Constraint Satisfaction Problems over semilattice block
Mal’tsev algebras(*)

Andrei A. Bulatov

School of Computing Science, Simon Fraser University, Burnaby, Canada

Abstract

The Dichotomy Conjecture for the Constraint Satisfaction Problem (CSP) was recently
settled, independently by Zhuk and the author. The proofs of this conjecture are rather
sophisticated and require deep understanding of the algebraic structure of CSPs. This
paper is a precursor of the author’s proof of the Dichotomy Conjecture, and represents
its main ideas in a simpler and clearer form in a more restricted class of the CSP.

There are two well-known types of algorithms for solving CSPs: local propagation
and generating a basis of the solution space. For several years the focus of the CSP
research has been on ‘hybrid’ algorithms that somehow combine the two approaches.
In this paper we present a new method of such hybridization that allows us to solve
certain CSPs that has been out of reach for a quite a while, and eventually leads to
resolving the Dichotomy Conjecture.

We apply this method to CSPs parametrized by a universal algebra, an approach
that has been very popular in the last decade or so. Specifically, we consider a fairly
restricted class of algebras we will call semilattice block Mal’tsev. An algebra A is
semilattice block Mal’tsev if it has a binary operation f, a ternary operation m, and
a congruence o such that the quotient A/, with operation f is a semilattice, f is a
projection on every block of o, and every block of o is a Mal’tsev algebra with Mal’tsev
operation m. This means that the domain in such a CSP is partitioned into blocks such
that if the problem is considered on the quotient set A/, it can be solved by a simple

constraint propagation algorithm. On the other hand, if the problem is restricted on

(*) A conference version of this paper appeared at LICS 2017
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individual o-blocks, it can be solved by generating a basis of the solution space. We
show that the two methods can be combined in a highly nontrivial way, and therefore
the constraint satisfaction problem over a semilattice block Mal’tsev algebra is solvable
in polynomial time.

Keywords: constraint satisfaction problem, semilattice block Mal’tsev algebras,

dichotomy conjecture, block-minimality

1. Introduction

In a Constraint Satisfaction Problem (CSP, for short) we need to decide whether or
not a given set of constraints on values that can be assigned simultaneously to a given
set of variables can be satisfied. While the general CSP is NP-complete, its versions re-
stricted by specifying a constraint language, a set of allowed constraints, are sometimes
solvable in polynomial time. For a constraint language I" the corresponding restricted
CSP is denoted CSP(T") and called a nonuniform CSP. The study of the complexity
of nonuniform CSPs was initiated by Schaefer [33]]. In that paper Schaefer determined
the complexity of CSP(I") for constraint languages on a 2-element set. The complexity
of CSP(I") for constraint languages over finite sets has been attracting much attention
since then. This research is guided by the Dichotomy Conjecture proposed by Feder
and Vardi [20} 21]] that states that every CSP of the form CSP(T") for a constraint lan-
guage I' on a finite set is either solvable in polynomial time or is NP-complete. The
Dichotomy Conjecture has been restated and made more precise in different languages,
see, e.g. [12,131]. Also, several powerful approaches to the problem have been devel-
oped, through algebra, logic, and graph theory. So far the most successful method
of studying the complexity of the CSP has been the algebraic approach introduced by
Jeavons et al. [11} 12} 14}, 25]]. This approach relates the complexity of CSP(T") to the
properties of a certain universal algebra Ar associated with I'. In particular it allows
one to expand CSP(T") to the problem CSP(Ar) that depends only on the associated
algebra, without changing its complexity. It therefore suffices to restrict ourselves to
the study of the complexity of problems of the form CSP(A), where A is a finite uni-

versal algebra.
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The dichotomy conjecture has been confirmed in a number of cases: for constraint
languages on 2- and 3-element sets [[7, |33] (a dichotomy result was also announced
for languages over 4-, 5-, and 7-element sets [27, [34} 35]]), for constraint languages
containing all unary relations [1} 18, 9], and several others, see, e.g. [2, 3| 24]. Finally,
Zhuk [36, 37] and Bulatov [[16} 17]] confirmed the general Dichotomy Conjecture.

