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ABSTRACT. Ina constraint satisfaction problem (CSP) the goal is tdimassignment of a given set
of variables subject to specified constraints. A global iceality constraint is an additional require-
ment that prescribes how many variables must be assignatl@ncealue. We study the complexity
of the problemCCSP(T"), the constraint satisfaction problem with global cardigalonstraints that
allows only relations from the st The main result of this paper characterizes Fetsat give rise to
problems solvable in polynomial time, and states that thereing such problems are NP-complete.

1. INTRODUCTION

In a constraint satisfaction problem (CSP) we are given afseitriables, and the goal is to find
an assignment of the variables subject to specified conttraind a constraint is usually expressed
as a requirement that combinations of values of a certaima{lyssmall) set of variables belong to
a certain relation. CSPs have been intensively studiedtimtheoretical and practical perspectives.
On the theoretical side the key research direction has teeoamplexity of the CSP when either
the interaction of sets constraints are imposed on, th#heshypergraph formed by these sets, is
restricted [17, 18, 19], or restrictions are on the type @vedd relations [22, 10, 6, 7, 2]. In the
latter direction the main focus has been on the so céiedotomy conjectur§l5] suggesting that
every CSP restricted in this way is either solvable in poigiad time or is NP-complete.

This ‘pure’ constraint satisfaction problem is sometimes enough to model practical prob-
lems, as some constraint that have to be satisfied are nai’‘locthe sense that they cannot be
viewed as applied to only a limited number of variables. @@iists of this type are calleglobal
Global constraints are very diverse, the current Global dBtaint Catalog (see
http://ww. em. fr/ x-i nf o/ sdemasse/ gccat /) lists 313 types of such constraints. In this
paper we focus oglobal cardinality constraint43, 5, 25]. A global cardinality constraint is
specified for a set of value® and a set of variable®’, and is given by a mapping : D — N
that assigns a natural number to each elemeifi? etich that) | _, w(a) = [V|. An assignment of
variablesV satisfiesr if for eacha € D the number of variables that take valuequalsr(a). In
a CSP with global cardinality constraints, given a CSP mstaand a global cardinality constraint
m, the goal is to decide if there is a solution of the CSP ingtasatisfyingr. The restricted class
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2 A.BULATOV AND D.MARX

of CSPs with global cardinality constraints such that evesfance from this class uses only re-
lations from a fixed sel’ of relations (such a set is often calle¢d@nstraint languageis denoted
by CCSP(T"). We consider the following problem: Characterize constriinguages’ such that
CCSP(I) is solvable in polynomial time.

The complexity ofCCSP(I") has been studied in [13] for constraint langualjes a 2-element
set. It was shown that CSP(I") is solvable in polynomial time if every relation in is width-2-
affing i.e. it can be expressed as the set of solutions of a systéneaf equations over a 2-element
field containing at most 2 variables, or, equivalently, gsihe equality and disequality clauses;
otherwise it is NP-complete (we assumgNP). In the 2-element cageCSP(T") is also known
as thek-ONES(I") problem, since a global cardinality constraint can be esgee by specifying
how many ones (the set of values is thought to{bel }) one wants to have among the values of
variables. The parameterized complexityke©ONES(T") has also been studied [24], whérés used
as a parameter.

In the case of a 2-element domain, the polynomial classedbedrandled by a standard ap-
plication of dynamic programming. Suppose that the ingaaagiven by a set of unary clauses
and binary equality/disequality clauses. Consider th@lgfarmed by the binary clauses. There
are at most two possible assignments for each connectedor@mipof the graph: setting the value
of a variable uniquely determines the values of all the otlagiables in the component. Thus the
problem is to select one of the two assignments for each coento Trying all possibilities would
be exponential in the number of components. Instead, foi, 2, ..., we compute the se; of all
possible pairgzx, y) such that there is a partial solution on the firsomponents containing exactly
x zeroes and exactly ones. It is not difficult to see thaff;;; can be computed if; is already
known.

We generalize the results of [13] for arbitrary finite setd arbitrary constraint languages. As
usual, the characterization for arbitrary finite sets isigigantly more complex and technical than
for the 2-element set. As a straightforward generalizaticthe 2-element case, we can observe that
the problem is polynomial-time solvable if every relaticande expressed by binary mappings. In
this case, setting a single value in a component uniqueriaiies all the values in the component.
Therefore, if the domain i®), then there are at mogDb| possible assignments in each component,
and the same dynamic programming technique can be appligdh(is time the sefS; contains
| D|-tuples instead of pairs).

One might be tempted to guess that the class described ingk®ps paragraph is the only
class whereCCSP is polynomial-time solvable. However, it turns out thatretnare more general
tractable classes. First, suppose that the domain isipaéit into equivalence classes, and the bi-
nary constraints are mappings between the equivalencgeslad his means that the values in the
same equivalence class are completely interchangeablss. iffis sufficient to keep one representa-
tive from each class, and then the problem can be solved bglgloeithm sketched in the previous
paragraph. Again, one might believe that this constructjimes all the tractable classes, but the
following example shows that it does not cover all the trblgt@ases.

Example 1.1. Let R = {(1,2,3),(1,4,5), (a,b,¢), (d, e, c)}. We claim thatCCSP({R}) is poly-
nomial-time solvable. Consider the graph on the variablberes two variables are connected if
and only if they appear together in a constraint. As befaeghch component, we compute a set
containing all possible cardinality vectors, and then ys&adic programming. In each component,
we have to consider only two cases: either every variable {3,i2, 3,4, 5} or every variable is in
{a,b,c,d,e}. If every variable of componerk’ is in {1,2,3,4,5}, thenR can be expressed by
the unary constant relatiofi }, and the binary relatio®®’ = {(2, 3), (4,5)}. The binary relations
partition componenk into sub-component&(, ..., K;. SinceR’ is a mapping, there are at most 2
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possible assignments for each sub-component. Thus we eatynamic programming to compute
the set of all possible cardinality vectors éhthat use only the values ifl, 2,3,4,5}. If every
variable ofK is in {a, b, c,d, e}, thenR can be expressed as the unary constant reldtipand the
binary relationR” = {(a,b), (d,e)}. Again, binary relation?” partitions K into sub-components,
and we can use dynamic programming on them. Observe thatihheagponents formed bi’
and the sub-components formed Bff can be different: in the first case,andv are adjacent if
they appear in the second and third coordinates of a contstrghile in the second case,andv
are adjacent if they appear in the first and second coordirtdite constraint.

It is not difficult make Example 1.1 more complicated in suclay that we have to look at
sub-subcomponents and perform multiple levels of dynamignamming. This suggests that it
would be difficult to characterize the tractable relatiams simple combinatorial way.

We give two characterizations of fini@CSP, one more along the line of the usual approach to
the CSP, using polymorphisms, and another more combiahtume. The latter is more technical,
but it is much more suitable for algorithms.

A polymorphism of a constraint language is an operationgheterves every relation from the
language. The types of polymorphisms we need here are quitenon and have appeared in the
literature many times. A ternary operation satisfying the equationsi(x, z,y) = m(x,y,z) =
m(y,x,z) = x is said to banajority, and a ternary operationsatisfyingh(z,y,y) = h(y,y,z) =
x is said to beMal'tsev. An operation isconservativef it always takes a value equal to one (not
necessarily the same one) of its arguments.

Theorem 1.2. For a constraint languadg, the problemCCSP(I") is polynomial time solvable if
and only ifI" has a majority polymorphism and a conservative Mal'tseymparphism. Otherwise
itis NP-complete.

Observe that for constraint languages over a 2-elementidpifiaeorem 1.2 implies the char-
acterization of Creignou et al. [13]. Width-2 affine is eqient to affine and bijunctive (definable
in 2SAT), and over a 2-element domain, affine is equivalehitong a conservative Mal'tsev poly-
morphism and bijunctive is equivalent to having a majoridyymorphism.

The second characterization uses logical definability. riditg generalization of mappings is
given by the notion of rectangularity. A binary relati®is calledrectangularif (a, ¢), (a,d), (b,d) €
R implies (b,c) € R. We say that a pair of equivalence relatiangnd 3 over the same domain
cross if there is amy-classC' and aj3-classD such that neither of'\ D, CN D, andD\ C' is empty.
A relation is2-decomposabli it can be expressed as a conjunction of binary relations.déhote
by ((I')) the set of all relations that are primitive positive defiralil I". A constraint language
is said to benon-crossing decomposahfeevery relation from((I")) is 2-decomposable, every bi-
nary relation from((I")) is rectangular, and no pair of equivalence relations ff¢f}) cross. For
detailed definitions and discussion see Section 2.

Theorem 1.3. For a constraint languadg, the problemCCSP(T") is polynomial time solvable if
and only if" is non-crossing decomposable. Otherwise it is NP-complete

The equivalence of the two characterizations will be praveBection 3.

Following [13], we also study the counting probleCCSP(T") corresponding t@CSP(T"),
in which the objective is to find the number of solutions of aROBstance that satisfy a global
cardinality constraint specified. Creignou et al. [13] mdthat ifl" is a constraint language on a 2-
element set, say0, 1}, then#CCSP(I") are solvable in polynomial time exactly whérCSP(T")
is, that is, if every relation frori is width-2-affine. Otherwise it is? -complete.
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We prove that in the general case as wgi;CSP(T") is polynomial time solvable if and only
if CCSP(T") is. However, in this paper we do not prove a complexity diohot, as we do not
determine the exact complexity of the hard counting problell such problems are NP-hard as
Theorems 1.2 and 1.3 show; and we do not claim that the NPdaaes are actually®-hard.

Theorem 1.4. For a constraint languadé the problem#CCSP(T") is polynomial time solvable if
and only ifI" has a majority polymorphism and a conservative Mal'tseympalrphism; or, equiva-
lently, if and only ifI" is non-crossing decomposable. Otherwise it is NP-hard.

