Functions
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Functions

* The concept of relations between the sets plays a big
role here.

* Consider the function f(x) = x?, where x € R.

Figure 12.1. A familiar function



Functions

The concept of relations between the sets plays a big
role here.

Consider the function f(x) = x?, where x € R.

The points on the curve are related.
— T={(x,x?): x ER} C R x R.

Functions are special kinds
of relations.

Figure 12.1. A familiar function



Another example of a function
N
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Figure 12.2. The function f:Z — N, where f(n)=|n|+2

* Here R={(n,|n|+2):n EN}C Z x N.



Functions

* Definition:
— Suppose A and B are sets.

— A function f from A to B (denoted asf: : A— B ) is a
relation f C Ax B from A to B.

— The relation satisfies the property that for each element
a € A the relation f contains exactly one ordered pair (2-
tuple) of the form (a,b).

— The statement (a,b) & f is abbreviated as f(a) = b.

A shorter form of the definition

— A function f from A to B is an assignment of exactly one
element of B to each element of A.



We can diagram f: A— B as




Function: Visualization

Preimage

Domain Co-Domain

A function, f: A — B



Terminology

 Let f: A— B and f(a)=b. Then we use the
following terminology:
— Ais the domain of f

— B is the co-domain of f

— b is the image of a
— ais the preimage (antecedent) of b

— The range of f is the set of all images of elements
of A




Example

Given
A={a,b,c,d}, B =1{1,2,3,4},

which of the following are functions from A to B?

a ® 1 ae =0 1
C\‘S 0\3
de ®4

ade




Example

Given
A= {aa b7 c, d}7 B = {17 2’3’4}’

which of the following are functions from A to B?

a:><:

b ®2 b\:‘Z
C ®3 C *3
d:\>o4 d:\o4

* The diagram on the left is a function. The codomain is a
subset of B.

* The one on the right is not a function. The domain is not A.

Moreover b is assigned (mapped) to two different elements
of B.

® 1 ae >0 1




Example

Which of the following are functions from R to R?
o f ={(x,x):xeR}.
o g ={(x,x?): x € R}.
o h={(x?x):x €R}.
o j={(x,x’) : x € R}.
o k={(x3,x): xR}
o m={(x,y):x,y € R}



Example

Which of the following are functions from R to R?
o f ={(x,x):x€R}. Function.
o g ={(x,x%): x € R}. Function.
o h={(x?x):x € R}. Not a function; (4,—2) and (4,2) both in h.
o j = {(x,x?) : x € R}. Function.
o k={(x3x):x eR}. Function.
o m={(x,y):x,y € R}. Not a function; (1,1) and (1,2) both in m.



Definitions

e A function is called real-valued if its codomain is the
set of real numbers.

* Afunction is called integer-valued if its codomain is
the set of integers.

 Two real-valued functions or two integer-valued
functions with the same domain can be added or
multiplied.



Example:

 Letf:R— Rand g: R — R such that f(x) = x> and
g(x) = x —x%. What are the functions f+g and f.g?

e Solution:
(f+g)(x) = f(x) + g(x) = x? + (x — x?) = x.
f.g(x) = f(x).g(x) =x2. (x — x?) =x3 - x4



Equality of functions

e Definition: Two functionsf: A— B and g: C — D are
equal if A=C and Vx €A, f(x) = g(x).

* Note that
f:Z—Nandg:Z— 7, f(x)=|x| +2, g(x)=|x|+2

are equal.



More Definitions (2)

* Definition: Let f: A— B and S CA. The image
of the set S is the subset of B that consists of
all the images of the elements of S. We

denote the image of S by f(S), so that
fS)={fls) | VsES]

* Note there that the image of S is a set and not
an element.



Image of a set: Example

e Let:
— A={a,,a,,a;a,a:}
— B={b,,b,,b;,b,,b.}
— fz{(alle)l (32'b3)r (a3'b3)' (a4'b1)’ (a5’b4)}
— S={a,, a3}
— f(S) = {b2' b3}
 Draw a diagram for f
* What s the:

— Domain, co-domain, range of f?
— Image of S, f(S)?