One of the most remarkable phenomena discovered in the CSP research is that,
generally, there are only two types of algorithms applicable to CSPs solvable in poly-
nomial time. The first one has long been known to researchers in Artificial Intelligence
as constraint propagation [19]]. Algorithms of the other type resemble Gaussian elimi-
nation in the sense that they construct a small generating set of the set of all solutions
[LO, [24]). The scope of both types of algorithms is precisely known [2} 24].

Dichotomy results, however, cannot be proved using only algorithms of a single
‘pure’ type. In all such results, see, e.g. [l [7, 8}, 9]] a certain mix of the two types of
algorithms is needed. In some cases, for instance, [[7]] such a hybrid algorithm is some-
what ad hoc; in other cases, [1}18} 9] it is based on intricate decompositions of the prob-
lem instance. In this paper we present a different approach to mixed types algorithms.
It is a precursor and a much simplified version of the general algorithm from [16} [17].
We believe that this algorithm is worth attention in its own right, because it avoids the
technicalities and complications of the general algorithm from [16}[17], while retaining
most of the main ideas. It therefore is accessible and can be read as an introduction to
[[L6L 177]. The first new feature of our algorithm is that it decomposes a CSP instance
into subproblems that unlike local propagation are not necessarily small — some of
these ‘subproblems’ may even contain all the variables of the original instance. Then it
solves the problem by establishing some ‘extreme’ consistency by recursively solving
the subproblems identified in the first stage. Later we give a more detailed description
of the algorithm.

We follow the line of research pioneered in [28} 29} 30, |32]]. In these works the re-
searchers tried to tackle somewhat limited cases of the CSP, in which a combination of
local consistency properties and Gaussian elimination type fragments is very explicit.
To provide the context for our results we explain those cases in detail.

Suppose that a constraint language I is such that it is possible to partition its domain
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A into blocks with the property that the restriction of CSP(T") on each block of the
partition can be solved by an algorithm of one type; while if we collapse each block
into a single element, the resulting quotient problem can be solved by an algorithm of
another type. What can be said about CSP(I") itself? For instance, consider constraint
language ' = {R} on A = {0, 1,2} where the ternary relation R is given by (triples

in R are written vertically)

0 01 112 2 2 2|2 2|2 2
R=|010 1[0 01 1|2 2|0 1
06011041 00 1(0 12 2

If A is partitioned into B = {0, 1} and C' = {2}, then the restriction of R on the blocks
B, C'is one of the relations above separated by vertical lines (we can choose between
B and C for different coordinate positions), and the corresponding CSP can be solved
by Gaussian elimination. Indeed, the only nontrivial relation obtained this way is the
first one, that is, R N B2, and it is given by a linear equation x + y + z = 0. The

quotient relation R’ then looks like

B C C C
R/: B B C B )
B B B C

and it follows from [33] that CSP(R’) can be solved by a local propagation algorithm,
as R’ can be represented by a Horn clause. Solving CSP(T") itself is not so easy, see,
[7], and similar but more complicated cases have not been known to be polynomial
time solvable for a long time.

To make constructions like the one above more precise we use the algebraic rep-
resentation of nonuniform CSPs, in which a constraint language is replaced with its
(universal) algebra of polymorphisms. This allows us to exploit structural properties
of algebras to design a hybrid algorithm. So, starting from CSP(T"), where T" is a con-
straint language on a set A, we first consider the corresponding algebra A with base
set A such that CSP(Ar) is polynomial time reducible to CSP(T"). A partition of A

is given by a congruence of Ar, that is, an invariant equivalence relation. Recall that
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due to the results of [12] the algebra Ap can be assumed idempotent, this makes re-
strictions on congruence blocks possible. Now, suppose that an idempotent algebra A
is such that it has a congruence o with the property that the CSP of its quotient A/,
can be solved by the small generating set algorithm, say, it is Mal’tsev, while for every
o-block B (a subalgebra of A) the CSP over B can be solved by a local propagation
algorithm; or the other way round, see Figure |l How can one solve the CSP over A
itself? Maroti in [29] considered the first case, when A/, can be solved by the small
generating set algorithm. This case turns out to be easier because of the property of the
o-blocks we can exploit. Suppose for simplicity that every o-block B is a semilattice,
as shown in Figure [I] Then every CSP instance on B has some sort of a canonical
solution that assigns the maximal element of the semilattice (that is an element a € B
such that ab = a for all b € B) to every variable. It then can be shown that if we find
a solution ¢ : V' — A/, where V is the set of variables of the instance on A/, and
then assign the maximal elements of the o-block ¢ (v) to v, we obtain a solution of the

original instance.

