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Abstract

Yet another introduction to Baum-Welch re-estimation algorithm for learning parameters of a
Hidden Markov Model (HMM). The presentation is from an NLP perspective and the focus is on
deriving efficient pseudo-code for a fast implementation of the Viterbi, forward and backward al-
gorithms that are used in Baum-Welch re-estimation. We consider only discrete states and discrete
observations. In fact, to make the presentation NLP friendly we assume the task will be to train
from word sequences with tagging sequences as hidden data, where in the decoding step each
word will be eventually tagged with its appropriate tag. The tags are discrete, but can refer to part
of speech tags, chunking tags, tags that indicate word boundaries, and other NLP applications that
can be represented as a sequence learning problem.

1 Notation

We refer to states or tags as ¢t € {1,...,N} and observations or words as w € {1,...,M}. In place of the
tag index or word index we sometimes use an actual tag ¢ = DT or word w = the in some examples. A
special word w = 0 and tag ¢ = O is used to indicate the begin and end of a sequence. The sequence of
states and associated observations, or tags and associated words is wy, to, ..., wr—1,t7—1, a sequence of
length T'. We first consider a single sequence, later generalizing to multiple sequences of varying length.

2 Defining a Hidden Markov Model

A Hidden Markov Model (HMM) 6 is the triple (ps, pit, Ptw)> Where
1. ps(to) is the probability that we start with some tag t as t,
2. pge(ti | ti—1) is the transition probability from ¢;_; to ¢;, and
3. prw(w; | t;) is the probability of generating w; from ¢;.

We set ps(0) = 1.0 and pyyw (0 | 0) = 1.0. As aresult we can now ignore ps and our HMM is represented
by the tuple (py, prw)-

3 The Forward Algorithm

Forward step («):

Pr(wO:O ‘t():O) 1.0
Pr(wo,...,wi,ti) = ZPY(WO,---,wi—l,ti—l) 'ptt(ti | ti—l) -ptw(wi ’ tz')
ti—1
Pr(w07"'awT—1) = Z Pr(w(]?"'va—latT—l)
tr—1

- Pr(w(],..-,’LUT_l,tT_l = O) (1)
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Algorithm 1 o: implements the forward algorithm

Require: W = wy, ..., wr_1

Require: fag-dict: {1,...,M} — P({1,...,N})
1: «(0,0):=1.0

2: for (1<i<T—1)do

3. for (t; € tag-dict(w;)) do

4: for (t;_1 € tag-dict(w;_1)) do

5: a(ti,i) == alts i) + olti-1,i — 1) - pu(ti | tim1) - prw(wi | £)
6: end for

7:  end for

8: end for

9: s:=a(0,T —1)

10: return s

Algorithm 2 «: implements the forward algorithm, 1st optimization
Require: W = wyg, ..., wr_1
Require: tag-dict: {1,... M} — P({1,...,N})

1: «(0,0):=1.0

2: for (1<i<T—1)do

3. for (t; € tag-dict(w;)) do

4: for (t;_1 € tag-dict(w;—1)) do

5: Oé(ti, 7,) = a(ti,i) + Oé(ti_l,i — 1) 'ptt(ti | ti—l)
6: end for

7 a(ti,z’) = Oé(ti,i) . ptw(wi ’ ti)

8:  end for

9: end for

10: s:=a(0,T—1)

11: return s

4 The Backward Algorithm

Backward step (5):
Pr(wT_1 =0 ‘ tT_Q) = 1.0 forall tr_o
Pr(wg,...,wr_1 [ tic1) = D Pr(wipr,...,wr—1 | t:) - peeti | tic1) - pew (wi | 1)
t;

Pr(wo, ey wal) = ZPI‘(wl, e, W1 ‘ to)
to



= Pr(wl,...,wT,l | O) 3)
3(0,T—1) = 1.0
Btimayi—1) = Y Btid) - pti | tic1) - prw(wi | t), T—1>i>0
t;
PI‘('U}Q, v ,'U)T—l) = Z ﬁ(t, 0)
t
= (0,0) 4)
Algorithm 3 5: implements the backward algorithm
Require: W = wy,...,wpr_1
Require: tag-dict: {1,... M} — P({1,...,N})
1: 3(0,7—-1):=1.0
2: for (T —1>1¢>0)do
3. for (t; € tag-dict(w;)) do
4 for (t;—1 € tag-dict(w;—1)) do
5: B(ti—1,i—1) = B(ti—1,7 — 1) + pee(ti | ti-1) - prw(wi | t:) - B(Li, 9)
6 end for
7 end for
8: end for
S Baum-Welch Re-estimation
Computing ~:
")/(i,ti) = Pr(ti ’ wQ, ..., W— 1) fort; € {1, ce ,N}
_ Pr(wo, ..., w;,t;) - Pr(wit1,...,wp_1 | t;)
> Pr(wo, ooy Wiy 8) - Pr(wig, .. wrp—1 | 8i)
_ Pr(wo, ey, Wy, z) Pr(w,+1, N Vs | ‘ ti)
Pr(wo,...,wr_1)
_ a(ti,z’) ﬂ(t“’l) (5)
a(0,T—1)
Computing &:
§(iytitiy1) = Pr(titiv1 |wo,...,wr—1) fort;tiq €{1,...,N}

Pr(wo, - .- swi, i) - pye(tit1 | i) - prw (Wit [ tit1) - Pr(wigo, ...