Section 12.2
(Injective and Surjective functions)

* |n the literature
— injective and one-to-one mean the same
— surjective and onto mean the same

— bijective and one-to-one correspondence mean
the same.



Section 12.2
(Injective and Surjective functions)

e Definitions:

Definition 12.4 A function f:A — B is:

1. injective (or one-to-one) if for every x,y€ A, x # y implies f(x) # f(y);
2. surjective (or onto) if for every b € B there is an a € A with f(a) = b;
3. bijective if f is both injective and surjective.

A B A B

Injective means that for any 1 not thic
two x,y € A, this happens... ---and not this:

A B A B

Surjective means that for this haopens:
any beB... PPens:




Example

* Consider the following functions on the students in
macm class. Under what conditions is the function
one-to-one if it assigns to a student his or her

. cell phone number

1
2. studentid

3. final grade in the class
4

home town



Example

* Consider the following functions on the students in
macm class. Under what conditions is the function
one-to-one if it assigns to a student his or her

cell phone number one-to-one
2. studentid one-to-one

3. final grade in the class generally not one-to-one unless
each student gets a unique grade

4. home town one-to-one if each student comes from a
different town



Injective functions
One-to-one functions

Which of the following are functions from A = {a, b,c} to B = {1,2,3}7
Of those, which are injective?

o f ={(a,1),(b,2),(c,3)}.
o g ={(a,1),(a,2),(b,3),(c,3)}.
o h=1{(3,2),(b2),(c,2)}
o j={(a,3),(b1),(c,2)}.

Which of the following are functions? Of those, which are injective?

o f:7Z — 17, f(x) = x>
o g:N—=7Z, g(x) = x>
o h:Z — N, h(x) = x°.

o j: N—=N, j(x) =x2



Injective functions

One-to-one functions

Which of the following are functions from A = {a, b,c} to B = {1,2,3}7
Of those, which are injective?

o f ={(a,1),(b,2),(c,3)}. Function, injective.

o g ={(a,1),(a,2),(b,3),(c,3)}. Not a function.
e h=1{(a,2),(b,2),(c,2)}. Function, not injective.
o j={(a,3),(b,1),(c,2)}. Function, injective.

Which of the following are functions? Of those, which are injective?
o f:7Z — 7, f(x) = x2.
o g:N—Z, g(x) = x°.
© h:Z — N, h(x) = x2.
o j: N—=N, j(x) =x2



How to show a function f: A— B is

injective?
Direct approach: Contrapositive approach:
Suppose x,y €A and x # y. Suppose x,y € A and f(x) = f(y).
Therefore f(x) # f(y). Therefore x = y.

Vxy €A [{x=y)= (f(x) # fly))} = {(f(x) = fly)) = (x=y)}]




Injective functions

One-to-one functions

Which of the following are functions from A = {a, b,c} to B = {1,2,3}7
Of those, which are injective?

o f ={(a,1),(b,2),(c,3)}. Function, injective.

o g ={(a,1),(a,2),(b,3),(c,3)}. Not a function.
e h=1{(a,2),(b,2),(c,2)}. Function, not injective.
o j={(a,3),(b,1),(c,2)}. Function, injective.

Which of the following are functions? Of those, which are injective?
o f:7Z — 7, f(x) = x2.
o g:N—Z, g(x) = x°.
© h:Z — N, h(x) = x2.
o j: N—=N, j(x) =x2



Let's consider the function f(x)= x* on Z
Is it injective?

.

. 9 3 />9
3 8 8
2

2 7 1 7

1 5 X 5

0 4  Nol 4

-1 3 3
-2 y) 2
i 1 1
? 0 0

-1 -1

Yes!
on N



Injective functions
One-to-one functions

Which of the following are functions from A = {a, b,c} to B = {1,2,3}7
Of those, which are injective?

o f ={(a,1),(b,2),(c,3)}. Function, injective.

o g =1{(a,1),(a,2),(b,3),(c,3)}. Not a function.
e h=1{(a,2),(b,2),(c,2)}. Function, not injective.
o j=1{(a,3),(b,1),(c,2)}. Function, injective.

