recall that a fast marching method can be used for this purpose.
After the isoline Li has been extracted, it can be used to generate
Li+1 by considering the projected metric tensor g|Li at Li . Note
that g|Li should be orthogonal to Li . However, directly setting it
is not easy since Li+1 has to be used to estimate g|Li but Li+1 is
still undetermined before g|Li is known. Alternatively, we solve this
problem by the following iterative optimization approach.
As the output of the above PDE, the isolines of the resulting

geodesic distance field is helpful in setting the desired tool paths.
Moreover, we use the gap д defined in Eq. 1 at each point of the
surface as a modifier to adjust the distance value in the field. This
makes the gap between two adjacent paths vary from the directional
curvature of the path points. The gradient direction at each point
of the distance field is used to compute directional curvature. Recall
that the heat method [Crane et al. 2013b] uses a PDE to solve the
geodesic problem on a mesh surface S , and the heat, after diffusion
for a short period t , provides a good approximation to the gradients
of the real geodesic distance field. Inspired by the approximation
power of the heat based method, we apply a similar approach to the
PDE:

(A − tLC ⊗ H)u = δγ ,

where A is the diagonal matrix given by the triangle areas, A−1LC
defines the Laplacian matrix, the Dirac function δγ provides an
initial heat distribution rooted at the boundary, and the symmetric
matrix H associates each mesh edge with the average of the gaps
at the two end points of the edge. Note that H is absorbed into this
PDE by an element-wise product.
To make the gap between isolines of the geodesic distances

more consistent with the metric tensor g, we iteratively update
the direction-related gap matrix H based on the values obtained in
the previous iteration. As shown in Figure 10, our experiments con-
firm that the iteration converges extremely fast and in practice, only
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Fig. 10. The iterations of tool paths optimization: the black curves are the
tool paths generated from the isolines of the surface geodesic distance
field. The short red lines represent the desired gaps computed at the points
sampled along the tool paths according to Eq. 1. From left to right, two time
steps are depicted, showing that the gaps between two adjacent tool paths
are quickly optimized to be consistent with the desired gaps and stable.

(a) (b)

Fig. 11. Scallop (shown in red color on the machined surface) with uniform
gap of tool paths (a) and with adaptive gap of tool paths (b).

2∼3 iterations are sufficient to obtain a scalar field whose isolines
meet the direction-related gap requirements. Figure 11 shows the
resulting scallop reduction by adaptive gaps between two adjacent
tool paths.
Note that while our tool path generation problem is directly

related to geodesic distances, it is a bit different from a general
distance field problem. We have to iteratively solve the problem,
i.e., to update the existing distance field by considering the gap
requirements of its iso-contours. However, during each iteration, we
can use either the heat equation or other, possible better alternatives,
such as Short-Term Vector Dijkstra (STVD) of Campen et al. [2013].

5.2 Tool path refinement
The initial tool path must be refined by considering two important
spacing constraints: (i) the widest space at p, between adjacent
sections of the path Π, cannot exceed the gap constraint д(p,Π)
(written as д for simplicity), or equivalently, the largest empty circle
has a radius not larger than д/2, and (ii) the narrowest space at p
is as close as possible to д. Let {xi }ni=1 be the point sequence that
represents the tool path. The idea is to evolve the initial tool path

by optimizing the following objective function:
dxi
dt
= λ1 × TSmooth + λ2 × TAttraction + λ3 × TRepulsion,

where TSmooth,TAttraction,TRepulsion characterize the smoothness
requirement, the attraction of xi to the centers of nearby large
empty circles, and the repulsion between xi and its nearby points
on the path, respectively. Figure 12 shows a sequence of intermediate
results (note that the time t can be understood as the number of
iterations). On the right, plot shows the widest/narrowest spaces
as function of time. We use a conventional Laplacian smoothing
technique to express the smoothness requirement.

For the attraction term, we first find a collection of empty circles
such that (i) each circle has a radius larger than д/2 and (ii) any two
circle centers have a distance of at leastд. We call such points {qj }K1

i=1
anchors; See the red points in Figure 12. The term TAttraction attracts
the path to the nearby anchors, where each anchor has an influence
geodesic disk with a radius of 3д/2. The repulsion term is applied
to xi if there are other points {xj }K2

j=1 along the path for which the
geodesic in between, i.e. ∥di, j ∥д , is less than д. See Appendix for
more details on the definitions of TSmooth,TAttraction,TRepulsion.

