Some infinite intervals in clone lattices

Bulatov A.A.

Abstract. We apply computation with pp-formulas in relational clones to find uncountable families of clones. It is proved that the submaximal clone Pol ϱ := ( 0 1 0 2 1 0 2 0 ) on a three-element set has continuum many subclones, and that

there exist continuum many finite polynomially inequivalent simple algebras with some additional properties.

1991 Mathematics Subject Classification: 08A40, 03B50. Keywords: clones, submaximal clones, finite simple algebras.

A number of results on clones and clone lattices establish the existence of large families of clones possessing a certain property. Such a family is usually produced by a clone with an infinite basis. However, applying the Galois connection between clones and sets of relations, one may obtain families of this form starting with a relational clone with an infinite basis. This paper gives two examples of such constructions.

§1. The Galois connection

Let O_A denote the set of all finitary functions on a finite set A, and let O^{(n)}_A denote the set of all n-ary functions on A. A subset C of O_A is called clone if it is closed under superposition and contains all projections (i. e. operations of the form e^n_i (x_1, . . . , x_n) = x_i). The clones on the set A form a complete algebraic lattice which is denoted by L_A. Since L_A and L_B are isomorphic for any A, B of the same cardinality, we will write L_k instead of L_A, where k = |A|.

The main tool for processing clones in this paper is the Galois connection between sets of functions and sets of relations. Recall some basic notions.

A function f(x_1, . . . , x_n) is said to preserve an m-ary relation ϱ if ϱ is a subalgebra of (A; f)^m. The set of all m-ary relations on the set A is denoted by R^{(m)}_A . Also, we put R_A = ⋃ m∈N R^{(m)}_A . We will write arϱ = m to say that ϱ is m-ary. For a set C ⊆ O_A, let Inv C denote the set of all relations which are preserved by every function from C. Similarly, for T ⊆ R_A let Pol T denote the set of all functions preserving all relations from D. These mappings generate a Galois connection between the power sets of O_A and R_A. The corresponding closed sets are those of the forms Inv C and Pol T . It is well known that the sets of the form Pol T are precisely the clones. Closed sets of relations can be pepresented as sets closed with respect to some operations as well.

Before introducing these operations, recall that any closed set of relations contains so-called trivial relations. An n-ary relation of the form υ^σ, where σ is an equivalence relation on n = {1, . . . , n}, and the n-tuple (a_1, . . . , a_n) belongs to υ^σ if and only if a_i = a_j for all (i, j) ∈ σ, is called trivial. If σ is the identity relation, then υ^σ is called the n-ary universal relation. Analogously, if σ is the universal relation, then υ^σ is said to be the generalized identity relation and denoted by ω_n.

Below some operations on relations are listed.

1) Projection. Let I ⊆ n. For an n-tuple a = (a_1, . . . , a_n), the tuple (a_i)_{i∈I} is denoted by aI. By the projection of an n-ary relation ϱ onto the set I we mean the relation ϱI = {aI | a ∈ ϱ}. 2) Direct product. The direct product of ϱ and τ, where arϱ = n and arτ = l, is the relation ϱ × σ = {(a_1, . . . , a_n, b_1, . . . , b_l) | (a_1, . . . , a_n) ∈ ϱ, (b_1, . . . , b_l) ∈ σ}. 3) Permutation of indices. Let ϱ be an n-ary relation and let π be a permutation of n. Put π(ϱ) = {(a_{π(1)}, . . . , a_{π(n)}) | (a_1, . . . , a_n) ∈ ϱ}. 4) Identification of indices. For n ∈ N, i, j ∈ n, i < j, by ∇_{i,j} we denote the identification of indices i and j which is defined as follows: ∇_{i,j}(ϱ) = {(a_1, . . . , a_{n−1}) | (a_1, . . . , a_i, . . . , a_{j−1}, a_i, a_j, . . . , a_{n−1}) ∈ ϱ}, where ϱ is an n-ary relation.

5) Duplication of an index. Let ϱ be an n-ary relation and i ∈ n. The operation D_i, where D_i(ϱ) = {(a_1, . . . , a_{i−1}, a_i, a_i, a_{i+1}, . . . , a_n) | (a_1, . . . , a_n) ∈ ϱ}, is called the duplication of an index i.

One can easily check that every set of the form Inv C is closed under operations 1–5. It was proved in [3] that any set T ⊆ R_A which is closed under projections, direct product, permutations of indices, identification of indices and contains the identity relation is of the form Inv C for a certain C ⊆ O_A. A closed set of relations with respect to these operations is called a relational clone. The relational clone generated by a set T ⊆ R_A will be denoted by ⟨T ⟩.