We also consider the so calletketa-problenfor CCSP(I") and#CCSP(T"): Suppose seb is
fixed. Given afinite constraint languafieon D, decide whether or néiCSP(I") (and#CCSP(T"))
is solvable in polynomial time. By Theorems 1.2 and 1.4 ifisaé to check if" has a majority and
a conservative Mal'tsev polymorphism. Since the Bas fixed, this can be done by checking, for
each possible ternary function with the required propgrtrehether or not it is a polymorphism of
I". To check if a ternary operatiofiis a polymorphism of* one just needs for each relatidhe I'
to apply f to every triple of tuples irR. This can be done in a time cubic in the total size of relations
inT.

Theorem 1.5.Let D be afinite set. The meta-problem foCSP(I") and#CCSP(I") is polynomial
time solvable.

Note that Theorem 1.5 does not answer if the meta problemlysi@mial time solvable if the
setD is not fixed, and is a part of the input. The algorithm sketchigalve is then super-exponential.

2. PRELIMINARIES

Relations and constraint languages.Our notation concerning tuples and relations is fairly stan
dard. The set of all tuples of elements from aBdt denoted byD". We denote tuples in boldface,
e.g.,a, and their components by1],a[2],.... An n-ary relation on setD is any subset oD".
Sometimes we use instead of relatiBrthe corresponding predicat(z1, ..., z,). A set of rela-
tions onD is called aconstraint languagever D.

For asubsef = {iy,...,it} € {1,...,n} withi; < ... < i and amn-tuple a, by pr;a we
denote theprojection of a onto I, the k-tuple (afi1], ..., alix]). Theprojectionpr;R of R is the
k-ary relation{pr;a | a € R}.

Pairs from equivalence relations play a special role, sh pa@'s will be denoted by, e.dg, b).

If « is an equivalence relation on a slétthenD/a denotes the set af-classes, and® fora € D
denotes thev-class containing.. We say that the equivalence relatiaron a setD is trivial if D
is the only« class. Sometimes we need to emphasize that the unary poogpt, R, pryR of a
binary relationR are setsd and B. We denote this bys C A x B.

Constraint Satisfaction Problem with cardinality constraints. Let D be a finite set and’ a
constraint language ovdp. An instance of theConstraint Satisfaction ProblefCSP for short)
CSP(I") is a pairP = (V,C), whereV is a finite set ofvariablesand( is a set ofconstraints
Every constraint is a pait' = (s, R) consisting of am¢-tuple s of variables, called theonstraint
scopeand amnc-ary relationR € T', called theconstraint relation A solution of P is a mapping
¢: V' — D such that for every constraift = (s, R) the tuplep(s) belongs toR.

A global cardinality constrainfor a CSP instanc® is amappingr : D — Nwith Y, 7(a) =
|V|. A solution ¢ of P satisfies the cardinality constraintif the number of variables mapped to
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eacha € D equalsw(a). The variant ofCSP(T") allowing global cardinality constraints will be
denoted byCCSP(I"); the question is, given an instanfeand a cardinality constraint, whether
there is a solution oP satisfyingr.

Example 2.1. If T is a constraint language on the 2-element{$etl} then to specify a global
cardinality constraint it suffices to specify the number nés we want to have in a solution. This
problem is also known as tike ONES(I") problem [13].

Example 2.2. Let I'3.co. be the constraint language dn = {0, 1,2} containing only the bi-
nary disequality relatiogt. It is straightforward thaCSP(I'3.co, ) is equivalent to the 8APH 3-
CoOLORABILITY problem. Therefor€ CSP(I'3.co.) is equivalent to the @APH 3-COLORABILITY
problem in which the question is whether there is a coloritity & prescribed number of vertices
colored each color.

Sometimes it is convenient to use arithmetic operationsandiiality constraints. Let,n’ :

D — N be cardinality constraints on a sBt andc € N. Thenr + 7’ andcr denote cardinality
constraints given byr + 7’)(a) = w(a) + 7'(a) and (¢m)(a) = ¢ - w(a), respectively, for any
a € D. Furthermore, we extend addition to sBtsIT’ of cardinality vectors in a convolution sense:
IT + I is defined a§w + 7' | w € I, 7’ € IT'}.

It is possible to consider an even more general CSP with blcdrainality constraints, in
which every instance of SP(T") is accompanied with a set of global cardinality constraiated
the question is whether or not there exists a solution of tB@ @istance that satisfies one of the
cardinality constraints. Sometimes such a set of cardynadinstraints can be represented concisely,
for example, all constraints with 7(a) = k. We denote suchxtended CSP with global cardinality
constraintscorresponding to a constraint langudgby ECCSP(T").

Example 2.3. The problemECCSP(I'3.co.) @admits a wide variety of questions, e.g. whether a
given graph admits a 3-coloring with 25 vertices coloredr@ add number of vertices colored 1.

However, in our setting (ad)| is a fixed constant and we are investigating polynomial-time
solvability) the extended problems are not very intergstiom the complexity point of view.

Lemma 2.4. For any constraint languadgthe problemECCSP(T") is Turing reducible t€CSP(T").

Proof. SinceD is fixed, for any instanc@ of CSP(I") there are only polynomially many global
cardinality constraints. Thus we can try each of the califyneonstraints given in an instance of
ECCSP(T") in turn. (]

Note that the algorithm in Section 4 farCSP actually finds the set of all feasible cardinality
constraints. ThuECCSP can be solved in a more direct way than the reduction in Lemvha 2

Primitive positive definitions and polymorphisms. LetI" be a constraint language on a g&tA
relation R is primitive positive (pp-) definablia T if it can be expressed using (a) relations from
(b) conjunction, (c) existential quantifiers, and (d) thedsy equality relations (see, e.g. [14]). The
set of all relations pp-definable Inwill be denoted by((T")).

Example 2.5. An important example of pp-definitions that will be used tighout the paper is the
productof binary relations. LeR, ) be binary relations. TheR o () is the binary relation given by

(Ro@Q)(x,y) = FzR(z,2) A Q(2,9)-
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In this paper we will need a slightly weaker notion of defitipiWe say thatR is pp-definable
in I without equalitiesf it can be expressed using only items (a)—(c) from abovee 3éit of all
relations pp-definable ifv without equalities will be denoted by(I"))’. Clearly, ((I'))’ C ((T')).
The two sets are different only on relations with redundasicLetR be a (sayp-ary) relation. A
redundancyof R is a pairi, j of its coordinate positions such that, for anyg R, afi] = al[j].

Example 2.6. In some cases if a relatioR has redundancies, the equality relation is pp-definable
in { R} without equalities. LeR be a ternary relation o = {0, 1, 2} given by (triples, members
of the relation, are written vertically)

00112 2
R=|00112 2
120 2 01

Then the equality relation is expressedIyR(z, y, z).
In other cases the equality relation cannot be expressédedisiy, but its restriction onto a
subset ofD can. LetQ be a 4-ary oD = {0, 1,2} given by

000 2 2 2
000 2 2 2
r= 1 20 2 01
00112 2

Then the formulalz, tR(x, y, z, t) defines the equality relation dif), 2}.

Lemma 2.7. For every constraint languadg every R € ((I')) without redundancies belongs to
().

Proof. Consider a pp-definition aR in I'. Suppose that the definition contains an equality relation
on the variables: andy. If none ofz andy is bound by an existential quantifier, then the relation
R has two coordinates that are always equal, Rds redundant. Thus one of the variables, say

is bound by an existential quantifier. In this case, repaiwith y everywhere in the definition
defines the same relatiodR and decreases the number of equalities used. Repeatingteéhiswe
can arrive to an equality-free definition &f ]

A polymorphisnof a (say,n-ary) relationR on D is a mappingf : D¥ — D for somek such
that for any tuples, ..., a; € R the tuple

flar, ... ap) = (f(aull], ... ag(l]), ..., fau[n], ..., ak[n]))
belongs toR. Operationf is a polymorphism of a constraint languabef it is a polymorphism
of every relation froml’. There is a tight connection, @alois correspondengebetween poly-
morphisms of a constraint language and relations pp-deéénalithe language, see [16, 4]. This
connection has been extensively exploited to study thenargiconstraint satisfaction problems
[22, 10]. Here we do not need the full power of this Galois espondence, we only need the
following folklore result:

Lemma 2.8. If operationf is a polymorphism of a constraint languagethen it is also a polymor-
phism of any relation frond(I')), and therefore of any relation frofl'))’.

For a (sayp-ary) relationR over a setD and a subseb’ C D, by R pr we denote the relation
{(a1,...,a,) | (a1,...,a,) € Randay,...,a, € D'}. For a constraint languade over D we
usel’|p: to denote the constraint languagB,p | R € T'}.
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If fisapolymorphism of a constraint langudgever D andD’ C D, thenf is not necessarily
a polymorphism of’| p,. However, it remains a polymorphism in the following spécese. Ak-
ary polymorphismf is conservativeif f(ai,...,ar) € {a1,...,ax} foreveryay,...,ar € D. It
is easy to see that jfis a conservative polymorphism Bf thenf is a (conservative) polymorphism
of everyl'| for everyD' C D.

Polymorphisms help to express many useful properties afiogls. A (sayp-ary) relationR
is said to be2-decomposablé a € R if and only if, for anyi, j € {1,...,n}, pr; ;a € pr, ; R,
see [1, 21]. Decomposability sometimes is a consequencheoétistence of certain polymor-
phisms. A ternary operatiom on a setD is said to be anajority operationif it satisfies equations
m(x,z,y) = m(z,y,x) = m(y,z,x) = x for all x,y € D. By [1] if a majority operation
m is a polymorphism of a constraint languagehenT is 2-decomposable. The converse is not
true: there are 2-decomposable relations not having a myajoolymorphism. Furthermore, 2-
decomposability is not preserved by pp-definitions, thuscamenot expect to characterize it by
polymorphisms.

Example 2.9. Consider the disequality relatioa over the seD = {1, 2,3}. Relation# is trivially
2-decomposable, since itis binary. Letz,y, z) = 3¢((z # ¢) A (y # q) A (2 # q)). The binary
projections ofR areD x D, but Ris notD x D x D: it does not allow that, v, z are all different.