The above optimization is applied on a finite set of points sampled
over the surface. In our current experiments for CNCmachining, the
size of the real models is about 50 × 60 × 70mm3. For such models,
we found that a sampling of 80K points is sufficient. Hence, we
precompute 80K blue noise points on the surface to serve as the
anchor point candidates. For larger models, we can adaptively adjust
the number of sample points according to the model size, treating it
as a scaling issue.
During each iteration, for each candidate point qj , we compute

the largest empty circle centered at qj and keep its radius r j for qj .
The candidate points are then selected to form an anchor set in a
decreasing order of the radius to define a largest empty circle. Two
criteria for candidate selection include (i) the radius r j is larger than
д/2, and (ii) the newly added anchor point have a distance, of at
least д, to the selected anchor points.

It should be noted that the optimization is performed directly on
the mesh surface, rather than in the parameter space. During each
step, the point xi on the tool path moves along the tangent plane and
is then projected onto the surface using the proximity query package
(PQP) [Gottschalk et al. 1999]. The geodesic distance between xi
and xj , i.e. ∥di, j ∥д , is approximated by following formula [Bowers
et al. 2010]:

∥di, j ∥д =
arcsin(ni · ¯di, j ) − arcsin(nj · ¯di, j )

ni · ¯di, j − nj · ¯di, j
∥di, j ∥,

where ni and nj are respectively the normal vectors at xi and xj ,
di, j = xi − xj , ¯di, j is the normalization of di, j . Then, the estimation
formula reduces to

∥di, j ∥д ≈
1√

1 − (ni · ¯di, j )2
∥di, j ∥

if ni and nj are very close to each other.
Note that currently, our tool path refinement scheme cannot add

or remove spirals, which could potentially be beneficial. We leave
this investigation for future considerations.
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(a) Initial (b) #20 (c) #40 (d) #60 (e) #80 (f) #100 (g) Spacing plot

Fig. 12. Tool path optimization. Guided by the smoothness/spacing constraints, the initial tool path is evolved into a smooth pseudo-geodesic spiral with at
most (д/2 + ϵ )-wide space on both sides after 100 iterations, where д/2 is the sweeping radius of the cutter. That is to say, when the program terminates,
the largest empty circle has a radius that is very close to д/2 (the red points are the centers of the typical empty circles). The plot (g) shows the change of
the largest empty circle radius and the least in-between space of the tool path. In other words, the cutter is able to cover the entire surface if following the
optimized tool path. (Note that д varies on the surface in practice due to shape variation. We normalize д for the visualization purpose in the plot (g).

6 RESULTS AND EVALUATION

Fig. 13. A gallery of surface decomposition results for 3+2-axis machining.
For each model in each row, the first two images show the accessible regions
obtained after overlap resolution in two different views; the next two images
show the final machinable patches obtained in two views.

In this section, we show surface decomposition and tool path
generation results for freeform 3D shapes with varying degrees of
geometric complexity. Comparisons to conventional tool paths, i.e.,
zigzag and contour-parallel, for CNC machining are provided to
evaluate our iso-scallop space filling curves using Fermat spirals.

We also report real machining times and show fully machined 3D
objects using a 3+2 machine with machining setups and tool paths
planned by our fully automatic method.

Implementation and parameters. Our surface decomposition and
tool path generation methods have both been implemented in C++.
We set the cutter diameter at 4.0mm during height field decomposi-
tion and for defining the accessibility cones. We produce physical
machining of full 3D objects with high-quality surface finishing,
setting the scallop height at 0.02mm. To make the carving paths
more visible for visualization purposes only, we relax the scallop
height to 0.045mm when machining some surface patches. All the
results shown in this section were obtained with the same parameter
setting: four iterations of the heat method and 40 iterations of tool
path generation optimization.

Decomposition. Figure 13 shows results of our accessible surface
decompositions as well as the final machinable patches obtained
after integrating the accessible regions with the pre-segmentation
into height fields suitable for 3+2 machining. Table 1 shows some
statistics related to the surface decomposition step, including run-
ning times of the sub-steps. Running times were measured on an

Fig. 14. Photographs capturing a couple of fixture configurations applied
to stabilize the 3D objects during CNC machining.
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Table 1. Some statistics and running times for our surface decomposition
and tool path generation. We report the number of accessible regions (#A)
and the number of machinable patches (#P ) after integrating the height
fields and accessible regions and boundary optimization. For running times
(all in seconds), we report time needed for computing accessibility covers
(tA), the total time for the surface decomposition phase (tP ), and average
time for computing tool paths for each machinable patch (tP ).