The clones of relations on A form a complete algebraic lattice L^∂_A. It is dually isomorphic to the clone lattice L_A. We often use this fact in proofs.

Another approach to closed sets of relations uses first-order formulas. Let P_ϱ be the n-ary predicate corresponding to an n-ary relation ϱ in the natural way. Then the operations 1–5 can be written through so called ∃∧-formulas. By an ∃∧-formula^1 we mean a first-order formula built from predicate symbols, variables, conjunction symbols, and existencial quantifiers. For example, if ϱ is n-ary and ϱ^′ = ϱ{1, . . . , n − 1}, then P_ϱ′ (x_1, . . . , x_{n−1}) = ∃x_nP_ϱ(x_1, . . . , x_n). Moreover, for any ϱ_α, α ∈ Λ for a finite set Λ, arϱ_α = n_α, for any n, m ∈ N and arbitrary mappings π: n → m and π_α: n_α → m, α ∈ Λ the relation ϱ defined through the formula P_ϱ(x_{π(1)}, . . . , x_{π(n)}) = ∃(x_i)_{i∈m\π(n)} ⋀ α∈Λ P_{ϱα} (x_{πα(1)}, . . . , x_{πα(nα)}) (1) belongs to ⟨{ϱ_α | α ∈ Λ}⟩. The main advantage of the logical approach to relational clones is the converse assertion ([12]).

Proposition 1 Let T ⊆ R_A. For any ϱ ∈ ⟨T ⟩ there exists a formula of the form (1) representing ϱ such that ϱ_α ∈ T for all α ∈ Λ.

1A first order formula of this form is also called a primitive-positive formula, or briefly a pp-formula.

We say that an m-tuple (a_1, . . . , a_m) is permissible if the statement ⋀ α∈Λ P_{ϱα} (a_{πα(1)}, . . . , a_{πα(nα)}) is true.

Actually we may restrict to ∃∧-formulas of a special kind. If π is not injective, say π(i) = π(j), then a_i = a_j is valid for any a ∈ ϱ. Hence ϱ can be derived from ϱn\{j} by duplication of an index. So, we may assume that all the relations we deal with have no pairs of indices satisfying this condition, and the mapping π in formulas of type (1) will always be injective. Clearly, in this case it is possible to redefine mappings π, π_α in a suitable way such that π(i) = i for all i ∈ n. Below we assume π to be of this form.

§2. Cardinality of the subclone lattice of submaximal clones in L_3

For k ≥ 3 the lattice L_k has the cardinality of the continuum (= c). This fact was proved in the fifties by finding subalgebras with an infinite basis (see for instance [8]). To obtain an overview of the structure of the lattice L_k, J. Demetrovics, L. Hannak and S.S. Marcenkov proved that all coatoms except the clone of all quasi-linear operations have continuum many subclones ([5, 6], [7], [11]). They used the knowledge of the coatoms (i.e. the maximal clones of O_A) of the lattice described by I.G. Rosenberg in [13]. The lattice of clones of quasi-linear operations is finite for k prime ([4]) and countably infinite otherwise (see for instance [10] or [14]).

Studying subclone lattices of submaximal clones (that is clones which are covered by maximal ones) is much harder. For instance, the maximal clone Pol ≤, where ≤ is a special order on an 8-element set, has no finite basis ([15]). This implies that either some clone is contained in no submaximal one, or that there exist infinitely many submaximal clones. However, for L_3 there exist only 158 submaximal clones, and the complete list of them was given in [9]. We have no room to give the full list, but some information is gathered in the following table. Types (i)–(vii) of maximal clones in L_3 are numbered accordingly to the theorem of [16]. The third and fourth columns state the number of maximal clones of the type and the number of submaximal ones covered by each maximal clone of this type. The last column gives the cardinality of the subclone lattice of the submaximal clone. We assume the

3-element base set to be E_3 = {0, 1, 2}. The following notation is used in the table:

σ is an nontrivial equivalence relation;

τ is a binary relation determined by the graph a b c ; λ = {(a, b, c, d) | a + b = c + d}, where “+” denotes addition modulo 3 (so, the clone Pol λ is the clone of all linear operations);

π is the cyclic permutation ( 0 1 2 1 2 0 ) ; μ = {(a, b, c) | |{a, b, c}| ≤ 2}; ϱ = ( a b a c b a c a ) , where a, b, c are distinct elements of E_3;

