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P
robability

M
odels

•
p(a

,b):a
=

input,b
=

labels

•
P

ick
bestprob

distribution
p(a

,b)
to

fitthe
data

•
M

ax
likelihood

ofthe
data

according
to

the
prob

m
odel

equivalentto
m

inim
izing

entropy
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P
robability

M
odels

•
M

ax
likelihood

ofthe
data

according
to

the
prob

m
odel

•
E

quivalentto
picking

bestparam
etervalues

θ
such

thatthe
data

gets
highestlikelihood:

m
ax

θ p(θ
|data)

=
m

ax
θ p(θ)

×
p(data

|
θ)
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W
hathappened

to
good,old

fashioned
A

I?

•
N

o
stinkin’probabilities:realA

Iis
done

w
ith

heuristic
scores

•
A

ssign
scores

(+
score

or−
score)–

sum
itallup

–
and

then
use

it
to

w
eightalternatives

•
S

o
are

probability
m

odels
any

betterthan
this

approach?

•
W

orse:are
they

the
sam

e?
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A
ren’tlog

probabilities
justscores

•
n-gram

s:
...+

log
p(w

8
|
w

6
,w

7 )
+

...

•
H

M
M

:
...+

log
p(t5

|
t3

,t4 )
+

log
p(w

5
|
t5 )

+
...

•
N

aive
B

ayes:
...+

log
p(class)

+
log

p(feature1
|class)

+
log

p(feature2
|class)

+
...
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A
dvantages

ofprobability
m

odels

•
param

eters
can

be
estim

ated
autom

atically,w
hile

scores
have

to
tw

iddled
by

hand

•
param

eters
can

be
estim

ated
from

supervised
orunsupervised

data

•
probabilities

can
be

used
to

quantify
confidence

in
a

particularstate
and

used
to

com
pare

againstotherprobabilities
in

a
strictly

com
parable

setting

•
m

odularity:
p(sem

a
n
tics)

×
p(sy

n
ta

x
|

sem
a
n
tics)×

p(m
orp

h
olog

y
|

sy
n
ta

x
)
×

p(p
h
on

olog
y

|
m

orp
h
olog

y)
×

p(sou
n
d
s

|
p
h
on

olog
y)
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R
em

em
berthe

hum
ble

N
aive

B
ayes

C
lassifier

•
P
(c

k
|
x
)
=

P
(c

k )×
P
(x|c

k )
P
(x

)

•
P
(x

|
c
k )

=
∏

dj=
1

P
(x

j
|
c
k )

•
P
(c

k
|
x
)
=

P
(c

k )
×

∏
dj=

1
P
(x

j
|
c
k )
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U
sing

N
aive

B
ayes

forD
ocum

entC
lassification

•
S

pam
text:

L
e
a
r
n

h
o
w

t
o

m
a
k
e

$
3
8
.
9
9

i
n
t
o

a
m
o
n
e
y

m
a
k
i
n
g

m
a
c
h
i
n
e

t
h
a
t

p
a
y
s

.
.
.

$
7
,
0
0
0

/
m
o
n
t
h

!

•
D

istinguish
spam

textfrom
regularem

ailtext

•
Find

usefulfeatures
to

m
ake

this
distinction
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U
sing

N
aive

B
ayes

•
U

sefulfeatures

1.
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o

2.
contains

$
A
M
O
U
N
T

3.
contains

L
e
a
r
n

h
o
w

t
o

4.
contains

exclam
ation

m
ark

atend
ofsentence
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U
sing

N
aive

B
ayes

•
how

m
any

tim
es

do
these

features
occur?

1.
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o

in
spam

text:
0
.5

in
norm

alem
ail:

0
.0

2
i.e.25x

m
ore

likely
in

spam

2.
contains

$
A
M
O
U
N
T

in
spam

text:
0
.9

in
norm

alem
ail:

0
.1

i.e.9x
m

ore
likely

in
spam
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U
sing

N
aive

B
ayes

•
H

ow
likely

is
itforboth

features
to

occuratthe
sam

e
tim

e

1.
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o

2.
contains

$
A
M
O
U
N
T

•
The

m
odelpredicts

thatthe
eventthatboth

features
occur

sim
ultaneously

has
probability

0
.4

5
i.e.25x9

=
225x

m
ore

likely
in

spam
than

in
norm

alem
ail.

•
W

hatw
entw

rong?
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U
sing

N
aive

B
ayes

•
H

ow
likely

is
itforboth

features
to

occuratthe
sam

e
tim

e

1.
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o

in
spam

:
0
.5

log
prob

=
−
1

in
norm

alem
ail:

0
.0

2
log

prob
=
−
5
.6

4

2.
contains

$
A
M
O
U
N
T

in
spam

:
0
.9

log
prob

=
−
0
.1

5
in

norm
alem

ail:
0
.1

log
prob

=
−
3
.3

•
tw

eak
itby

hand
in

spam
:
0
.8

5
log

prob
=
−
2
.3

B
utw

hatis
the

basic
problem
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U
sing

N
aive

B
ayes

•
N

aive
B

ayes
needs

overlapping
butindependentfeatures

•
H

ow
can

w
e

use
allofthe

features
w

e
w

ant?