A binary relationR is said to baectangularif for any (a, ¢), (a,d), (b,d) € R, the pair(b, c)
also belongs td?. Rectangular relations and their generalizations playra wmeportant role in the
study of CSP [8, 9, 20]. Binary rectangular relations cap &ks represented #isick mappings A
binary relationR C A x B is called a thick mapping if there are equivalence relatior@ad 5 on
A and B, respectively, and a one-to-one mappipg A/, — B/ﬁ (thus, in particular|A/ | =
\B/ﬂ\) such that(a,b) € R if and only if b° = ¢(a®). In this case we shall also say thatis a
thick mapping with respect t@, &, andp. Given a thick mappindr the corresponding equivalence
relations will be denoted by}, and a%. Observe that}, = Ro R~! anda% = R~ ! o R;
thereforeal,, a3 € (({R})). Thick mappingR is said to berivial if both a}, anda? are the total
equivalence relationépr; R)? and (pr,R)?. In a graph-theoretical point of view, a thick mapping
defines a bipartite graph where every connected componarddsplete bipartite graph.

As with decomposability, rectangularity follows from thdstence of a certain polymorphism.
A ternary operatiorh is said to beMal'tsevif h(x,z,y) = h(y,z,x) = y forall z,y € D. The
first part of following lemma is straightforward, while thecond part is folklore

Lemma 2.10. (1) Binary relationR is a thick mapping if and only if it is rectangular.
(2) If a binary relationR has a Mal'tsev polymorphism then it is rectangular.

A ternary operatiom satisfying equation&(z, z,y) = h(z,y,z) = h(y,z,x) = y for all
z,y € D is said to be aminority operation Observe that every Mal'tsev operation is minority, but
not the other way round.

Consistency. Let us fix a constraint languadéon a setD and letP = (V,C) be an instance of
CSP(T"). A partial solutionof P on a set of variable$l” C V' is a mappingy : W — D that

satisfies every constraiftV N s, pry~sR) € C. HereW N s denotes the subtuple sfconsisting

of those entries o that belong td?’, and we consider the coordinate positionsfbindexed by

variables froms. InstanceP is said to bek-consistentf for any k-element setV C V' and any

v € V' \ W any partial solution o/ can be extended to a partial solutionéhu {v}, see [21].

As we only need: = 2, all further definitions are given under this assumption.
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Any instanceP = (V, C) can be transformed to a 2-consistent instance by means stitheard
2-CONSISTENCY algorithm. This algorithm works as follows. First, for eaghir v,w € V it
creates a constraiitv, w), R, .,) whereR,, ,, is the binary relation consisting of all partial solutions
¢ on{v,w}, i.e. R, ,, includes pairg)(v),(w)). These new constraints are added’tdet the
resulting instance be denoted By = (V,C’). Second, for each pair, w € V, every partial solution
1 € Ry 4, and everyu € V'\ {v, w}, the algorithm checks i can be extended to a partial solution
of P’ on{v,w,u}. If not, it updatesP’ by removingy from R, ,,. The algorithm repeats this step
until no more changes happen.

Lemma 2.11. Let P = (V,C) be an instance afSP(I").
(a) The problem obtained frof® by applying 2-@NSISTENCY is 2-consistent;
(b) On every step of 2-GNSISTENCY for any pairv, w € V the relationR,, ,, belongs to{(I"))’.

Proof. (a) follows from [12].

(b) Since after the first phase of the algorithm every retaitp ,, is an intersection of unary and
binary projections of relations from, it belongs to{(I"))’. Then when considering a pairw € V
andu € V' \ {v,w}, the relationR, ,, is replaced withR, ,, N pr, ,,Q, whereQ is the set of all
solution of the current instance dm, w,u}. As every relation of the current instance belongs to
((I")), the relation@ is pp-definable il without equalities. Thus the updated relatifip,,, also
belongs to(T"))’. (]

Note that Theorem 2.11(b) implies that any polymorphisi @&falso a polymorphism of every
Ry .

If I has a majority polymorphism, by Theorem 3.5 of [21], evegoBsistent problem instance
is globally consistentthat is every partial solution can be extended to a globhitiso of the
problem. In particular, ifP is 2-consistent, then for any,w € V, any pair(a,b) € R, ,, can be
extended to a solution . The same is true for any € pr R, ,, and anyb € pryR,, 4.

3. EQUIVALENCE OF THE CHARACTERIZATIONS

In this section, we prove that the two characterizationshiadfrems 1.2 and 1.3 are equivalent.
Recall that two equivalence relationsand 3 over the same domaicross if there is ann-classA
and ag-classB such that neither oft \ B, AN B, andB \ A is empty. A constraint languadeis
said to benon-crossing decomposalifeevery relation from((I")) is 2-decomposable, every binary
relation from((I")) is a thick mapping, and no pair of equivalence relations f(¢)) cross.

One of the directions is easy to see.

Lemma 3.1. If I has a majority polymorphism and a conservative Mal'tsev polymorphisim
thenI' is non-crossing decomposable.

Proof. As m is a polymorphism of every relation iT")), by [1] every relation in{(T")) is 2-
decomposable. Similarly, every binary relation(i{i")) is invariant under the Mal'tsev polymor-
phism, which, by Lemma 2.10, implies that the binary relai®a thick mapping.

Finally, suppose that there are two equivalence relatigisc ((I')) over the same domaib’
that cross. This means that for somé, c € D’ we have thata, b) € «, (b,c) € 3, but{a,b) & 3,
(b,c) ¢ a. Leth be a Mal'tsev polymorphism df, and consided = h(a, b, ¢). First of all, ash is
conservatived € {a,b,c}. Then, sincé preserves: ands,

a b c d a b c d
h(aac>:<c>€a’ h(acc>:<a>eﬁ’

which is impossible. L]
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To prove the other direction of the equivalence, we need tstcoct the two polymorphisms.
The following definition will be useful for this purpose.

Definition 3.2. Given a constraint languadé we say thata|bc) is true if ((I')) contains an equiv-
alence relatiorx with

{a,a), (b,b){(c,c), (b, c), {c,b) € aand(a,b), (a,c),(b,a),{c,a) & .

In other words, the domain of the equivalence relation dostall three element$,andc are
in the same class, butis in a different class.

Lemma 3.3. LetI" be a non-crossing decomposable constraint languagelavieéor everya, b, ¢ €
D, at most one ofalbc), (blac), (c|ab) is true.

Proof. Suppose that, say, both|bc) and(b|ac) are true; let, 5 be the corresponding equivalence
relations from((I')). Let D, Dg be the domains ak and, respectively. We can considé, and
Dg as unary relations, and they are(ifi")). Therefore,D’ = D, N Dgando/ = a N (D' x D’)
andp’ = N (D' x D) are also in((I")). As is easily seery’ and’ are over the same domaip/
and they cross, a contradiction. ]

Lemma 3.4. Let " be a non-crossing decomposable constraint languageloveéret R € ((I'))
be a binary relation such thét, o), (b, V'), (¢,d) € R, but(p,q) ¢ R for somep € {a,b,c} and
qge{d,b,d}. Then

(albe) = (d'|V'C)

(blac) <= (V|d'c)

(clac) <= (c|a'V).

Proof. If, say, a andb are in the samey}% class, thert has to be in a different class. Sinéeis

a thick mapping, this means thatand?’ are in the sameﬁ2 class and’ is in a different class.
Therefore, botHc|ab) and(¢|a’b’) are true, and by Lemma 3.3, none of the other statements can
be true. Therefore, we can assume that, c are in differenta}, classes, and heneé, v/, ¢’ are in
differenta? classes.

Suppose thata|bc) is true; leta € ((I')) be the corresponding equivalence relation. Con-
sider the relationR’ = « o R, that is, R'(z,y) = Jz(a(x,z) A R(z,y)), which has to be a
thick mapping. Let3},, 3% be the equivalence classes Bf. We claim that(t/, ¢’) € 3%, and
(a/,b') ¢ 3%, showing that(a'|b'¢) is true. Itis clear thaf',c’) € % as(b,b), (b,c) € o, we
have(b,t'), (b,c') € R'. Since(a,d’), (b,b') € R, if (a/,b') € $%, then(a,b'), (b,d’) € R’ has
to hold as well (sincer’ is a thick mapping). That is, there arey such that(a, z), (b,y) € «
and(z,b'), (y,a’) € R. Now equivalence relation shows thaiy|ax) is true (sincgalbe) is true
and(a, z), (b,y) € a and(b,a) ¢ ) and equivalence relatiom}, shows tha{z|ay) is true (since
(a,d’),(y,a’) € Rshows(a,y) € ak, (bV),(z,V') € Rshows(b,z) € ak, and we know that
(a,b) € ak). By Lemma 3.3(y|ax) and(z|ay) cannot be both true, a contradiction. O

Let I' be a non-crossing decomposable language @verLet minor(a,b,c) be a if a,b,c
are all different or all the same, otherwise let it be the gahat appears only once amonag, c.
Similarly, let majofa, b, c) bea if a, b, c are all different or all the same, otherwise let it be the galu
that appears more than once amang, c. Because of Lemma 3.3, the following two functions are
well defined:
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b if (albe) is true,
m(a,b,c) = { & ff (blac) s true,
b if (c|ab) is true,
major(a, b, c) if none of(a|bc), (blac), (c|ab) is true,
a if (albe) is true,
h(a,b,c) = b if (blac) is true,
¢ if (c|ab) is true,

minor(a, b, c) if none of (albc), (blac), (c|ab) is true,

Lemma 3.5. Operationsn andh are conservative majority and minority operations, respely,
and((T")) is invariant undern andh.

Proof. It is clear thatm and h are conservative. To show that is a majority operation, it is
sufficient to consider the case when one(@fbc), (blac), (c|ab) is true. Ifb = ¢ (resp.,a = ¢,
a = b), then only(albc) (resp.,(blac), (c|ab)) can be true, which means thata, b, ¢) = b (resp.,
a, b), as required. A similar argument shows thas a minority function.