C_{max} and C_{min} are clones generated by all unary operations from Pol ≤ together with the operation max(x, y) (respectively min(x, y)), where ≤ is a linear order;

C_q = {f ∈ O^{(n)}_{E3} | ∃f_i ∈ O^{(1)}_{E3} : f(x_1, . . . , x_n) = f_0(f_1(x_1) + . . . + f_n(x_n)) (mod 2)} ∪ O^{(1)}_{E3} }.

type of number number no. maximal of ma- of sub- cardinality

clones ximal maximal clones clones (i) Pol {a} 3 12 finite for Pol {a} ∩ Pol λ c otherwise Pol {a, b} 3 15 c (ii) Pol λ 1 5 finite (iii) Pol ≤ 3 13 ℵ_0 for C_{max} and C_{min} c otherwise (iv) Pol π 1 2 finite for Pol π ∩ Pol λ c otherwise (v) Pol τ 3 7 c (vi) Pol σ 3 13 unknown for Pol ϱ c otherwise (vii) Pol μ 1 5 ℵ_0 for C_q c otherwise

Thus, the table has one blank space to fill in. In this section we prove that the clone Pol ϱ has uncountably many subclones.

A good survey and a complete proof of the results concerning the number of subclones of submaximal clones the reader can find in [2]. Here we give the part of the proof which uses the Galois connection.

Put a = 0, b = 1, c = 2, that is

ϱ := ( 0 1 0 2 1 0 2 0 ) . Let ϱ_n := { (a_1, a_2, ..., a_n) | ∃i : (a_i ∈ {1, 2} ∧ (∀j ≠ i : a_j = 0) } ∪ ( {1, 2}^n\{2}^n ) (2) for n ≥ 3

Proposition 2 The relational clone ⟨{ϱ} ∪ {ϱ_n | n ≥ 3}⟩ has the infinite independent basis {ϱ, ϱ_3, ϱ_4, . . .}.

Proof.

Since the constant 1 preserves any relation ϱ_n for n ≥ 3, but ϱ ∉ Inv {1}, we obtain ϱ ∉ ⟨ϱ_3, ϱ_4, . . .⟩.

We prove that ϱ_l ∉ ⟨{ϱ} ∪ {ϱ_n | n ≥ 3, n ≠ l}⟩ for any l. For a certain index-set Λ and each α ∈ Λ, let π_α be m_α-ary relation of {ϱ} ∪ {ϱ_m | m ≥ 3}. Furthermore, let φ_α be a mapping from m_α into n.

Suppose the relation ϱ_l, l ≥ 3, has the representation P_{ϱl} (x_1, . . . , x_l) = ∃x_{l+1}, . . . , x_n ⋀ α∈Λ P_{πα} (x_{φα(1)}, x_{φα(2)}, ..., x_{φα(mα)}) (3) for a certain n.

Claim 1. If a tuple (a_1, ..., a_n) ∈ E^n_3 is permissible and a_j = 2 for a certain j ∈ n, then the tuple (a_1, ..., a_{j−1}, 1, a_{j+1}, .., a_n) is permissible as well.

If we replace 2 with 1 in tuple a of ϱ_l or ϱ, we again obtain a tuple of ϱ_l or ϱ, respectively. So, Claim 1 holds.

Claim 2. There exists α ∈ Λ such that φ_α(m_α) ⊆ m, and π_α ≠ ϱ. Suppose that

∀α ∈ Λ : (π_α ≠ ϱ =⇒ φ_α(m_α) ⊈ l). (4)

By (2) and (3) there exists a permissible n-tuple of the form a = (a_1, ..., a_l, a_{l+1}, ..., a_n) with a_1 = 1 and a_2 = ... = a_l = 2, i.e. ∀α ∈ Λ : (a_{φα(1)}, ..., a_{φα(mα)}) ∈ π_α. (5) By Claim 1, we may suppose without lost of generality that ∀i ∈ {l + 1, l + 2, ..., n} : a_i ∈ {0, 1}. Next, we want to prove that (4) and (5) imply the permissibility of the tuple b = (b_1, ..., b_n) with b_1 = ... = b_l = 2 and b_i = a_i for all i ∈ {l + 1, l + 2, ..., n}, which leads to the contradiction (2, 2, ..., 2) ∈ ϱ_l.

The following cases are possible for α ∈ Λ: Case 1: 1 ∉ φ_α(m_α).