,wr—1 | tiy1)

alti, 1) - p(tiva | 4) - pew (Wi | tig1) - B(tiv1,1+ 1)
suysivs (8i51) - pe(siv1 | 8i) - pew (Wit | sig1) - B(siv1,4+ 1)
a(tu i) - pee(tiv1 | i) - prw (Wit | tigr) - B(tiv1,i+ 1)
PI‘(wQ, . ,U)Tfl)
a(ti, i) - pe(tivr | ) - prw (Wit | tir) - B(tiv1,i+ 1)
a(0, T —1)

D sisin Pf(wow--,wusz‘) pri(si41 | 8i) - prw (Wi | si1) - Pr(wiya, . ..
>

, Wr—1 \ 3i+1)

(6)



To save space in computing &, we compute £’

E(titin1) — Ti2 alti,i) - pe(tiva | ) - prw(wita [ tig1) - Btipr,7+ 1)
s g a(0,T —1)
for all ¢;,%; 11 E{l,...,N} @)

and §":

T-1
§(t,w) = Z y(i,t; =1t) - I(w; = w)
=0

where I(true) = 1land I(false) =0.
forallt € {1,...,N},w e {1,...,M} )

The new estimates for ptt and pyyy are:

preltivy [ i) = 25, §(sirtiv) .
) = _Tw)
prw(w [ 1) = > s, ' (50, w) "

6 Conclusion

Did you understand it?
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Algorithm 4 Forward-Backward:
1 iteration of iterative algorithm to get new values for py and pry,
computes 3 at the same time

Require: W = wy, ..., wpr_1

Require: tag-dict: {1,...,M} — P({1,...,N})
1: s:= a(W, tag-dict)
2 B(0,T—1):=1.0
3: for (T'—1>¢>0)do

4. for (t; € tag-dict(w;)) do

5: (5/(ti, wi) = (5/(ti,w7;) + % . Oé(i,ti> . ﬁ(i,ti)

6: (5”(wi) = 5”(wi) + (S/(ti, ’LUZ)

7: for (t;—1 € tag-dict(w;_1)) do

8: p=pu(ti | tim1) - prw(wi | 1)

9: ﬁ(ti_l,i—l) = ﬂ(ti_l,i—l)—i-p-ﬁ(ti,i)
10: & (tistir) := & (tis tig1) + £ - alticr, i — 1) - p- B(ti, 1)
11: §" (tig1) == &" (tir1) + & (tis tiz)

12: end for
13:  end for
14: end for

15: for (¢; € {1,...,N}) do

16:  for (w e {1,...,M})do
17: prw(w | 1) := Grtas
18:  end for

19:  for (t;y1 € {1,...,N}) do

"(tats
20: pee(tiv | 4) == ggg’(ti_ﬂl))

21:  end for
22: end for




Algorithm 5 Forward-Backward: 1st optimization

Require: W = wp, ..., wr_1
Require: tag-dict: {1,...,M} — P({1,...,N})
1: s:= a(W, tag-dict)
2 (0, T —1):= 1.0
3. for (T'—1>17¢>0)do
4. for (t; € tag-dict(w;)) do
5: (5/(ti,’w7;) = 5,(252',11)1') + % . a(i,ti) . 5(2, ti)
6: (Sll(ti) = 5”(&') + (Sl(ti, ’LUZ')
7 m = prw(w; | t;) - B(ti, 1)
8 for (t;_1 € tag-dict(w;_1)) do
9 n = py(ti | tic1) -m

10: Blti-1,i—1) = B(ti1,i—1)+n

11: f/(ti,ti+1) = f/(ti,tz‘_i_l) + % . Oé(ti_l,i — 1) )
12: §"(t:) == &"(t:) + & (tis tivn)

13: end for

14:  end for

15: end for

16: for (¢; € {1,...,N}) do

17: for (w € {1,...,M}) do
& (ti,w
18: pew(w | ) := 59(@))

19: end for
20: for (ti—i-l S {l,...,N}) do

"(tati
21: pue(tivn | ti) = * (5“(ti+)l)

22: end for
23: end for




Algorithm 6 Forward-Backward: multiple training sentences

Require: S =Sy, ...,Skx_1, alist of training sentences
Require: tag-dict: {1,...,M} — P({1,...,N})
I for( 0<k<K-1)do

2: S = wo, ..., Wr_1

3: s := a(Sk, tag-dict)

4: L:=L-s

5. B(0,T—1):=1.0

6: for (T'—1>i>0)do

7: for (¢; € tag-dict(w;)) do

8: 8 (ti, wy) == & (ts,w;) + L - ali, ;) - B(i,t;)
o &) = 0" (k) + O (1, w)

10: m = prw(wi | ;) - B(ti, i)

11: for (t;—1 € tag-dict(w;—1)) d

12: n = py(ti [ ti-1) -m

13: ﬁ(tl_l, 1) = ﬁ(tz_l,i — 1) +n

14: §'(tis tivr) := & (ti, tig1) + % ca(ti—,i—1)-n
15: §"(ti) == &"(t:) + & (tis i)

16: end for

17: end for

18:  end for

19: end for

20: for (t; € {1,...,N}) do
21:  for (w e {1,...,M}) do

2 py(w | h) =
23:  end for

24:  for (t;1 € {1,...,N}) do
25: pee(tiv | &) := 75/(;5’(?51)
26:  end for

27: end for

28: return L, the likelihood of the training set S

Algorithm 7 Baum-Welch Re-estimation: using only unlabelled data

Require: S = Sy, ..., Sk_1, alist of unlabelled training sentences
Require: threshold: small positive number, e.g. 1075, change in likelihood for stopping condition
1: for (w € S) do
tag-dict(w) := {1,...,N}
end for
L:=0
repeat
L':=L
L := Forward-Backward(S, tag-dict)
assert (L — L") >0
until (L — L') > threshold
return pyt, prw
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