Which of the following are functions? Of those, which are injective?
o f:7Z — 7, f(x) = x. Function, not injective; f(—2) = f(2).
o g: N — 7Z, g(x) = x. Function, injective.
@ h:Z — N, h(x) = x°. Not a function; f(0) is not defined.
o j: N— N, j(x) = x?. Function, injective.



e Recall:

Definition 12.4 A function f:A — B is:

1. injective (or one-to-one) if for every x,y€ A, x # y implies f(x) # f(y);
2. surjective (or onto) if for every b € B there is an a € A with f(a)=b;
3. bijective if f is both injective and surjective.

A B A B

Injective means that for any

two x,y € A, this happens... .and not this:

Surjective means that for

any beB... ...this happens:




Surjective functions
Onto functions
range(f) = codomain(f)

Suppose A =1{a, b, c,d}.
B =1{1,2,3} B=1{1,2,3,4}
ae = 1 ae 1
b:/»z b/z
0/'3 ce >e 3
a ae -0 4

surjective not surjective

range(f) # codomain(f)



Surjective functions
Onto functions

Which of the following functions from A = {a, b,c} to B ={1,2,3} are
surjective?

o f={(a,1),(b,2),(c,3)}.
o h={(a,1),(b,2),(c,2)}.
o j={(a,3),(b,1),(c,2)}.

Which of the following functions are surjective?
o f:7Z =17, f(x) = x%.
o g:N—=7Z, g(x) = x°
o j:N—=N, j(x)=x%



Surjective functions
Onto functions

Which of the following functions from A = {a, b, c} to B = {1,2,3} are
surjective?

o f ={(a,1),(b,2),(c,3)}. Surjective.
o h=1{(a,1),(b,2),(c,2)}. Not surjective.
o j=1{(a,3),(b,1),(c,2)}. Surjective.

Which of the following functions are surjective?

o f:7— 17, f(x) = x°
o g:N—=7Z, g(x)=x%

° j:N—= N, j(x)=x2



How to show a function f: A— B is
surjective?

Suppose b € B.
[Prove there exists a € A for which f(a)=5.]

Vbe&eB[da& A(f(a) =b)]




Surjective functions
Onto functions

Which of the following functions from A = {a, b,c} to B = {1,2,3} are
surjective?

o f={(a1),(bh,2),(c,3)}. Surjective.
o h={(a,1),(h,2),(c,2)}. Not surjective.
o j=1{(a,3),(b,1),(c,2)}. Surjective.

Which of the following functions are surjective?
o f:7 —Z, f(x) = x*. Not surjective; no x for which f(x) = —2.
o g:N—=Z, g(x) = x*. Not surjective; no x for which f(x) = —2.
o j: N—= N, j(x) = x%. | Not surjective (but injective)



Bijections

@® Afunction f isa one-fo-one correspondence, ora
bijection, if it is both one-to-one and onto.
Adams > A

Chou ><f B
Goodfriend C
Stevens D
iy —
@ [fthere is a bijection from a set A to a set B, then these setsina
certain sense are equal or identical.




Bijections (cntd)

@ Numerical functions:
- f(x) =x+1 isabijectionon Z, Q, R, butnoton IN
- f(x) = X*is a bijection on R but is not on any other numerical set

@ Abijection froma set A to the same set A is called a

permutation of A i
A

ae ® a ae >® 2
be @b be >® b
cC® ®C cCe® >® C
de ® d de >® d

@ The identity function ona set A is the function i,: A— A, where
Ix (X) =X



Examples of different types of correspondences

(a) One-to-one,
not onto

ol
ae

°?2
be

e3
ce

o4

(d) Neither one-to-one (e)

(b) Onto,
not one-to-one

N
><

nor onto

ae

be

ce

de

A\

(c) One-to-one,
and onto
ae ol

be CW)

o2
ce ce > @3
3 / N
de de o4
Not a function
ol ol
ae
(W) o2
be
e3 o3
ce

o4

o4



Exercise 1

Let f:Z—Z be defined by
f(x)=2x-3

What is the domain, codomain, range of f?