The permissibility of b follows obviously from (5). Case 2: 1 ∈ φ_α(m_α), i.e. there exists i ≤ m_α with φ_α(i) = 1. Subcase 2.1: π_α = ϱ.

W.l.o.g. let φ_α(1) = 1. By (5) we have (a_{φα(1)}, a_{φα(2)}) ∉ {(1, 1), (1, 2)} hence b_{φα(2)} = a_{φα(2)} = 0 and (b_{φα(1)}, b_{φα(2)}) = (2, 0) ∈ ϱ. Subcase 2.2: π_α = ϱ_s.

Subcase 2.2.1: 0 ∈ {a_{φα(1)}, ..., a_{φα(s)}}. By (5) and the definition of ϱ_s we obtain (a_{φα(1)}, ..., a_{φα(i−1)}, a_1, a_{φα(i+1)}, ..., a_{φα(s)}) = (0, ..., 0, 1, 0, ..., 0). (6) Since a_k = b_k for all k ≥ 2, and b_1 = 2, it follows from (6) that (b_{φα(1)}, ..., b_{φα(s)}) ∈ ϱ_s. Subcase 2.2.2: {a_{φα(1)}, ..., a_{φα(s)}} ⊆ {1, 2}. Since φ_α(m_α) ⊈ m, there exists an index j such that φ_α(j) ∉ m, and b_{φα(j)} = a_{φα(j)} = 1, so the inclusion {b_{φα(1)}, ..., b_{φα(s)}} ⊆ {1, 2} holds. Hence (b_{φα(1)}, ..., b_{φα(s)}) belongs to π_α, and therefore b is permissible.

Claim 3. Let φ_α(m_α) ⊆ m and π_α ≠ ϱ. Then φ_α is bijective and π_α = ϱ_l. By assumption there exists a number s ≥ 3 such that π_α = ϱ_s, hence m_α = s. First, we prove that φ_α is injective. Suppose φ_α were not injective. Then we consider both possible cases.

Case 1: |φ_α(m_α)| = 1, i.e. φ_α(s) = {j} for a certain j ≤ m. Then for every permissible tuple a = (a_1, ..., a_s) we have (a_{φα(1)}, a_{φα(2)}, ..., a_{φα(s)}) = (a_j , a_j, ..., a_j ) = (1, 1, ..., 1). This contradicts our assumption (5) because each element of {0, 1, 2} occurs in each row of the relation ϱ_l. Case 2: ∃i_1, i_2, i_3 ∈ s : (i_1 ≠ i_2) ∧ (φ_α(i_1) = φ_α(i_2)) ∧ (φ_α(i_3) ≠ φ_α(i_1)). W.l.o.g. let φ(i_1) = 1. Then for the tuple (a_1, ..., a_l) = (1, 0, 0, ..., 0) ∈ ϱ_l we obtain (a_{φα(1)}, a_{φα(2)}, ..., a_{φα(s)}) ∈ ϱ_s, which is impossible because a_{φ(i1 )} = a_{φα(i2)} = 1 and a_{φα(i3)} = 0. Consequently, φ_α is injective.

The surjectivity of φ_α we can prove as follows. Suppose φ_α(m_α) ⊂ m (i.e. φ_α(m_α) ≠ m). Furthermore, w.l.o.g. we may suppose 1 ∉ φ_α(m_α). Then for the tuple a = (a_1, a_2, ..., a_l) = (1, 2, 2, ..., 2) ∈ ϱ_l we have (a_{φα(1)}, ..., a_{φα(s)}) = (2, 2, 2, ..., 2) ∉ ϱ_s in contradiction to (5)

By the bijectivity of the mapping φ_α and the definition of ϱ_l, π_α must coincide with the relation ϱ_l.

Finally, Claim 3 and Proposition 1 imply ϱ_l ∉ ⟨{ϱ} ∪ {ϱ_n | n ≥ 3, n ≠ l}⟩ for any l, as desired. □

§3. The number of simple polynomially inequivalent finite algebras.

Another point of application of the computational technique with ∃∧- formulas is the problem of enumeration of termally or polynomially inequivalent finite algebras with certain properties. On the one hand it is well known, and not very hard to verify, that up to termal equivalence there exist uncountably many finite simple algebras. On the other hand an uncountable family of finite polynomially inequivalent algebras was constructed in [1]. Here we prove that there exist uncountably many polynomially unequivalent simple finite algebras.