Since every relation i{(I")) is 2-decomposable, it is sufficient to show that every binary
relation in ((T')) is invariant undern and h. We show invariance undér, the proof is simi-
lar for h. Let R € ((I')) be a binary relation, which is a thick mapping by assumptidake
(a,a’),(b,b'),(c,d) € R. If a,b,care in the same},-class then/, v/, ¢’ are in the same?-class.
Sinceh(a,b,c) € {a,b,c} andh(d', V', ) € {d',V', '}, it follows that(h(a,b,c),h(a’ b, ")) €
R. If a,b,c are not all in the same},-class, then one ofa|bc), (blac), (c|ab) is true, and by
Lemma 3.4, the corresponding statement fif@fb'c’), (v'|a’’), (¢'|a’b’) is also true. Now the pair
(h(a,b,c),h(d",V,)) has to be one ofa, da’), (b, V'), (c,c'), hence itis inR. For the operatiomn
the argument is similar. ]

Remark 3.6. Interestingly, Lemma 3.5 gives more than just the existeiae majority polymor-
phism, and a conservative Mal'tsev polymorphism. The dpmram andh are both conservative,
andh is a minority operation, not just a Mal'tsev one. Therefore, have that a constraint lan-
guage has a majority and conservative Mal'tsev polymorpkig and only if it has a majority and
minority polymorphisms, both conservative.

The following two consequences of having a conservativethéad polymorphism will be used
in the algorithm.

Lemma 3.7. Let I" be a finite constraint language having a conservative Mai'solymorphism.
Let R, R’ € ((I')) be two nontrivial thick mappings such that, R = pr; R’. ThenR o R’ is also
non-trivial.

Proof. SinceR, R’ are nontrivial, there are valuesa’, b, b’ such that{a, a’) & ak, (b,b') & a%,.
If Ro Ris trivial, then(a, V'), (a,b), (a’,b) € Ro R, which means that there are (not necessarily
distinct) valuese, i, z such that

(a,7) € R, (z,0) € R/,
(a,y) € R, (y,b) € R,
(d',2) € R, (2,b) € R.
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Let m be a conservative Mal'tsev polymorphism. leets m(x,y, z) € {z,y,z}. Applyingm on
the pairs above, we get that’, ¢q) € R and(q,b') € R'. Itis not possible thag € {z,y}, since
this would mean thata, a’) € a}z. It is not possible thay = =z either, since that would imply
(b,b') € a%,, a contradiction. [

Recall that ifa and 5 are equivalence relations on the same$ethena Vv 3 denotes the
smallest (in terms of the number of pairs it contains) edaivee relation or containing bothy
andg. Itis well known that ifa and g have a Mal'tsev polymorphism then thegrmute that is,
aofB=FBoa=aVp.

Lemma 3.8. Let I be a finite constraint language having a conservative Mai’flymorphism.
Let a, 5 € ((T')) be two nontrivial equivalence relations on the sameSsefThena Vv j is also
non-trivial.

Proof. Sincea VvV 3 = a o 3, by Lemma 3.7, it is non-trivial. L]

4. ALGORITHM

In this section we fix a constraint languai¢hat has conservative majority and minority poly-
morphisms. We present a polynomial-time algorithm for s@\CCSP(I") and#CCSP(T") in this
case.

4.1. Prerequisites. In this subsection we prove several properties of instant&€sCSP(I") and
#CCSP(I") that will be very instrumental for our algorithms. First df, ave show that every
such instance can be supposed binary, that is, that eveopiitstraint is imposed only on two
variables. Then we introduce a graph corresponding to socimsgance, and show that if this
graph is disconnected then a solution to the whole problenibeabtained by combining arbitrarily
solutions for the connected components. Finally, if theohria connected, the set of possible values
for each variable can be subdivided into several subsetasaf the variable takes a value from
one of the subsets, then each of the remaining variablesdeddo take values from a particular
subset of the corresponding partition.

Observe that if a constraint languagesatisfy the conditions of Theorem 1.2 then by Re-
mark 3.6 the constraint langua@éobtained froml" by adding all unary relations also satisfies the
conditions of Theorem 1.2. Indeel,has conservative majority and minority polymorphisms that
are also polymorphisms @f'. Therefore we will assume thatcontains all unary relations. It will
also be convenient to assume thatontains all the binary relations frofxr")).

Let I" be a constraint language and et = (V,C) be a 2-consistent instance @SP(I).

By bin(P) we denote the instanc@/,C’) such thatC’ is the set of all constraints of the form
((v,w), Ry ) Wherev,w € V andR, ,, is the set of all partial solutions djv, w}.

Lemma 4.1. Let I" be a constraint language with a majority polymorphism. THeR is a 2-
consistent instance @¥SP(I") thenbin(P) has the same solutions &s

Proof. Let us denote byR, R’ the |V|-ary relation consisting of all solutions & and bin(P),
respectively. Relation®, R’ are pp-definable i without equalities, and? C R’. To show that
R = R’ we use the result from [21] stating that, sincenas a majority polymorphism for any
v,w € V and any(a,b) € R, we have(a,b) € pr,,R,ie.pr,,R = pr,,R. SinceR is
2-decomposable, & € R/, that is,pr, @ € Ry = pr,, , R forallv,w € V, thena € R. O
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Let P = (V,C) be an instance ofSP(T"). Applying algorithm 2-@NSISTENCY we may
assume thaP is 2-consistent. By the assumption abéuytall constraint relations fror® are 2-
decomposable, artsin(P) has the same solutions &sitself. Therefore, replacing with bin(P),
if necessary, every constraint Bfcan be assumed to be binary.

Let constraints ofP be ((v,w), R,,,) for each pair of differenv,w € V. LetS,,v € V,
denote the set ai € D such that there is a solutiop of P such thatp(v) = a. By [21], P is
globally consistent, thereforé,, = pr; R, for anyw € V, w # v.

ConstraintC,,, = ((v,w), Ry, ) is said to berivial if R,, = S, x S, otherwise it is said
to benon-trivial. Thegraph of P, denoted&(P), is a graph with vertex sét and edge seb =
{vw | v,w € V andC,,, is non-trivial}.

The 2-consistency dP implies, in particular, the following simple property.

Lemma 4.2. By the 2-consistency dP, for anyu,v,w € V, Ry, € Ryw © Rue-

Therefore, by Lemma 3.7, the gragh(P) is transitive, i.e., every connected component is a
clique.

If G(P) is not connected, every combination of solutions for itsmamted components give
rise to a solution of the entire problem. More preciselyMgt . . , Vi, be the connected components
of G(P), and letPy, denote the instandé’;, C;) whereC; includes all the constraint§v, w), Ry.,)
for whichv, w € V;.

Lemma 4.3. Let ¢y, ..., ¢ be solutions ofPy,, ..., Py,. Then the mapping : V' — D such
thaty(v) = ¢;(v) whenever € V; is a solution ofpP.

Proof. We need to check that all constraints/fare satisfied. Consider,,, = ((v,w), Ryy). If
v,w € V; for a certaini, then(e(v), p(w)) = (pi(v), pi(w)) € Ry, SiNCey; is a solution top;. If
v, w belong to different connected components, tigp is trivial, and soC,,, is satisfied. ]

Suppose that’(P) is connected and fix € V. In this case, the graph is a clique, and therefore
for anyw € V the constraintC,,,, is non-trivial. Note that due to 2-consistency, every ieraty}%w
for w € V'\ {v} is over the same s&,,. Setn, = \/ v\ (o) af, ;as everywg,, is non-trivial,
Lemma 3.8 implies thay, is non-trivial.

Lemma 4.4. Suppose&~(P) is connected. Equivalence relation,sanda}zw (foranyw € V\ {v})
are non-trivial.

Lemma 4.5. Supposé&=(P) is connected.
(1) For anyv,w € V there is a one-to-one correspondengg, betweens, /771) andS,, /77w such
that for any solutionp of P if p(v) € A € S”/m’ thenp(w) € Yy (A) € SW/%'

(2) The mappingg),,, are consistent, i.e. for any, v, w € V- we havey,,,(z) = ¥yw (Vuy(z)) for
everyz.

Proof. (1) Let R,,, be a thick mapping with respect to a mappingnda = ak, o/ = o%. Recall
that ¢ is a one-to-one mapping fros,/ , t0 S,/ - Suppose that does not induce a one-to-one
mapping betweess, /m andS,, /nw. Then without loss of generality there argh € S, such that
{a,b) € ny, but for certaind/, v’ € S, we have(a, d’), (b,b') € Rand{(a’,t’) & n,,. Sincea’ C n,,,
(', V) & o/, hencela, b) ¢ a. Thereisu € V such thaiR,, is a thick mapping with respect t& 5
and(a,b) € 3. Therefore for some € S, we have(a, c), (b,¢) € Ryy,. SinCeRy, C Ryw © Ry,
there existdy, dy € S, satisfying the conditionga, d;), (b, d2) € Ry, and(dy,c¢), (da, ¢) € Ryy-
The first pair of inclusions imply thata’, d;), (V/,ds) € o/, while the second one implies that
(dy,d2) € ny. Sincea’ C n,, we obtain(a’,t’) € n,,, a contradiction.



THE COMPLEXITY OF GLOBAL CARDINALITY CONSTRAINTS 13

(2) If for someu, v, w € V there is a classl € S“/nu such that)y, (Yuy (A)) # Yuw(A) then
Ryw € Ryy o Ry, @ contradiction. ]

Fix a variablevy of P and take aj,,-classA. Let P4 = (V,C4) denote the problem instance
over the same variables, where for every € V the setC, includes the constrainf(v, w), R}, )

R}y = Ryw N (Vg0 (A) X Yuguw(A)).
Lemma 4.6. ProblemP4 belongs taCCSP(T").

Proof. It suffices to show thaR:,, € T for anyv,w € V. By Lemma 2.11R,,, € ((T')), and by
the assumption mad®,,, € I'. Since unary relationg,,, (A), v, (A) belong tol, relation R?},
is pp-definable i1, and, as a binary relation, belongs to it. ]

4.2. Algorithm: The decision problem. We split the algorithm into two parts. AlgorithmAR-
DINALITY (Figure 1) just ensures 2-consistency and initializes arsdge process. The main part
of the work is done by ET-CARDINALITY (Figure 2).

Algorithm ExT-CARDINALITY solves the more general problem of computing the set of all
cardinality constraintsr that can be satisfied by a solution Bf Thus it can be used to solve
directly CSP with extended global cardinality constraistse Preliminaries.