3D Model #A #P tA(s) tP (s) tP (s)
rabbit 2 4 14.2 17.5 5.6
sqirrel 2 5 17.5 21.0 5.7
bunny 2 5 18.3 21.1 4.3
kitten 2 5 24.2 28.4 6.2
maxplanck 2 4 27.1 30.5 6.0
fertility 2 11 48.9 57.2 4.8

Intel® CoreTM i7-7700 CPU 4.2GHz with 16GB RAM. For geometri-
cally complex models such as the fertility which also has a non-zero
genus, our algorithm is able to obtain a small number of accessible
regions and for each region, a small number of patches that can be
machined by a 3+2 machine without changing the fixture. Figure 14
provides two photographs demonstrating the fixtures applied to
stabilize the shape blocks for real machining.

Tool path generation. Figures 1 and 15 show continuous iso-scallop
Fermat spiral paths generated by our algorithm for several curved
surface patches obtained from the decomposition step. The patches
exhibit varying geometric characteristics in their boundaries and
interiors to demonstrate the generality of our tool path planning
method. To make the carving paths more visible, we deliberately
chose a low resolution setting. Scallop heights for some of the
patches in Figure 15 can be visualized in Figure 16, left column,
and compared to zigzag (middle) and contour-parallel (right). Real
machining results can be found in Figure 17. Average running times
for computing the spiral tool paths for each patch are reported in
the last column of Table 1. As we can see, our tool path planning
scheme is quite efficient.

Real machining. Our real machining experiments have been con-
ducted on a CNC 6040 2200W 5-axis machine, with machinable resin
board as the testing material to form solid 3D objects. CNC cutting
results and analyses are based on the default machine setting: cutter
diameter at 4.0mm, maximal feed rate at 500mm/min, chord error
at 0.001mm, and spindle speed at 15,000r/min. G-code is used to
transfer the tool paths.

Figure 17 shows several photographs taken of the real machining
results obtained for several freeform 3D objects of varying geometric
complexity. Close-ups are provided to show the carving paths and
scallops from our iso-scallop Fermat spirals. Please also check out
the supplementary video to see the Fermat spirals in action.
Comparison to conventional tool paths. The two most frequently

adopted tool path patterns for CNC machining are zigzag and con-
tour parallel (also referred to as iso-contour) paths. In Figure 16,
we compare visually the scallop height distributions for zigzag
paths, contour-parallel paths, and Fermat spiral paths generated by
our method. All the zigzag and contour-parallel paths were gen-
erated with the NX package from Siemens PLM Software [2016].

Fig. 15. Continuous iso-callop Fermat spirals generated by our method,
over patches with diverse geometric characteristics. To ease visualization,
we show carving paths obtained at a low resolution.

Siemens NX, formerly known as NX Unigraphics, is a high-end
CAD/CAM/CAE software package. Overall, our results exhibit a
higher degree of height uniformity with the same path spacing.

Table 2 shows statistics collected for the three kinds of tool paths,
including real machining time using the CNC 6040 2200W 5-axis
machine. The tested patches are shown in Figure 15 and Figure 2. Un-
like the Fermat spiral paths we produce, zigzag and contour-parallel
paths are not always able to cover an entire patch using a single
traversal, resulting more than one tool path segments. The segment
counts are expected to increase when the patch boundary is wavier
or contain more thin structures or multiple components, as in the
case of the Fertility and Kitten patches with holes. In terms of
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Fig. 16. Visualizing scallop heights over several machined patches using our
Fermat spiral paths (left), conventional zigzag paths (middle), and contour-
parallel paths (right). Redish regions indicate higher residual marks.

Table 2. Comparing zigzag (Z) and contour-parallel (C) tool paths generated
by commericial software packages to iso-scallop Fermat spirals (F) generated
by our method. We report results on patches shown in Figure 15 using the
following statistics: number of tool path segments (#sgZ, #sgC, and #sgF);
percentage of sharp turn points (%tnZ, %tnC, and %tnF), and real machining
time in seconds (tZ , tC , and tF ), using the CNC 6040 2200W machine.