Fix a finite set A, |A| ≥ 3, and suppose 0, 1, 2 ∈ A. If a clone C contains all constant functions, then ω_n ⊆ ϱ for every n-ary ϱ ∈ Inv C. In other words, the n-tuple (a, . . . , a) belongs to ϱ for every a ∈ A. So we have to exhibit an uncountable family of relational clones such that for each of its clones C: 1) C contains no equivalence relations; 2) for every ϱ ∈ C we have ω_{arϱ} ⊆ ϱ.

Take n ≥ 3. Let θ_n be an n-ary relation such that the n-tuple a belongs to θ_n whenever 0 occurs among the components of a. Further, put ν_n = {(2, . . . , 2, j 1, 2, . . . , 2) | j ∈ n} and τ_n = ν_n ∪ θ_n ∪ ω_n. The next statement is straightforward.

Lemma 1 (a) For any I ⊆ n the projection τ_n I is a trivial relation.

(b) If the unary relation ϱ is derived from τ_n by identification of all indices, then ϱ = A.

(c) For any permutation π of n the equation π(τ_n) = τ_n is valid.

The following assertion plays a key role in this section. Let N_3 denote the set N\{1, 2, 3}. Proposition 3 For any J ⊆ N_3 , if τ_n ∈ ⟨{τ_j | j ∈ J}⟩, then n ∈ J.

Proof. Suppose τ_n ∈ ⟨{τ_l | j ∈ J}⟩. Then by Proposition 1 there exists a finite set Λ, a set {n_α | α ∈ Λ} ⊆ J, m ∈ N and π_α: n_α → m (α ∈ Λ) such that P_{τn} (x_1, . . . , x_n) = ∃(x_i)_{i∈m\n} ⋀ α∈Λ P_{τnα} (x_{πα(1)}, . . . , x_{πα(nα)}). (7) By Lemma 1(b) we may assume that all π_α are nonconstant. The rest of the proof is divided into several claims.

Claim 1. Let ϱ be defined through the formula

P_ϱ(x_{π(1)}, . . . , x_{π(n)}) = ⋀ α∈Λ^′ P_{τnα} (x_{πα(1)}, . . . , x_{πα(nα)}), (8) where Λ^′ = {α | π_α(n_α) ⊆ n} and the π_α are considered as mappings into n. Then ϱ = τ_n.

If a ∈ τ_n, then for all α ∈ Λ^′ the predicate P_{τnα} (a_{πα(1)}, . . . , a_{πα(nα)}) is true. So τ_n ⊆ ϱ. Conversely, suppose a ∈ ϱ. Consider the m-tuple b, where bn = a and b_i = 0 if i ∈ m\n. If α ∈ Λ^′, then P_{τnα} (b_{πα(1)}, . . . , b_{πα(nα)}) is true, since a is permissible by (8). Otherwise, 0 occurs among b_{πα(1)}, . . . , b_{πα(nα)}, hence P_{τnα} (b_{πα(1)}, . . . , b_{πα(nα)}) is true again. Thus b is permissible by (7) and a = bn ∈ τ_n.

Claim 2. π_α is injective for any α ∈ Λ^′. Suppose π_{nα} (i_1) = π_{nα} (i_2) ≠ π_{nα} (i_3) for some i_1, i_2, i_3 ∈ n_α. Since a = (2, . . . , 2, π_{nα} (i_1) 1 , 2, . . . , 2) ∈ τ_n, the tuple a^′ = (a_{πnα (1)}, . . . , a_{πnα (nα)}) belongs to τ_{nα} . However, 1 = a_{πnα (i1)} ≠ a_{πnα (i3)} = 2 implies a^′ ∉ ω_{nα} , furthermore a_{πnα (i1 )} = a_{πnα (i2)} = 1 implies a^′ ∉ ν_{nα} , and finally, as there is no 0 among a_{πnα (1)}, . . . , a_{πnα (nα)} we have a^′ ∉ θ_{nα} , a contradiction.

Claim 3. π_α is surjective for any α ∈ Λ^′. Since π_α is injective by Lemma 1(c) we have τ_{nα} = τ_n π_α(n_α). If π_α(n_α) ≠ n, then by Lemma 1 τ_{nα} is trivial.

Finally, since τ_n is nontrivial, Λ^′ ≠ ∅. So n_α = n for any α ∈ Λ^′ and n ∈ J. □ Thus clones of the form Pol {τ_j | j ∈ J}, where J ⊆ N_3 , are distinct.