The algorithm considers three cases. Step 2 handles tia tase when the instance consists
of a single variable and there is only one possible valuaiibtesassigned. Otherwise, we decompose
the instance either by partitioning the variables or byipaning the domain of the variables. If
G(P) is not connected, then the satisfying assignment® cin be obtained from the satisfying
assignments of the connected components. Thus a cardicalistraintr can be satisfied if it
arises as the sum, + - - - + m;, of cardinality constraints such that tiéh component has a solution
satisfying ;. Instead of considering all such sums (which would not besipies in polynomial
time), we follow the standard dynamic programming approaicgoing through the components
one by one, and determining all possible cardinality caiirsts that can be satisfied by a solution
for the firsti components (Step 3).

If the graphG(P) is connected, then we fix a variahlg and go through each claskof the
partitionn,, (Step 4). Ifyy is restricted ta4, then this implies a restriction for every other variable
w. We recursively solve the problem for the restricted instelR4 arising for each classl; if
constraintr can be satisfied, then it can be satisfied for one of the resdrinstances.

The correctness of the algorithm follows from the discussibove. The only point that has
to be verified is that the instance remains 2-consistent #fterecursion. This is obvious if we
recurse on the connected components (Step 3). In Step aststency follows from the fact that if
(a,b) € Ry can be extended byec S, then in every subproblem either these three values satisfy
the instance restricted f, w, u} or a, b, ¢ do not appear in the domain of w, u, respectively.

To show that the algorithm runs in polynomial time, obsernat that every step of the algorithm
(except the recursive calls) can be done in polynomial tiRere we use thab is fixed, hence the
size of the sefl is polynomially bounded. Thus we only need to bound the sizberecursion
tree. If we recurse in Step 3, then we produce instances wdraphis are connected, thus it cannot
be followed by recursing again in Step 3. In Step 4, the doroh&very variable is decreased: by
Lemma 4.4y, is nontrivial for any variablev. Thus in any branch of the recursion tree, recursion
in Step 4 can occur at mosb| times, hence the depth of the recursion tre©i{$D|). As the
number of branches is polynomial in each step, the size akthasion tree is polynomial.
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INPUT:  AninstanceP = (V,C) of CCSP(I") with a cardinality constraint
OUTPUT: YES ifP has a solution satisfying, NO otherwise

Step 1. apply 2-CONSISTENCYtO P
Step 2. setll :=EXT-CARDINALITY (P)
Step 3. if 7 € Il output YES

else outputNO

Figure 1: Algorithm Q\RDINALITY .

INPUT: A 2-consistent instancE = (V,C) of #CCSP(T")
OUTPUT: The set of cardinality constraintssuch thatP has a solution that satisfies

Step 1.  constructthe graphG(P) = (V. E)
Step 2.  if |[V| =1 and the domain of this variable is a singletpr} then do
Step 2.1 setll := {n} wherer(z) = 0 except forr(a) = 1
Step 3.  elseifG(P) is disconnected an@, = (V1, E4),...,Gr = (Vi, Ey) are

its connected componerttsen do
Step 3.1 setll := 0
Step 3.2 fori=1tokdo
Step 3.2.1 setll := II 4+ EXT-CARDINALITY (Pyy;)

endfor

endif
Step 4. else do
Step 4.1 for eachv € V find 7,
Step 4.2 fix vg € V and setll := ()
Step 4.3 for eachn,,-classA do
Step 4.3.1 setP, := (V,C4) where for every, w € V the setC 4 includes

the constraint (v, w), Ryw N (Yuew(A) X Yyew(A)))
Step 4.3.2 setIl := IT U EXT-CARDINALITY (P4)
endfor

enddo

Step 4. output IT

Figure 2: Algorithm EXT-CARDINALITY .

4.3. Solving the counting problem. In this section we observe that algorithmARDINALITY can
be modified so that it also solves counting CSPs with globalicality constraints, provided
satisfies the conditions of Theorem 1.2.

The counting algorithm works very similar to algorithnARDINALITY , except that instead of
determining the set of satisfiable cardinality constraiittkeeps track of the number of solutions
that satisfy every cardinality constraint possible. Itsiders the same 3 cases. In the trivial case
of a problem with one variable and one possible value fortaitable, the algorithm assigns 1 to
the cardinality constraint satisfied by the only solutioribaf problem and 0 to all other cardinality
constraints. In the case of disconnected gr&f§i®) if a cardinality constraint can be represented
in the formn = 7, + ... + 7, then solutions on the connected component& (@) satisfying
m, ..., Tk, respectively, contribute the product of their numbere the number of solutions satis-
fied by 7. We again use the dynamic programming approach, and, forieammpute the number
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of solutions onl; U. .. U V; satisfying every possible cardinality constraint. Obegtliat the set of
cardinality constraints considered is also changed dycelini as the number of variables grows.
Finally, if G(P) is connected, then the different restrictions have disjs@ts of solutions, hence
the numbers of solutions are computed independently.

INPUT:  AninstanceP = (V,C) of #CCSP(I") with a cardinality constraint
OUTPUT: The number of solutions @& that satisfyr

Step 1. apply 2-CONSISTENCYtO P
Step2.  setp :=#EXT-CARDINALITY (P)

% o(7') is the number of solutions @® satisfying cardinality constraint’
Step 3.  output o(7)

Figure 3: Algorithm #QRDINALITY .

INPUT: A 2-consistent instancB = (V,C) of CCSP(T")
OUTPUT: Functiorp that assigns to every cardinality constrainwitn ° _, 7(a) = |V,
the numbep(7) of solutions of P that satisfyr

Step 1.  constructthe graphG(P) = (V, E)
Step 2. if |[V| =1 and the domain of this variable is a singletpr} then do
Step 2.1 seto(r) := 1 wherer(x) = 0 except forr(a) = 1, ando(n’) := 0 for all 7’ # =
with > 7'(z) =1
Step3.  elseifG(P) is disconnected an@, = (V1, E4),...,Gr = (Vi, Ey) are its
connected componentisen do
Step 3.1 setll := {r} wherer : D — Nis given byr(a) = 0fora € D, o(n) := 1form € I
Step 3.2 fori=1tokdo
Step 3.2.1 setll’ := {7 : D —» N |} cp7(a) = |Vj|} ando" :=#EXT-CARDINALITY (P}y, )
Step 3.2.2 setll” :={r: D - N| > cpm(a) = V1| +... +|Vi|}, o' (7) := 0 form € II”
Step 3.2.3 foreachm e Tand ' € IT' seto” (m + 7') := o' (7w + 7) + o(7) - o(7)
Step 3.2.4 setll :=11", o := ("
endfor
endif
Step 4. else do
Step 4.1 for eachv € V find 7,
Step 4.2 fix vg € V and seto(r) := 0 for r with }° _, 7(a) = |V|
Step 4.3 for each n,,-classA do
Step 4.3.1 setP, := (V,C4) where for every, w € V the setC 4 includes the constraint
(v, W), Ryw N (Yhugu(A) X Poguw(A)))
Step 4.3.2 seto’ :=#EXT-CARDINALITY (P4)
Step 4.3.3 seto(m) := o(7) + o' ()
endfor
enddo
Step 4. output o

Figure 4: Algorithm #ET-CARDINALITY .
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5. DEFINABLE RELATIONS, CONSTANT RELATIONS AND THE COMPLEXITY OF CCSP

We present two reductions that will be crucial for the praof$ection 6. In Section 5.1, we
show that adding relations that are pp-definable (withoutakties) does not make the problem
harder, while in Section 5.2, we show the same for unary eohselations.

5.1. Definable relations and the complexity of cardinality constaints.

Theorem 5.1. LetT" be a constraint language aftha relation pp-definable ifi without equalities.
ThenCCSP(I"' U {R}) is polynomial time reducible t& CSP(T).

Proof. We proceed by induction on the structure of pp-formulas. Fdme case of induction is given
by R € T". We need to consider two cases.

CASELl. R(z1,...,2n) = R1(z1,...,2n) A Ra(x1,...,2p).

Observe that by introducing ‘fictitious’ variables for pieates R, R, we may assume that
both relations involved have the same arity. A reductiomfil@CSP(I' U {R}) to CCSP(I) is
trivial: in a given instance of the first problem replace eechstraint of the forn{(vy, ... ,v,), R)
with two constraintg(vy, ..., vy,), R1) and{(vy, ..., v,), Ra).

CASE2. R(z1,...,xy) = xR (21, ..., 2y, x).

Let? = (V,C) be aCCSP(I' U {R}) instance. Without loss of generality €Y, ..., C, be
the constraints that involvg. InstanceP’ of CCSP(T") is constructed as follows.

e Variables: Replace every variablefrom V' with a setW, of variables of size;|D| and
introduce a set ofD| variables for each constraint involvirfg. More formally,

q
D|-1
W:UWvu{w17---awq}uU{wilr"?wi | }
=1

veV
e Non-R constraints: For every; = ((v1,...,v),Q) with i > ¢, introduce all possible
constraints of the formi(u, . .., ue), Q), whereu; € W, for j € {1,... ¢}.
e R constraints: For everg; = ((v1,...,v), R), i < g, introduce all possible constraints of

the form((u, ..., us, w;), R'), whereu; € W, j € {1,...,(}.
CLAIM 1. If P has a solution satisfying cardinality constrairthen?’ has a solution satisfying
the cardinality constraint’ = ¢|D| - 7 + q.
Let ¢ be a solution ofP satisfyingr. It is straightforward to verify that the following mapping
1 is a solution ofP’ and satisfies”:

e for eachv € V and eachi € W, sety)(u) = p(v);
e for each w;, where C; = ((v1,...,v,),R), set ¢¥(w;) to be a value such that
(@(01)7 s 790(071)7 ¢(7~Uz)) €R.
e foreachi < gandj < |D|—1 sety(w!) to be such thafy (w;), ¥ (w}), . . . ,z/z(wlm_l')} =
D.
CLAIM 2. If P’ has a solution) satisfying the cardinality constraint = ¢|D| - © + ¢, thenP
has a solution satisfying constraint
Leta € D andU,(v)) = ¢~ *(a) = {u € W | ¥(u) = a}. Observe firstthatifp : V — D
is @ mapping such thdf,,, (¥) N W, # 0 for everyv € V (i.e., ¢ (v') = ¢(v) for at least one
variablev’ € W), theny satisfies all the constraints &f. Indeed, consider a constraifit= (s, Q)
of P where@ # R. Lets = (vy,...,v,). For everyy,, there is a} € W,, such thatp(v;) =
P(v]). By the wayP’ is defined, it contains a constrai6f = (s’,Q) wheres’ = (v],...,v}).