Is f one-to-one (injective)?

Is f onto (surjective)?

Clearly, domain(f)=Z.

To see what the range is, note that:

b& range(f) = b=2a-3, forsomea&/Z
= p=2(a-2)+1
= b is odd



Exercise 1 (cont’ d)

* Thus, the range is the set of all odd integers

* Since the range and the codomain are

different (i.e., range(f) = Z), we can conclude
that f is not onto (surjective)

* However, f is one-to-one injective.
(Contrapositive approach)

— Forx,y& Z, we can write

f(x) =fly)=2x-3=2y-3= x=y. QED



Exercise 2

Let f be as before
f(x)=2x-3
but now we define f:N —N
What is the domain and range of f?
Is f onto (surjective)?
Is f one-to-one (injective)?

By changing the domain and codomain of f, f is not
even a function anymore. Indeed, f(1)=2-1-3=-1&N



Exercise 3

e Let f:Z—Z be defined by
f(x) =x%-5x+5
* |s this function
— One-to-one?
— Onto?



Exercise 3: Anhswer

* |t is not one-to-one (injective)
f(x,)=f(x,) = x;%-5%;+5=X,2 - 5%,+5 => x,2 - 5%, = x,%- 5x,
=> X,2- X,2 = 5% - 5X, = (X - %,)(X{ + X,) = 5(X4 - X,)
= (X, +X,) =5

Many x,,x, €Z satisfy this equality. There are thus an infinite
number of solutions. In particular, f(2)=f(3)=-1

* [tis also not onto (surjective).

The function is a parabola with a global minimum at (5/2,-5/4).
Therefore, the function fails to map to any integer less than -1

* What would happen if we changed the domain/
codomain?



Exercise 3: Anhswer

It is not one-to-one (injective)
f(x)=f(x,) = x;2-5%+5=x,% - 5%,+5 => X% - 5X; = X,%- 5X%,
= X2 - X2 = 5xX- 5%, = (Xq - %) (X1 + X,) = 5(x - X,)
= (X +X,) =5

Many x,,x, €Z satisfy this equality. There are thus an infinite number of
solutions. In particular, f(2)=f(3)=-1

It is also not onto (surjective).

The function is a parabola with a global minimum at (5/2,-5/4). Therefore, the
function fails to map to any integer less than -1

What would happen if we changed the domain/codomain?
The function is one-to-one and onto when
domain(f) = {x & R | x> 4}; codomain(f) ={y € R| y > 0}



Exercise 4

o Let f:Z—Z be defined by
f(x) = 2x%2+ 7x
* |s this function
— One-to-one (injective)?
— Onto (surjective)?

e Again, this is a parabola, it cannot be onto.



Exercise 4: Answer

e f(x) is one-to-one! Indeed:
f(x,)=f(x,) = 2Xx24+7%,=2%,%2 + 7X, = 2X,2- 2X,2 = 7X, - 7%,
= 2(X, - X,)(X; + X,) = 7(X, - %)= 2(x; + X,) =-7=
(X, +X,) =-7
= (X, +X,) =-7/2
But -7/2 ¢ Z. Therefore it must be the case that x, = x,.
It follows that f is a one-to-one function. QED

* f(x) is not surjective because f(x)=1 does not exist

2x% +7x=1 = x(2x +7)=1 the product of two integers is 1 if both
integers are 1or-1

x=1 = (2x+7)=1 = 9 =1, impossible
x=-1 = -1(-2+7)=1 = -5=1, impossible



Exercise 5

e Let f:Z—/Z be defined by
f(x) = 3x3—x
* |s this function
— One-to-one (injective)?