Suppose ϱ is a binary relation and ϱ ∈ ⟨{τ_n | n ∈ N_3 }⟩. Then for a certain finite set Λ, a set {n_α | α ∈ Λ} ⊆ N_3 , m ∈ N, and mappings π_α: n_α → m (α ∈ Λ) we have

P_{ϱl} (x_1, x_2) = ∃(x_i)_{i∈m\π(2)} ⋀ α∈Λ P_{πα} (x_{φα(1)}, x_{φα(2)}, ..., x_{φα(mi)}). If π(1) = π(2), then ϱ is the identity relation. So assume π(1) = 1, π(2) = 2. As in Claim 1 in the proof of Proposition 3, we have

P_{ϱl} (x_1, x_2) = ⋀ α∈Λ^′ P_{πα} (x_{φα(1)}, x_{φα(2)}, ..., x_{φα(mi )}), (9) where Λ^′ = {α | π_α(n_α) ⊆ 2}. We prove that any tuple (a_1, a_2) such that 0 ∈ {a_1, a_2} is permissible by (9). Indeed, if π_α is a constant mapping, then (a_{πα(1)}, . . . , a_{πα(nα)}) ∈ τ_{nα} by definition of τ_{nα} . Otherwise, 0 occurs among a_{πα(1)}, . . . , a_{πα(nα)}) ∈ θ_{nα} ⊆ τ_{nα} . Thus, any binary relation from ⟨{τ_n | n ∈ N_3 }⟩ contains the relation θ_2.

This means that the algebra (A; Pol {τ_j | j ∈ J}) is simple, having no nontrivial automorphism, ordering or tolerance.

References

[1] Ágoston L., Demetrovics J., Hannák L. On the number of clones containing all constants. Colloquia Mathematica Societatis János Bolyai, Szeged (Hungary), 1983, 21–25.

[2] Bulatov A., Lau D., Strauch B. The cardinalities of sublattices of depth 2 in the lattices of clones on a 3-element set. Submitted by Algebra Universalis, January 1997, 15p.

[3] Bodnarchuk V.G., Kalužnin L.A., Kotov V.N., Romov B.A. Galois Theory for Post algebras. I,II Kibernetika, 3,5 (1969), 1–10, 1–9 (Russian).

[4] Bagyinszki, J., Demetrovics, J. The lattice of linear classes in primevalued logics. Banach Center Publications (Warszawa) 7 (1982), 105 - 123.

[5] Demetrovics,J., Hannák, L. The cardinality of closed sets in precomplete classes in k-valued logics. Acta Cybernetica 4 (1979), 3, 273 - 277.

[6] Demetrovics, J., Hannák, L. The cardinality of selfdual closed classes in k-valued logics. MTA SzTAKI Közlemenyek 23 (1979), 8 - 17.

[7] Demetrovics, J., Hannák, L. The number of reducts of a preprimal algebra.

Algebra Universalis, 16 (1983), 178 - 185.

[8] Yanov, Yu., Muchnik, A.A. On the existence of k-valued closed classes without a finite basis. Dokl. AN SSSR 127 (1959), 44 - 46 (Russian).

[9] Lau, D. Submaximale Klassen von P_3. J. Inf. Process. Cybern. EIK 18 (1982), 4/5, 227 - 243.

[10] Lau, D. Ein Kriterium für den Nachweis der Abzählbarkeit gewisser Teilverbände des Verbandes der abgeschlossenen Mengen von Funktionen der k-wertigen Logik. Rostock. Math. Kolloq. 30 (1986), 11 - 18.

[11] Marchenkov, S.S. On closed classes of selfdual functions of multi-valued logic II. Problemy kibernetiki 40 (1983), 261 - 266 (Russian).

[12] Pöschel, R. und Kalužnin, L.A. Funktionen- und Relationenalgebren.

Berlin 1979.

[13] Rosenberg, I.G. Über die funktionale Vollständigkeit in den mehrwertigen Logiken. Rozpravy Československé Akad. Věd. Řada Mat. Přirod. Věd 80 (1970), 3 - 93.

[14] Szendrei, Á. Clones in Universal Algebra. Seminaire de Mathematiques Superieures, vol. 99, Les Presses de l’Universite de Montreal, Montreal 1986.

[15] Tardös G. A maximal clone of monotone operations which is not finitely generated. Order 3(1986), 211–218.

[16] Yablonskií S.V. Functional construction in k-valued logic. Trudy Matem.

Instituta AN SSSR LI, 1958, 5–142. (Russian).

Andrei A. Bulatov Dept. of Algebra and Discrete Math. Ural State University Lenin ave. 51 620083 Ekaterinburg Russia e-mail: Andrei.Bulatov@usu.ru