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Vector Fields

Consider a generic first-order differential equation with prescribed initial condition:

()= fit, x(£))
x(al=b

Before addressing the question of solving such an initial-value problem numeri-
cally, it is helpful to think about the intuitive meaning of the equation. The function
f provides the slope of the solution function in the rx-plane. At every point where
fir, x) is defined, we can imagine a short line segment being drawn through that
point and having the prescribed slope. We cannot graph all of these short segments,




b o

FIGURE 10.1

Vector field and some
solution curves for

X' = sin(x + 12)

446 CHAPTER 10 Ordinary Differential Equations

but we can draw as many as we wish, in the hope of understanding how the Sa]
tion function x(r) traces its way through this forest of line segments, while kﬂcpl
its slope at every point equal to the slope of the line segment drawn at that Poiny
The diagram of line segments illustrates discretely the so-called vector field of th
differential equation.

For example, let us consider the equation x* = sin(x + %) with 1nitial valye
x(0) = 0. In the rectangle described by —3 S x = Jand 0 S ¢t = 8, we can
ask Matlab to furnish a picture of the vector field engendered by our djrfﬂf&l:tig]
equation. The command dfield5 in the Matlab windows environment brings ,,
a window with a default differential equation already inserted. This should be g,
placed by the equation x’ = sin(x +r*). Then the default rectangle can be changeq
and finally one can click the label proceed. Behind the scenes, Matlab will they,
carry out the immense calculation to provide the vector field for this differentiy|
equation, and will display it in its own window, correctly labeled. To see the sgly,.
tion going through any point in the diagram, it is only necessary to use the mougs
to position the pointer on such a point, and to click the left mouse button. Matlzp
will display the solution sought. By use of this tool, one can see immediately the
effect of changing initial conditions. For the problem under consideration, sever
solution curves (corresponding to different initial values) are shown in Figure 10,],

Another example, treated in the same way, is the differential equation x' =
x% — t. (This is the default equation that appears when the command dfieldsjg
issued.) Figure 10.2 shows a vector field for this equation and some of its solutions,
Notice the phenomenon of many quite different curves all seeming to arise from
the same initial condition. What is happening here? This is an extreme example
of a differential equation whose solutions are exceedingly sensitive to the initia|
condition! One can expect trouble in solving this differential equation with an initjal
value prescribed att = 2

X" = ginx + F:I
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Vector field and some
solution curves for

x = sz e |
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How do we know that the differential equation x' = x* — ¢, together with

an initial value, x(fy) = xp, has a unique solution? There are many theorems in
the subject of differential equations that concemn such existence and unigueness
questions. One of the easiest to use is as follows.

If f and 3f/3y are continuous in the rectangle defined by |t — f3| < « and
|x = xp| = B, then the initial value problem x’ = f(r, x), x{ry) = xp has a
unique continuous solution in some interval |¢ — #y| < €.

From the theorem just guoted, we cannot conclude that the solution in question is
defined for |t — t5] <= 8. However, the value of € in the theorem is at least 8/ M,
where M is an upper bound for | £ (¢, x)| in the original rectangle.

10.1 Taylor Series Methods

The numerical method described in this section does not have the utmost general-
ity, but it is natural and capable of high precision. Its principle is to represent the
solution of a differential equation locally by a few terms of its Taylor series.
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