1.
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o

2.
contains

$
A
M
O
U
N
T

3.
contains

L
e
a
r
n

h
o
w

t
o

4.
contains

exclam
ation

m
ark

atend
ofsentence

•
how

aboutgiving
each

feature
a

score
equalto

its
log

probability
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U
sing

N
aive

B
ayes

•
each

feature
gets

a
score

equalto
its

log
probability

•
A

ssign
scores

to
features:

1.
λ
1

=
+

1
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o

2.
λ
2

=
+

5
contains

$
A
M
O
U
N
T

3.
λ
3

=
+

0
.2

contains
L
e
a
r
n

h
o
w

t
o

4.
λ
4

=
−
2

contains
exclam

ation
m

ark
atend

ofsentence
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U
sing

N
aive

B
ayes

•
so

add
the

scores
and

treatitlike
a

log
probability

•
log

p(spam
|feats)

=
4
.2

•
butthen,

p(spam
|feats)

=
ex

p(4
.2

)
=

6
6
.6

8

•
how

do
w

e
com

pute
keep

arbitrary
scores

and
stillgetprobabilities?

15

Log
linearm

odel

•
R

enorm
alize!

P
(spam

|
x
)
=

P
(spam

,x
)

P
(x

)

p(spam
,x

)
=

1

Z
(λ

)
ex

p
∑

i

λ
i f

i (x
)

–
x

is
the

em
ailm

essage

–
λ

i is
the

w
eightoffeature

i

–
f
i (x

)
∈

{0
,1}

tells
us

w
hether

x
has

feature
i

–
1

Z
(λ

)
is

a
norm

alizing
factorm

aking
∑

x
p(spam

,x
)
=

1

•
called

log-linear:w
hy?
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Log
linearm

odel

•
N

ow
w

e
can

getthe
w

eights
from

data

•
C

hoose
λ

i such
thatthe

log
prob

ofthe
training

data
is

m
axim

ized:
log

∏
j
p(c

j )
×

p(x
j
|
c
j )

•
log

linearm
odels

are
convex

functions
–

easy
to

m
axim

ize
w

hy?
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Log
linearm

odel

•
Instead

ofhaving
separate

m
odels

p(spam
|
x
)
=

p(spam
)
×

p(x
|spam

)
vs.

p(norm
al|

x
)
=

p(norm
al)
∗

p(x
|norm

al)

•
H

ave
one

m
odelp(x

,c)

•
E

quivalentto
changing

features
into:

m
essage

is
spam

and
contains

t
u
r
n

$
A
M
O
U
N
T

i
n
t
o
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M
axim

um
E

ntropy

•
The

m
axim

um
entropy

principle:related
to

O
ccam

’s
razorand

other
sim

ilarjustifications
forscientific

inquiry

•
M

ake
the

m
inim

um
possible

assum
ptions

aboutunseen
data

•
A

lso:Laplace’s
P

rinciple
ofInsufficientR

eason:w
hen

one
has

no
inform

ation
to

distinguish
betw

een
the

probability
oftw

o
events,the

beststrategy
is

to
considerthem

equally
likely
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M
axim

um
E

ntropy

•
A

m
azing

theorem
:M

axim
um

Likelihood
estim

ate
equals

M
axim

um
E

ntropy
estim

ate

p(spam
,x

)
=

1

Z
(λ

)
ex

p
∑j

α
j f

j (x
,sp

a
m

)

•
D

oesn’titlook
fam

iliar?

p ∗(h
,x

)
=

π
k∏

j=
1

λ
f
j (x

,h
)

j
,0

<
λ

j
<
∞

w
here

∑j

λ
j f

j (x
,h

)
=

log(
k∏

j=
1

α
f
j (x

,h
)

j
);π

=
1

Z
(λ

)
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Learning
the

w
eights:

λ
j :G

eneralized
Iterative

S
caling

p ∗(h
,x

)
=

π
k∏

j=
1

λ
f
j (x

,h
)

j
,0

<
λ

j
<
∞

π
=

1
∑

x
∏

kj=
1

λ
f
j (x

,h
)

j
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Learning
the

w
eights:

λ
j :G

eneralized
Iterative

S
caling

f
#

=
m

a
x

x
,h

∑
kj=

1
f
j (x

,h
)

Foreach
iteration

expected[1
..#

offeatures]←
0

Fort=
1

to
|training

data
|

Foreach
feature

f
j

expected[j]+=
f
j (x

,h
t )
×

P
(x

,h
t )

Foreach
feature

f
j

observed[j]=
f
j (x

,h
)
×

c(x
,h

)
|training

data|
Foreach

feature
f
j

λ
j
←

λ
j ×

f
# √

observed[j]
expected[j]

cf.G
oodm

an,N
IP

S
’01
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Logistic
R

egression

•
m

odels
effects

ofexplanatory
variables

on
binary

valued
variable

•
observations

x
=

{
x
1
,...,x

j }
w

ith
success

given
by

q(x
):

q(x
)
=

e
g(x

)

1
+

e
g(x

)

and

g(x
)
=

β
0
+

k∑

j=
1

β
j x

j
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Logistic
R

egression

•
probability

thatobservations
lead

to
success,or

p(a
=

1
|
b):

p(a
=

1
|
b)

=
e
g(b)

1
+

e
g(b)

w
here

g(b)
=

β
0
f
0 (1

,b)
+

k∑

j=
1

β
j f

j (1
,b)

•
β

j
=

logα
j ,

f
0 (1

,b)
=

1
and

f
j (1

,b)
=

x
j
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