7
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Now the fact thaty satisfiesC’ immediately implies thaty satisfiesC: (¢o(v1),...,p(v)) =
(¥(v]),...,¥(vy)) € Q. The argument is similar if) = R.

We show that it is possible to construct such that also satisfies the cardinality constraint
Since|W,| = ¢|D|, for anya € D with 7(a) # 0, even if setU, () contains ally| D| variables of
the formw; andw?, it has to intersect at leas{(a) setsW, (as(r(a) — 1)q|D| + ¢|D| < 7'(a) =
m(a) - q|D| + q). Consider the bipartite graphi = (77 U T3, E), whereT, Ts is a bipartition and

e T} is the set of variable¥;
e T, is constructed from the sé? of values by takingr(a) copies of each value € D;
e edge(v, a’), whered' is a copy ofa from 71, belongs taF if and only if W, N U, (v) # 0.

Note that|7}| = |7»| and a perfect matching’ C FE corresponds to a required mappipg
o(v) = aif (v,d’") € E' for some copy’ or a.
Take any subset C T5, let.S contains some copies af;, ..., as. Then by the observation

above,S has at least(a;) + ... + 7(as) neighbours ifl;. SinceS contains at most(a;) copies
of a;,

m(a1) + ... +7m(as) > |95].
By Hall's Theorem on perfect matchings in bipartite grapiidas a perfect matching, concluding
the proof that the required exists. L]

5.2. Constant relations and the complexity of cardinality constaints. Let D be a set, and let

a € D. Theconstant relationC, is the unary relation that contains only one tugte). If a con-
straint languagé&' over D contains all the constant relations, then they can be udée itorrespond-
ing constraint satisfaction problem to force certain \alga to take some fixed values. The goal of
this section is to show that for any constraint languBigee problemCCSP(I' U {C,, | a € D})

is polynomial time reducible t&€ CSP(I"). For the ordinary decision CSP such a reduction exists
whenI" does not have unary polymorphisms that are not permutatsees[10].

Let R be a (sayp-ary) relation on a seb, and letf be a mapping fronD to 27, the powerset
of D. Mapping f is said to be anulti-valued morphisnof R if for any tuple(ay,...,a,) € R the
setf(a;) x ... x f(a,) is a subset ofR. Mapping f is a multi-valued morphism of a constraint
languagd’ if it is a multi-valued morphism of every relation in For a multi-valued morphisnf
and setd C D, we definef(A) := (J,c f(a). The product of two multi-valued morphisnyfs
and f, is defined by(f; o f2)(a) := f1(f2(a)) for everya € D. We denote byf* thei-th power of
f, with the convention thaf® mapsa to {a} for everya ¢ A.

Theorem 5.2. Let T be a finite constraint language over a BetThenCCSP(I' U {C,, | a € D})
is polynomial time reducible t& CSP(T").

Proof. Let D = {d;,...,dx} anda = d;. We show thatlCCSP(I" U {C,}) is polynomial time
reducible toCCSP(T"). This clearly implies the result. We make use of the follagvinulti-valued
morphism gadgeMVM(T',n) (i.e. a CSP instance). Observe that it is somewhat simildh¢o
indicator problem[23].
k
e The set of variables i¥'(n) = U Va., whereV, containsn/P+1-% elements. All set§/;,
=1
are assumed to be disjoint.
e The set of constraints is constructed as follows: For eveay,(-ary) R € ' and every
(a1,...,a,) € R we include all possible constraints of the fofitw,,...,v,), R) where
v; € Vg, forie {1,... k}.
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Now, given an instanc® = (V,C) of CCSP(I'U{C, }), we construct an instan@® = (V',C’)
of CCSP(T).

e Let W C V be the set of variables, on which the constant relatiofl, is imposed, that
is, C contains the constraif(v), C,). Setn = |V|. The setV’ of variables ofP’ is the
disjoint union of the seV'(n) of variables oMVM(T", n) andV \ .

e The setl’’ of constraints of?’ consists of three parts:

(a) €}, the constraints dIVM(T", n);
(b) Cl, the constraints oP that do not include variables frofi’;

(c) €4, for any constraint{(vy,...,v,), R) € C whose scope contains variables con-
strained byC, (without loss of generality let;, . .. , v, be such variablesy; contains
all constraints of the fornj(ws, . . . , wg, ve+1,- .., ), R), Wherews, ..., wy € Vj,.

We show thatP has a solution satisfying a cardinality constraintf and only if P’ has a
solution satisfying cardinality constraint given by

7 (dy) = m(a) + (|Va| = W), ifi=1,
' m(d;) + Vg, otherwise

Suppose thaP has a right solutiorp. Then a required solution fg?’ is given by

| op(v), foeV\W,
Ylo) = { di, ifueVy,.
It is straightforward that) is a solution toP’ and that it satisfies’.
Suppose thaP’ has a solution) that satisfies”’. Sincer’(a) = m(a)+n/Pl—|W| > nlPl—n >
|[V'\ V4|, there isv € V,, such that)(v) = a. Thus the assignment

] Yv), foeV\W,
plv) = { a foeW
is a satisfying assignmef, but it might not satisfyr. Our goal is to show tha®P’ has a solution
1, wherep obtained this way satisfies. Observe that what we need is thawirvalued; appears
on exactlyr’(d;) — |Vg,| variables oft” \ W.

CLaM 1. Mapping f taking everyd; € D to the set{y)(v) | v € V4, } is a multi-valued
morphism ofl".

Indeed, let(ay,...,a,) € R, Ris an @-ary) relation fromI". Then by the construction of
MVM(T', n) the instance contains all the constraints of the f¢tm, ... ,v,), R) with v; € V,,,
i €{1,...,n}. Therefore,

{¥(v1) | v1 € Vo } x oo x {3(vn) | vp € Vi, }
= fla1) x...x f(an) C R.

CLAIM 2. Let f be the mapping defined in Claim 1. Th¢hdefined byf*(b) := f(b) U {b}
for everyb € D is also a multi-valued morphism of.

We show that for everyi; € D, there is am; > 1 such thatd; € f7(d;) for everyj > n;.
Taking the maximum, = max; <;< n; of all these integers, we get thgte f7+1(d;) andf(d;) C
ft(d;) (sinced; € f"(d;)) for everyi, proving the claim.

The proof is by induction on. If d; € f(d;), then we are done as we can set= 1 (note that
this is always the case fér= 1, since we observed above that valljehas to appear on a variable
of V,). So let us suppose thdf ¢ f(d;). Let D; = {di,...,d;} and letg; : D; — 2P defined
by gi(d;) := f(d;) N D;. Observe thay;(d;) is well-defined, i.e.g;(d;) # 0: the setl, contains
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nlPlH1=3 > plPI+1-i yarigbles, while the number of variables where values moh{b; appear is
Yicipr ™ (de) S mt Y nlPITIE < plPH

LetT := Uy g¢(d;). We claim thatd; € T. Suppose thai; ¢ T. By the definition ofl" and
the assumption; ¢ f(d;), for everyb € T U {d;}, the variables irl}, can have values only froffi
and fromD \ D;. The total number of variables i}, b € T'U {d;} is >4,y 7/ 1777, while
the total cardinality constraint of the values fra@u (D \ D;) is

k
Z 7T/(b) :n‘i‘Zn‘DH_l_b"i_ Z n|D|+1—f
beTU(D\D;) beT {=i+1
D|+1-b D|4+1—7 __ D|+1-b
B AR TEE J SN
beT beTU{d;}

a contradiction. Thug; € T, that is, there is a valug < i such thatd; € f(d;) andd; € f*(d;)
for somes > 1. By the induction hypothesis]; € f"(d;) for everyn > n;, thus we have that
d; € f*(d;) if nis atleastr; := 1+ n; + s. This concludes the proof of Claim 2.

Let DT (resp.,D~) be the set of those valuds € D that appear on more than (resp., less than)
7'(i) — |V (d;)| variables ofV’ \ W. Itis clear that iff D™| = |D~| = 0, theny obtained fromy
satisfiesr. Furthermore, if D*| = 0, then|D~| = 0 as well. Thus suppose that" # @ and let
S = UbeD+,szl f2(0).

CLAIM 3. SN D™ # 0.

SupposeS N D~ = (). Everyb € S C D\ D~ appears on at least{b) — |V (b)| variables in
V' \ W, implying that every such appears on at mos$V (b)| variables in the gadg@tiVM(T', n).
Thus the total number of variables in the gadget having vl S is at most) |, ¢ [V/(b)]; in
fact, it is strictly less than that sinde™ is not empty. By the definition of, only values fromS can

appear inl;, for everyb € S. However, the total number of these variables is exagtly o |V (b)
a contradiction.

By Claim 3, there is a valué~ € S N D~, which means that there is& € D' and a
sequence of distinct valuég = d*, by, ..., by = d~ such that; ., € f(b;) for every0 < i < /.
Letv € V' \ W be an arbitrary variable having valde. We modify+ the following way:

(1) The value ofv is changed frona™ to d .

(2) Foreverny) < < ¢, one variable i}, with valueb;; is changed t@;.

Note that these changes do not modify the cardinalitieseoféthues: the second step increases only
the cardinality oby = d™ (by one) and decreases only the cardinality,of d— (by one). We have

to argue that the transformed assignment still satisfiesdhetraints ofP’. Sinced~ € f*(d*),

the multi-valued morphisnf* of Claim 2 implies that changing* to d~ on a single variable and
not changing anything else also gives a satisfying assighmie see that the second step does not
violate the constraints, observe first that constrainty/eé {(b) are not affected and constraints of
type (c) cannot be violated (since variableslify are changed only td;, and there is already at
least one variable with valué, in V;,). To show that constraints of type (a) are not affected, it
is sufficient to show that the mapping described by the gadget after the transformation is still a
multi-valued morphism. This can be easily seeryds) C f(b) U {b;} = f*(b), wheref* is the
multi-valued morphism of Claim 2.

