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TEST 1 - SOLUTIONS
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READ INSTRUCTIONS CAREFULLY:
e Do not lift the cover page until instructed!
e Fill out your name and ID in the space provided.

e You may use an approved graphing calculator. No
other aids.

e Answer all questions, explaining your answers

carefullv in the space provided. If you run out of
space, use the back of the preceding page.

e This exam consists of 4 questions and 7 pages (in-

cluding this one).
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1. Consider the equation

e —3x=10.

(a) [2 marks] Explain why the equation must have at
least one solution in the interval [0, 1].

The function f(z) = e — 3z is continuous.

It satisfies f(0) =1=0and f(l)=e—3 < 0.

The intermediate value theorem now shows there is an
z € (0,1) satisfying f(z) = 0.

(b) [2 marks] Explain why the equation has a unique
solution in the interval [0, 1].

Part (a) shows it has at least one solution.
Since f'{x) =e" —3 < 0 for all z € (0,1), the function
[ is strictly decreasing on [0, 1].

Hence f can have at most one zero in [0, 1].
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Question 1 {continued)

(c)

(3 marks] Starting with the interval [0, 1], how many
steps of the bisection method would you need to find
a number guaranteed to be within 0.001 of the exact
solution of the equation?

After n steps, current interval has length 27"

On the (rn+ 1)th step, we calculate the midpoint, which
must be within 27! of the exact solution.

Providing 92-7=1 < (01, we are then done.

This is equivalent to (—n — 1} In2 < In(.001), or

n+1>996....

Hence we need n = 9, so we need 10 steps of bisection.

[2 marks] Starting close to the solution, what would
the order of convergence of Newton's method be?

f e C?0,1].

fllx) =e* —3#0forall xze[0,1).

Hence Newton's method converges quadratically to the
solution, if we begin nearby.



2. [4 marks| Suppose 4 is a small number. Explain why
calculating

o RO N R

directly may give an inaccurate answer. Suggest how to
calculate a more accurate answer.

If 4 is small, /1 + ¢ and +/1 — & are nearly equal, so sub-
tracting them will typically cause roundoff errors.

By rationalizing the numerator, we have

V1i+o—+1—46=

(VI+8—v1I=8)(V1+6++1-4)
| SR 51 =8
26
T VIHI+VI=6
In this way we avoid the roundoff errors caused by sub-
tracting nearly equal numbers.




3. Consider the function

on the interval [0, 1].

(a) [3 marks] Use the Fixed Point Theorem to prove
has a unique fixed point in the interval [0, 1].

h is continuous on [0, 1].

h(zx) = —32%/4 < 0 for all z € (0, 1).
Hence h is decreasing on [0, 1].

h(0) = 1 and h(1) = 3/4, so

i [0 .
hiz) € h lJ C [0,1] for all z € [0, 1].

Hence i has a fixed point.
Since |h'(x)] < 1 for all x € {0, 1), the fixed point p is
unique.

(b) [2 marks] What is the order of convergence of the
fixed-point iteration for this function?

In addition to the above conditions, we have

[

3
| {(z)] < 1 <1 forall e (B;1).
Hence the fixed point iteration converges to p.
Clearly p # 0.

Hence h'(p) # 0, so the convergence is only linear.



4. (a) [2 marks] Define linear convergence.

If p, — p and p, # p for all n and
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exists, then p, converges linearly to p.

Now suppose vou apply Newton's method to the equation
1z|*% = 0,

starting with the initial iterate xy = 1.

(b) [1 mark] Find the next iterate ;.

If f(z) = |z|¥?, then f(z) = z%? for z > 0.

Hence 5
o B
) = -z
fla) =3
for z = (0.
Hence
fl:r-'élu} ?3!,2 2-1:.& Ly
M F1 = .-I"|IJ = ".l'x' =TIy — ‘_I i .l'r. —= i-l".';.I P = —_—,
Filsal Jxii=f2 3 3
Hence |
T = -.
i
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Question 4 (continued)

(c)

(d)

[2 marks]  Find the order of convergence of the
sequence {x, } generated by Newton’s method.

By the calculations in part (B, Th =37,
Hence x, — 0 and x,, 0 for all 1, and

Hence z, — 0 linearly (ie. with order one).
But for any o > 1,

a—i—1
. Tntl ) Ay ; S :
lim —/— = lim —— — lim 3te—lin—1 _ s
L= ) !-(k 1—Dg 3““ s
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Hence x,, does not converge with any order higher than
one.

[2 marks]  How large must n be before T, ap-
proximates the solution with absolute error less than
51078

We need
e L R L

Or
—nln3 <In5—61In10.

Hence we need n > 11.11.. . san must be at least 12,
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