Patch #sgZ #sC #sgF %tnZ %tnC %tnF tZ tC tF

#1 (bunny) 9 4 1 7.1% 4.7% 1.5% 450 368 342
#2 (fertility) 18 6 1 6.6% 4.0% 3.8% 1908 1054 1034
#3 (maxplank) 5 1 1 7.6% 6.0% 2.5% 245 232 205
#4 (sqirrel) 6 1 1 6.0% 2.8% 1.9% 539 428 416
#5 (kitten) 11 2 1 7.4% 3.7% 2.8% 469 381 370

real machining time, our iso-scallop Fermat spirals generally out-
perform zigzag and contour-parallel paths, while the improvement
over contour-parallel paths is more marginal.
To count the number of sharp turns along a tool path π , we

uniformly sample 50, 000 points along π and at each point, we
estimate its integral curvature [Pottmann et al. 2009] with a circle of
radius 0.2mm, which is appropriate for the size of fabricated layers
and the default fill with in our experiments. A point is deemed to
represent a sharp turn if the smaller of its associated area coverage
for curvature estimation is less than 30% of the circle area. In Table 2,
we report the percentages of points deemed as sharp turns. It is
quite evident that the number of sharp turns produced by connected
Fermat spirals is much lower than that of zigzags.

7 DISCUSSION, LIMITATION, AND FUTURE WORK
Subtractive processes via CNC machining still dominate the man-
ufacturing industry today. The CNC setup and tool path planning
problem is rather complex in practice due to the multitude of factors
that are at play. Most, if not all, of the factors involve geometry
optimization spanning a diversity of forms and search spaces. The
method we present focuses on two particular aspects of the prob-
lem: accessibility decomposition and efficient iso-scallop tool path
generation, aiming for a fully automatic optimization. Results and

comparisons to conventional tool paths demonstrate the effective-
ness of our decompose-and-spiral-carve (DSCarver) approach.

The original Fermat spirals of Zhao et al. [2016] were developed
for layered manufacturing. Our extension to curved surfaces shares
all the desirable properties offered by this class of space-filling
curves. In fact, Fermat spirals appear to be even more suited to
CNC machining than to 3D printing via fused deposition modeling.
The particular characteristics of Fermat spirals imply that gaps
between tool paths may take relative long to fill. As a result, FDM
using these tool paths may suffer from reduced material cohesion
between adjacent and parallel tool paths since the long delay can
cause material to cool down. Such issues are not encountered during
CNC machining. In our work, we show that Fermat spirals can be
adapted to produce iso-scallop carving paths for CNC.

Engineering/CAD parts. We reiterate that the goal of our current
work is to automate CNC machining of free-form 3D objects, not
typical CAD/engineering parts. Also, Fermat spirals excel as tool
paths for surface patches with wavy boundaries and irregular in-
terior undulations, which are not characteristic of CAD models.
Decompositions of CAD models with sharp features should respect
these features, but neither the height field decomposition nor our
accessibility analysis is feature-sensitive. In Figure 18, we show sur-
face decompositions and tool paths obtained by our method on a
CAD part. Clearly, the sharp features of the part would have been
better accentuated if the tool paths were to conform to these fea-
tures; this would require a feature-sensitive decomposition. One
possibility would be to replace the height field decomposition with
a feature-sensitive one, and we leave this for future work.

Practical CNC machining issues. DSCarver overlooks several such
issues pertinent to CNC machining, including fixture design, cutter
switching, and rough- vs. finish-stage machining. We also do not
address situations of inaccessibility, e.g., tunnels or hollow parts,
that are due to the physical (e.g., size) limitation of the cutter. In our
work, we focus on finish-stage machining with a fixed cutter width
and without factoring in constraints arising from fixture design.
How a 3D object is clamped on object orientation. In other words,
fixture placement is a factor that should be incorporated into tht
MINORI problem. At the same time, fixtures affect cutter accessi-
bility, namely, any surface regions that are attached to or covered
by the fixture would be inaccessible. In general, fixture design is a
highly non-trivial geometry optimization problem [Hazarika et al.
2015] and deserves separate investigation; it does seem to share
some commonality with connector designs [Koyama et al. 2015].
Last but not the least, we only consider 3+2 machining where the
CNC cutter holds a fixed orientation. Tool planning for full 5-axis
CNC would involve a full five-dimensional search.

Rough surfaces. Weexperimented ourmachining algorithmmostly
on locally smooth surfaces. For a 3D object whose surfaces are filled
with many small concavities, small areas of the surface may not be
reachable by the cutter. In such situations, CNC can benefit from
approximating the surface with few height fields to reduce the num-
ber of 3+2-axis setups for machining. This is a strong merit of the
work by Herholz et al. [2015] and is applicable here.
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Fig. 17. Photographs and close-ups of real machining results for full 3D objects, following our fully automatic method for surface decomposition and tool path
planning. The results were obtained using a CNC 6040 2200W 5-axis machine, with machinable resin board as the testing material.