Thus the modified assignment is still a solution/fsatisfyings’. It is not difficult to show
that repeating this operation, in a finite number of stepseaelr a solution wher®+ = D~ = (),
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i.e., every value) € D(b) appears exactly’(b) — |V (b)| times on the variables df \ W. As
observed above, this implies tHathas a solution satisfying. L]

6. HARDNESS

Now we prove that if constraint languafjedoes not satisfy the conditions of Theorem 1.2 then
CCSP(I") is NP-complete. First, we can easily simulate the restrictd a subset of the domain by
setting to 0 the cardinality constraint on the unwantedeastlu

Lemma 6.1. For any constraint languageover a setD and anyD’ C D, the problemCCSP(T'| /)
is polynomial time reducible t& CSP(T").

Proof. For an instanc@’ = (V,C’) of CCSP(T'| /) with a global cardinality constraint’ : D’ —
N we construct an instand@ = (V,C) of CCSP(T") such that for eacks, R /) € C" we include
(s, R) into C. The cardinality constraint’ is replaced withr : D — N such thatr(a) = 7’(a) for
a € D',andrn(a) =0fora € D\ D'. Itis straightforward thaP has a solution satisfying if and
only if P’ has a solution satisfying’. L]

Suppose now that a constraint langudgeloes not satisfy the conditions of Theorem 1.2.
Then one of the following cases takes place: ((&))) contains a binary relation that is not a thick
mapping; or (bX(I')) contains a crossing pair of equivalence relations; of'(cpntains a relation
which is not 2-decomposable. Since relations occurringases (a), (b) are not redundant, and
relations that may occur in case (c) can be assumed to bedwidant, by Lemma 2.7(T")) can
be replaced witH(I'))’. Furthermore, by Theorem 5.2 all the constant relationsbeaassumed to
belong toI'. We consider these three cases in turn. Furthermore, byieality argument, we can
assume that i’ is overD, then for everyS C D, constraint languagg, s satisfies the requirements
of Theorem 1.2.

One of the NP-complete problems we will reduce6'SP(R) is the BPARTITE INDEPEN-
DENT SET problem (or BIS for short). In this problem given a connedb@ubrtite graphG with
bipartition 1, V5 and numbers:, k2, the goal is to verify if there exists an independent Setf
G such thatS N Vi| = k; and|S N Va| = ke. The NP-completeness of the problem follows for
example from [11], which shows the NP-completeness of theptement problem under the name
CONSTRAINED MINIMUM VERTEX COVER. It is easy to see that the problem is hard even for
graphs containing no isolated vertices. By representingetiyes of a bipartite graph with the rela-
tion R = {(a,¢), (a,d), (b,d)}, we can express the problem of finding a bipartite indepensisn
Valueb (resp.,a) represents selected (resp., unselected) verticeg imhile valuec (resp.,d) repre-
sents selected (resp., unselected) verticds irWith this interpretation, the only combination that
relation R excludes is that two selected vertices are adjacent. By La&d0, if a binary relation
is not a thick mapping, then it contains something very sintib R. However, some of the values
a, b, ¢, andd might coincide and the relation might contain further tgpdeich agc, d). Thus we
need a delicate case analysis to show that the problem isaktPfor binary relations that are not
thick mappings.

Lemma 6.2. Let R be a binary relation which is not a thick mapping. THe@SP({R}) is NP-
complete.

Proof. Since R is not a thick mapping, there afe, ¢), (a,d), (b,d) € R such that(b,c) ¢ R.
By Lemma 6.1 the problen®CSP(R’), where R’ = R4 p,c,ay s polynomial time reducible
to CCSP(R). ReplacingR with R’ if necessary we can assume tliatis a relation overD =
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{a,b,c,d} (note that some of those elements can be equal). We supmide itha ‘smallest’ rela-
tion that is not a thick mapping, that is, for afy definable in{ R} with R’ C R, the relationR’ is
a thick mapping, and for any subskt of D the restriction ofk onto D’ is a thick mapping.

Let B = {z | (a,z) € R}. SinceB(z) = JyR(y, z) A C,(y), the unary relatiorB is definable
in R. If B # pryR, by settingR'(z,y) = R(z,y) A B(y) we get a binary relatio®’ that is not a
thick mapping. Thus by the minimality a®, we may assume that, z) € R for anyz € pryR,
and symmetrically(y, d) € R for anyy € pr, R.

CAsel. |{a,b,c,d}| = 4.

We claim that|pr, R| = |pryR| = 2. Suppose, without loss of generality thate {a,b}
appears ipryR. If (b,x) € R, then the restrictior?|(, ;. is not a thick mapping, contradicting
the minimality of R (here we use thela, x) € R). Similarly, if (b,7) ¢ R, thenR;,; 4, is not a
thick mapping. Thus we have; R = {a,b} andpr,R = {c, d}.

Let G = (V, E), Vi1, Va, k1, ke be an instance of BIS. Construct an instafi®e= (V,C) by
including intoC, for every edgev, w) of G, the constrain{(v, w), R), and defining a cardinality
constraint asr(a) = |Vi| — k1, m(b) = k1, 7(c) = ko, w(d) = |Va| — ke. Itis straightforward that
for any solutiony of P the setS, = {v € V | ¢(v) € {b,c}} is an independent se$,, N V; =
{v]ew) =0}, S,NVa={v|¢(v) = c}. SetS, satisfies the required conditions if and onlypif
satisfiesr. Conversely, for any independent $£C V' mappingy given by

a, foel\s,
b, ifveVins,
psW) =1 . ituevns.
d, ifveVs)\s,

is a solution ofP that satisfiesr if and only if |S N V1| = k; and|S N Va| = ko.

CASE 2. |{a,b,c,d}| = 2.

Then R is a binary relation with 3 tuples in it over a 2-element sey [B3] CCSP(R) is
NP-complete.

Thus in the remaining cases, we can assume|{bab, ¢, d}| = 3.

CLAIM 1. One of the projectiongr; R or pry R contains only 2 elements.

Let us assume the converse. et R = {c,d,x}, x € {a,b} (asR is over a 3-element set).
We consider two cases. Suppose first {a,b} (implying d € {a,b}). If (b,z) ¢ R, then the
restriction of R onto {a, b} contains(a, d), (b,d), (a, ), but does not contaifb, z). Thus it is not
a thick mapping, a contradiction. (b,z) € R then the seB = {a,b} = {x | (b,x) € R} is
definable inR. Observe thak'(z,y) = R(z,y) A B(x) is not a thick mapping and definable i
A contradiction with the choice aR.

Now suppose thal ¢ {a,b} (implying c € {a,b}). If (b,z) € R, then the restriction?;, ;;
is not a thick mapping, as, c), (a, ), (b,x) € Rand(b,c) ¢ R. Otherwise letb,z) ¢ R. By
the assumption mader; R| = 3, that is,d € pr; R. We consider 4 cases depending on whether
(d,c) and(d,z) are contained iR. If (d,c),(d,z) ¢ R, then, a1 € {z,c}, the relationR, 4
is not a thick mapping (recall thdtl,d) € R). If (d,c),(d,z) € R, then we can restrick on
{d, b} (note thatb € {c,z}). Finally, if (d,c) € R,(d,x) & R [or (d,z) € R,(d,c) ¢ R], then
the relationB = {d, c} [respectively,B = {d,z}] is definable inR. It remains to observe that
R'(z,y) = R(z,y) A B(z) is not a thick mapping. This concludes the proof of the claim.

Thus we can assume that one of the projectiang? or pr, R contains only 2 elements. With-
out loss of generality, lepr; R = {a,b}. In the remaining cases, we assumeR = {c,d,x},
wherezx € {a,b} andz may not be present.
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CasE 3. {a,b} N{c,d} # 0 and either

e c¢Z{a,b} (SUBCASE 3A), Or
e d¢{a,b}and(b,x) ¢ R (SUBCASE 3B).

In this case, given an instanceé = (V, E), V1, Vs, k1, ko of BIS, we construct an instance
P = (V',C) of CCSP(R) as follows.

o V' =1, U U V¥, where all the set¥; andV*, w € V; are disjoint, andV*| = 2|V|.
weVy
e Forany(u,w) € E the seC contains all constraints of the fortfv, w), R) wherev € V*.
e The cardinality constraint is given by the following rules:
— Subcase 3a:
m(c) = ko, mw(a) = (|Vi| — k1) - 2|V|, w(b) = k1 - 2|V | + (|Va| — ko) if d = b, and
m(c) = ko, w(a) = (|Vi| — k1) - 2|V | 4+ (|Va| — ko), w(b) = k1 - 2|V | if d = a.
— Subcase 3b:
W(d) = |V2| — k‘Q, 7T((1) = (|V1| — k‘l) . 2|V|, W(b) = ]{71 . 2|V| + k‘Q if c= b, and
w(d) = |Va| — ko, w(a) = (V1| — k1) - 2|V| + ke, w(b) = k1 - 2|V | if ¢ = a.
If G has a required independent $etthen consider a mapping: V'’ — D given by

a, ifveV¥andw e ;1\ S,

b, fveV¥andw e ViNS,
P =91 ¢ ifvevns,

d, ifvelh\s,

For any((u,v),R) € C, u € V¥, eitherw ¢ S orv ¢ S. In the first casep(u) = a and so
(p(u),p(v)) € R. Inthe second casg(u) = bandp(v) = d. Again, (p(u), p(v)) € R. Finally it
is straightforward thap satisfies the cardinality constraint

Suppose thaP has a solutiorp that satisfiesr. Sincepr; R = {a, b} and we can assume that
G has no isolated vertices, for amye V%, w € Vi, we havep(u) € {a,b}. Also if for some
u € V¥ it holds thaty(u) = b andg(v) = ¢ for v € V5 then(w,v) ¢ E. We include intoS C V/
all verticesw € V; such that there is € V' with o(u) = b. By the choice of the cardinality 6"
andr(b) there are at leagt; such vertices. In Subcase 3a, we includ&iall verticesv € V5 with
»(v) = e. There are exactly, vertices like this, and by the observation abéVvis an independent
set. In Subcase 3b, we includeSnall verticesv € V5 with ¢(v) € {a,b}. By the choice ofr(d),
there are at leadt, such vertices. To verify thaff is an independent set it suffices to recall that in
this cas€b, ) ¢ R, and so(b, a), (b,b) € R.