— Onto (surjective)?



Exercise 5: f is one-to-one

 To check if f is one-to-one, again we suppose
that for x;,x, €Z we have f(x,)=f(x,)

f(x,)=Ff(x,) = 3x,3-x,=3x,3-x,

= 3x.3- 3%,3=x,- X%,

=> 3 (Xq = X,) (X2 X 4X,2)= (X4 - X,)

= (X% +XX,+X,%)=1/3

which is impossible because x;,x, €2
thus, f is one-to-one



Exercise 5: f is not onto

Consider the counterexample f(a)=1
If this were true, we would have
3a3—a=1= a(3a%?—1)=1 where aand (3a?-1) &/

The only time we can have the product of two
integers equal to 1 is when they are both equal to 1
or-1

Neither 1 nor -1 satisfy the above equality

* Thus, we have identified 1&Z that does not have
an antecedent and f is not onto (surjective)



Practice Problems

e Section12.1:1,2,3,6,7,11
* Section12.2:1,2,4,5,9, 10, 13, 15,17



Composition (Section 12.4)

e Definition:
— Suppose f: A— Band g: B — C are functions with the
property that the codomain(f ) equals the domain(g).

— The composition of f and g is another function, denoted as
g °of and defined as follows: If x € A, then g f (x) = g(f(x)).
This function g(f(x)) sends (maps) elements of A to elements
of C,sog°f: A— C.

S,

gof



Figure 12.5. Composition of two functions



Composition: Example 1

* Letf, g be two functions on R—R defined by
f(x) =2x—-3
g(x) =x2+1

e Whatarefegandgef?



Composition: Example 1 (cont’ d)

 Givenf(x)=2x—3andg(x)=x*+1
* (fog)(x) = flg(x)) = f(x*+1) = 2(x*+1)-3
=2x%-1

* (g°f)(x) = g(f(x)) = g(2x-3) = (2x-3)* +1
=4x%2-12x + 10

Thus the composition of functions is not commutative.



Associativity

* Lemma: The composition of functions is an
associative operation, that is

(feg)oh=1fec(geh)



Composition: Injection and Surjection

e Theorem:

Suppose f: A— B and g: B — C. If both f and g are
injective then ge°f is injective. If both f and g are
surjective, g °f is also surjective.



Proof of:
Suppose f: A— B and g: B— C. If both f and g are
injective then gof isinjective.

Here both f and g are injective.

To see that g - f is injective, we must show that
g(f(x)) = g(f(y)) implies x = y.

Suppose g(f(x)) = g(f(y)).

Since g is injective, f(x) = f(y).

Since f(x) = f(y), and fis injective, x = .

Hence g(f(x)) = g(f(y)) implies x = .

Therefore, g° fis injective.



Conversely,

e Supposef:X—=Yandg:Y—Z.

* If the composition g °f of two functions is bijective,
we can only say that f is injective and g is surjective.

X Y Z
1 D P
2 *B Q
3 »C R
A
A bijection composed of an injection (left) =

and a surjection (right).



* Definition: Given a relation R from A to B, the inverse
relation of R is the relation from B to A defined as

R ={(y,x): (xy) ER}.

A B A B

Eic;

f=1{@,2),5,3),(c,1)}  f1={2a),3,b),1,c)}

e fisfunction, but f!is also a function.



* Definition: Given a relation R from A to B, the inverse
relation of R is the relation from B to A defined as

R ={(y,x): (xy) ER}.

A B A B
N N
g =1{(a,2),(b,3),(c,3)} g 1=1{(2,0),(3,b),(3,c)}

» gis function, but g is not a function.



Inverse Functions

@ Abijection from a set A to the same set A is called a

permutation of A i
A

ae ® 2 ae >® a
be ebh be >® b
ce® ®C ce >® C
de ® d de >® d

@ The identity function on aset A is the function i,: A— A, where
ia (X) = X



* Definition: Suppose f: A — B is bijective. The inverse
function of f is the th function that assigns to each
element b € B, an element (preimage) a € A such that
f(a) = b. We denote the inverse function f1: B — A

and can write
f-1(b) = a when f(a) = b.