Fig. 18. Surface decomposition (two views are shown) and tool path plan-
ning results on an engineering/CAD part obtained by our method.

Global continuity of carving path. Our current method does not
produce a globally continuous carving path over the whole accessi-
bility region; the cutter needs to retracted to adjust to a different 3+2-
axis setup when switching between different machinable patches.
Global continuity may be possible using a full 5-axis CNC machine
as its cutter head can move in five degrees of freedom, but this is
a new tool planning problem. Another possibility is to only apply
the 5-axis pass during the transitioning phase between machinable
patches. Both problems are worth investigating in future work.

Future work. An obvious next step is to investigate the applicabil-
ity of DSCarver for rough-stage machining, where the distinction,
as well as challenge, is that the shape to be carved changes after
each cutter pass over the surface. Along the same lines, it would

be interesting to integrate our algorithm to existing practices from
state-of-the-art CAD/CAM systems. Finally, automatic fixture de-
sign which combines accessibility and machinability analyses and
globally continuous iso-scallop Fermat spirals under full 5-axis CNC
machining are both intriguing problems to explore.
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APPENDIX A: TOOL PATH OPTIMIZATION
Suppose that {xi }ni=1 be the point sequence to denote the tool path.
We evolve the initial tool path by the following equation:

dxi
dt
= λ1 × TSmooth + λ2 × TAttraction + λ3 × TRepulsion,

where TSmooth,TAttraction,TRepulsion respectively characterize the
smoothness requirement, the attraction of xi to the nearby anchor
points (the centers of nearby large empty circles) and the repulsion
between xi and other path points close to xi . Note that the time t
can be understood as the number of iterations.
First, it is natural to use the Laplacian smoothing technique to

express the smoothness requirement, i.e.,

TSmooth |xi=
xi−1 + xi+1

2
− xi .

Second, to guarantee that there is no large
space, we capture the anchor points {qj }K1

i=1
whose distance to the path is larger than д/2,
and then attract the tool path where it is
close to one of {qj }K1

i=1. Let r j (>
д
2 ) be the
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distance between qj and the tool path. The
attraction term, for pulling xi to the nearby
anchor point qj (∥xi − qj ∥д ≤

3д
2 ) is defined as follows.

TAttraction |xi=

∑
∥xi−qj ∥д ≤

3д
2

r j−
д
2

∥xi−qj ∥д−r j+ϵ
× (1 − д/2

r j ) × (qj − xi )∑
∥xi−qj ∥д ≤

3д
2

r j−
д
2

∥xi−qj ∥д−r j+ϵ

,

where (1− д/2
r j ) × (qj −xi ) is able to shrink the distance between xi

and qj to
д
2 if xi is exactly the point that gives the nearest distance

r j to qj . The weighting scheme r j−
д
2

∥xi−qj ∥д−r j+ϵ
is to emphasize the

influence of qj if qj defines a large empty circle but deemphasize
this term if xi is not the point that gives the nearest distance r j .
Finally, we introduce repulsion to xi if

there are other points {xj }K2
j=1 on the tool path

meeting ∥di, j ∥д < д, where ∥di, j ∥д is the ge-
odesic between the two points. Considering
that there may be multiple points that are

close to xi , we compute the averaged repul-
sion as follows.

TRepulsion |xi=

∑
∥di, j ∥д<h

1
∥di, j ∥д+ϵ

×
д−∥di, j ∥д

2 ×
xi−xj
∥di, j ∥д∑

∥di, j ∥д<h
1

∥di, j ∥д+ϵ

.

The rational behind
д − ∥di, j ∥д

2
×

xi − xj
∥di, j ∥д

is that if xi and xj move away from each other at the same time,
the new distance between them would become exactly д, i.e, the
diameter of the cutter head. The weighting scheme 1

∥di, j ∥д+ϵ
is to

emphasize the influence between xi and xj , if they are too close to
each other.
As for the parameter configuration, we choose λ1 = 0.6, λ2 =

λ3 = 0.2, ϵ = 10−4 in our experiments. The termination condition is
that the difference between the widest space and the narrowest is
negligible, i.e., less than 5% of the parameter д.
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