CAsSE4.d & {a,b} and(b, x) € R.

In this cas€{c, v} = {a,b} and(a, c), (a, ), (b,z) € Rwhile (b,c) ¢ R. ThereforeR,, ; is
not a thick mapping. A contradiction with the choice®f []

Next we show hardness in the case when there is a crossingfajuivalence relations. With
a simple observation, we can obtain a binary relation thabtsa thick mapping and then apply
Lemma 6.2.

Lemma 6.3. Let o, 5 be a crossing pair of equivalence relations. TREHSP({«, 3}) is NP-
complete.
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Proof. Let o, 3 be equivalence relations on the same doniirThis means that there atieb, c €
D such that(a,c) € o\ Band(c,b) € B\ a. Leta' = a(qp,cy aNdF" = Bj(ap,}- Clearly,

of = {(av a)> (b> b)> (67 6)7 (a> C)v (67 a)},

5/ = {(a7 a’)? (b7 b)? (C7 C)? (b7 C)a (C, b)}
By Lemma 6.1,CCSP({o/, 3'}) is polynomial-time reducible t&CSP({«, 3}). Consider the
relationR = o/ o ¢, thatis,R(z,y) = 3z(d/(z, 2) A (2, y)). We have tha€CCSP(R) is reducible
to CCSP({«/, 8'}) and

R = {(a,a),(b,b), (¢, c),(a,c), (c,a), (b, c), (c,b), (a,b)}.
Observe thaR is not a thick mapping and by Lemma 6QCSP(R) is NP-complete. ]

Finally, we prove hardness in the case when there is a reldtat is not 2-decomposable. An
example of such a relation is a ternary Boolean affine relatig- y + 2 = cforc =0o0rc = 1.
The CSP with global cardinality constraints for this radatis NP-complete by [13]. Our strategy
is to obtain such a relation from a relation that is not 2-degosable. However, as in Lemma 6.2,
we have to consider several cases.

We start with the following simple lemma:

Lemma 6.4. Let « be an equivalence relation on a $&anda € D. Thena® € ((«, C,))".

Proof. The unary relationk(z) = Jy(((z,y) € a) A Cu(y)) is equal toa® and is clearly in
{(a, Ca))' [

Lemma 6.5. Let R be a relation that is not 2-decomposable. Th&ISP({R}) is NP-complete.

Proof. We can assume that every binary relation (iR} U {C, | a € D}))’ is a thick mapping,
otherwise the problem is NP-complete by Theorems 5.1, m@,Ll&mma 6.2. Furthermore, we
can chooseR to be the ‘smallest’ non-2-decomposable relation in thessdhat every relation
obtained fromR by restricting on a proper subset 6f is 2-decomposable, and every relation
R € (({R} U{C, | a € D}))’ that either have smaller arity, &’ C R, is also 2-decomposable.

We claim that relatiorR is ternary. Indeed, it cannot be binary by assumptions mbadatat.
Suppose thad ¢ R is a tuple such thatr;;a € pr;; R for anyi, j. Let

R(z,y,2) = Fxa,...,20(R(x,y,2,24,...,7) A
Ca[4} (x4) VAN Ca[n] (n))-
It is straightforward that(a[l],a[2],a[3]) ¢ R', while, since any proper projection @t is 2-
deCOfnpOSﬁleJr{z,...,n}a €pryg, 3 BPrps 32 E P 3 3 P24, 1 & € Py 24, 1 B,
implying (a[2],a[3]) € prys R/, (a[l],a[3]) € prizR, (a[l],a[2]) € priy R/, respectively. Thug’
is not 2-decomposable, a contradiction with assumptiordema

Let (a,b,c) ¢ R and(a,b,d), (a,e,c),(f,b,c) € R, and letB = {a,b,c,d,e, f}. AS R is
not 2-decomposable, we should have= R‘B.

If R12 = priyR is a thick mapping with respect @2, 721, Ri13 = pri3R is a thick mapping
with respect tay;3, 731, and Re3 = prys R is a thick mapping with respect i@3, 732, then(a, f) €
M2 N M3, (b,e) € no1 N a3, and(c,d) € n31 N n32. Let the corresponding classesigh N 713,
121 N123, andns; Nnse be By, By, andBs, respectively. The®; = pry R, By = pry R, B3 = pr3R.
Indeed, if one of these equalities is not true, since by LerBrahe relations3;, B,, B3 are pp-
definable inR without equalities, the relatioR’(z,y, z) = R(x,y, z) A Bi(z) A Ba(y) A Bs(z) is
pp-definable inkR and the constant relations, is smaller tHarand is not 2-decomposable.
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Next we show thata, g) € prj,R for all ¢ € pryR. If there isg with (a,g) ¢ pri,R then
settingC(y) = Jz(priuR(z,y) A Cu(z)) we haveb,e € C andC # pryR. ThusR/(z,y,z) =
R(x,y,z) A C(y) is smaller thanR and is not 2-decomposable. The same is true:fandpr; R,
and forb andpr; R. Since every binary projection @t is a thick mapping this implies that, R =
priR x pryR, prog R = pryR X pryR, andpr;s R = pr{ R X prsR.

For eachi € {1,2,3} and everyp € pr;R, the relationR? (z;, zx) = Jz;(R(x1, 29, 23) A
Cp(z;)), where{j, k} = {1,2,3} \ {¢}, is definable inRk and therefore is a thick mapping with
respect to, say;fj, nt,. Our next step is to show that can be chosen such th@% does not depend
on the choice op ands.

If one of these relations, saR}, equalspr,R x pryR, while another one, sai! does not,
then conside?§. We have{p} x pryR C RS. Moreover, since by the choice & relation R is
a non-trivial thick mapping there is € pry R such that(r, c) ¢ R{, hence(q,r) ¢ RS. Therefore
Rg is not a thick mapping, a contradiction. Sin®¢ does not equapr, R x pr3R, everynfj is
non-trivial. Observe that due to the equalitigs; R = pr; R x pr; R, we also have that the unary
projections ofR? are equal to those d for any p; and therefore all the equivalence relatioﬁg
for a fixedj, are on the same domaip;; . Let

=\ = U
7€{1,2,3}\{i} Je{1,2,3)\{i}
pEprjR peprJ-R
Since for any non-crossing, 5 we havea VvV 8 = « o 3, the relationn; is pp-definable inR and
constant relations without equalities. Since allvt;l;ileare non-trivial,n; is also non-trivial. We set
R(z,y,2) = 32,2 (R, y,2") Am(x,2") A
1y, y') Ans(z,2)).
Let Q” be defined for’ in the same way aB? for R. Observe that sinc@, ¢, r) € R’ if and only
if there is(a’, ', ¢') € R such that(a,a’) € m, (b,b') € ma, {c,c) € 03, the relationg)?, Q1, Q%
forp € pryR',q € pryR', 7 € pryR’ are thick mappings with respect to the equivalence relation
m, 12, relationsns, n3, and relations) , n3, respectively. Since all the binary projectionsitifequal
to the direct product of the corresponding unary projestiandr, , 72, 73 are non-trivial,R’ is not
2-decomposable, and we can repldtsvith R’. Thus we have achieved thafg. does not depend
on the choice op andi.

Next we show thaf? can be chosen such that; R = proR = pryR, m1 = 12 = 13, and for
eachi € {1,2,3} there isr € pr;R such thatR] is a reflexive relation. If, sayyr; R # pryR, or
m # 12, Or Rj is not reflexive for any € pry R, consider the following relation

R'(x,y,2) =3, 2'(R(x, ¢, 2) A R(y,y',2') A Ca(2")).
First, observe thar;; R = pr; R’ x pr; R’ for anyi, j € {1,2,3}. Then, for any fixed € pryR’' =
prs R the relationQ} = {(p,q) | (p,q,7) € R’} is the productR; o (R4)~1, that is, a non-trivial
thick mapping. Thus?’ is not 2-decomposable. Furthermope, R’ = pry R’ = pr; R, for any
r € pry R the relationQy is a thick mapping with respect g, 11, andQ¥ is reflexive. Repeating
this procedure for the first and third coordinate positioms,obtain a relatiom?” with the required
properties. Replacin@ with R” if necessary, we may assume tliaalso has all these properties.

SetB = pr; R = pryR = pryR andn = n; = n2 = n3. Letp € B be such thaR is reflexive.
Let alsoqg € B be such thatp, q) € n. Then(p,p,p), (p,q,q) € R while (p,p,q) ¢ R. Chooser
such thatr, p, q) € R. Then the restriction oR onto 3-element sy, ¢, 7} is not 2-decomposable.
Thus R can be assumed to be a relation on a 3-element set.
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If 1 is not the equality relation, sayp, r) € », then as the restriction d? onto{p, ¢} is still a
not 2-decomposable relatioR, itself is a relation on the sdb, ¢}. Itis not hard to see that it is the
affine relationx + y + z = 0 on{p, ¢}. The CSP with global cardinality constraints for this rielat
is NP-complete by [13].

Suppose thay is the equality relation. Since each Bf, R{, R} is a mapping and?} U R U

T = B2, it follows that the three relations are disjoint. &% is the identity mappingR{ and R}
are two cyclic permutations of (the 3-element sgt) Hence eithelp, ¢) or (¢, p) belongs toR{.
Let it be (p, ¢). RestrictingR onto {p, ¢} we obtain a relatio?’ whose projectiorpry; R’ equals
{(p,p), (q,9), (p,q)}, which is not a thick mapping. A contradiction with the ct®f R. ]
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