« flof=i,
« fofl=ij



A B A B

Eici

f={@,2,,3),(c,1)}  f1={240),6,b),010)}
o f_l O f - {(a,a); (b;b)) (C;C)}

« fof1={(1,1),(2,2),(3,3)}



Example

* Find the inverse of the function f : R — R defined as
f(x) = x3 + 1, if it exists.
* We first show that f is bijective.
— fis one-to-one:
— f(x) = f(y) implies (x3+ 1) = (y3 +1)
— i.e (x-y)( x> +xy +y?)=0.

— Since ( x> + xy + y? ) is not zero forany x #y, therefore
f(x) = f(y) implies x = y.

— Therefore, f is one-to-one.



Example

* Find the inverse of the function f : R — R defined as
f(x) = x3 + 1, if it exists.
* We first show that f is bijective.
— fis one-to-one:
— We now show that f is onto.
— For any y of R, we need to find x such that f(x) = .

— j.e. find x such that x3 + 1 =, i.e x = (y-1)/3. Thus we see
that f((y-1)/3)=y for any y.

— Therefore, f is onto.
— Thus fis bijective



Example

* Find the inverse of the function f : R — R defined as
f(x) = x3 + 1, if it exists.
* We now find f2(x).
— We are interested in computing y such that f1(x) =y.
— i.e. computing y such that f(y) = x.
— i.e. computing y such that y> + 1 = x.
—j.e.y=(x—1)¥5
— Thus f1(x) = (x — 1)¥/3.
— Note that f-1(f(x)) = f(f * (x))= x.



Another Example

* Consider the functiong: ZxZ — X xZ defined by
g(m,n) =( m+n, m + 2n). g is bijective (show that).
Find its inverse.

* We want to find (x,y) € Z x Z such that g*(m,n) =
(X,y).

— i.e. (m,n) = g(x,y)

— i.e. (m,n) = (x +y, x + 2y)

— i.e.m=x+y and n = x+ 2y
—je.x=2m—-nandy=n—-m.
— Thus g''(m,n) = (2m —n, n-m).



Important Functions: Absolute Value

* Definition: The absolute value function,

denoted x|, f: R— {y&ER | y=0}. Itsvalueis
defined by
X ifx =0
X| = -

X ifx =0



Important Functions: Floor & Ceiling

* Definitions:
— The floor function, denoted | x|, is a function

R—/Z. Its values is the largest integer that is less
than or equal to x

— The ceiling function, denoted [x], is a function
R—/Z. Its values is the smallest integer that is
greater than or equal to x..




Important Functions: Floor

yA

31 e—O

22— e—O

14— @—O
—————————
4 -3 2 -1 1 2 3 4 5

o—o -1

e—O | -2

e—O —+ -3




Important Functions: Ceiling

31 o0—=e
1+ O—@
1-O—@
|
—T—T——%—&—T—T—T1—T—T>x
4 -3 -2 -1 1 2 3 4 5
o—e —+ -1
o—e —+ -2
o—e —+ -3




Important Function: Factorial

* The factorial function gives us the number of
permutations (that is, uniquely ordered
arrangements) of a collection of n objects

 Definition: The factorial function, denoted n!,
is a function N—N". Its value is the product
of the n positive integers

n!=I1_, " i=1-2-3-...<(n-1)n




Summary

Definitions & terminology

— function, domain, co-domain, image, preimage , range, image of a
set

Properties

— One-to-one (injective), onto (surjective), one-to-one
correspondence (bijective)

Operators
— Composition
Inverse functions

Important functions
— identity, absolute value, floor, ceiling, factorial



Practice Problems

* Section12.4:2,5,6, 7,8, 10
e Section12.5:1,2,3,6,9
e Section12.6:2,3,4,5