maximal elements

/\ P o @ o
maximal G-block

(a)

(b)

Figure 1: (a) Algebra A such that A/ is Mal’tsev; (b) an SBM algebra. Rectangles represent o-blocks,
dots represent elements, lines show the semilattice structure, and @ represents a Mal’tsev operation acting

on elements or o-blocks.

The case when A/, is a semilattice, while every o-block is Mal’tsev is much more
difficult. We will call such algebras semilattice block Mal’tsev algebras (SBM algebras,
for short). More precisely, we consider idempotent algebras A with the following prop-
erty: There are a binary operation f and a ternary operation m, and a congruence o of

A such that A/, is a semilattice with a semilattice operation f, and every o-block B is
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a Mal’tsev algebra with Mal’tsev operation m, and fg is a projection. The main diffi-
culty with this kind of algebras is that the only solution of a CSP over a semilattice we
can reliably find is the canonical one assigning the maximal available element to each
variable. However, if we restrict our instance only to the maximal o-block B, it may
have no solution there, even though the original instance has a solution, which simply
does not belong to the maximal block. If this is the case, it has been unclear for nearly
10 years how the domain can be reduced so that the maximal block is eliminated.

The problem has been resolved in some special cases. Firstly, Maréti in [30]
showed that it suffices to consider SBM algebras of a certain restricted type. We
will use this result in this paper. Marcovic and McKenzie suggested an algorithm that
solves the CSP over SBM algebras A when A/, is a chain, that is, ab € {a, b} for any
a,b € A/,. In this case their algorithm is capable of eliminating the maximal block
using the fact that if a semilattice is a chain, any of its subsets is a subalgebra. Finally,
very recently Payne in [32]] suggested an algorithm that works for a more general class
of algebras than SBM, but algebras in this class have to satisfy an extra condition that
in SBM algebras manifests itself as the existence of certain well behaving mappings
between o-blocks. In particular, this condition guarantees that the instance restricted
to the maximal o-block has a solution whenever the original problem has a solution.

In this paper we continue the effort started in [28} 30} [32] and present an algorithm

that solves the CSP over an arbitrary SBM algebra.
Theorem 1. If A is a SBM algebra then CSP(A) is solvable in polynomial time.

The algorithm is based upon a new local consistency notion that we call block-
minimality (although in our case it is necessarily not quite local, since it has to deal
with Mal’tsev algebras). A slightly generalized version of block-minimality is one
of the two main ingredients of the general CSP algoritm [16, [17]. More specifically,
our algorithm first separates the set V' of variables of a CSP instance into overlap-
ping subsets, coherent sets, and considers subproblems on these sets of variables. For
block-minimality these subproblems have to be minimal, that is, every tuple from ev-
ery constraint relation has to be a part of a solution. This can be achieved by solving

the problem many times with additional constraints. However, this is not very straight-
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forward, because coherent sets may contain all the variables from V. To overcome
this problem we show that the subproblems restricted to coherent sets are either over a
Mal’tsev domain and therefore can be solved efficiently, or they split up into a collec-
tion of disjoint instances, each of which has a strictly smaller domain. In the latter case
we can recurse on these smaller instances. Finally, we prove that any block-minimal
instance has a solution.

The results of this paper can easily be made more general by removing some of the
restrictions on the basic operations of SBM algebras. However, the goal of the paper is
to illustrate the work of the block-minimality condition in its pure form, and so we stop
short of giving more general but also more technically involved proofs just restricting
ourselves to demonstrating the general idea.

In Section [2] we recall the basic definitions on CSP and the algebraic approach. A
somewhat simplified outline of the solution algorithm and block-minimality is given in
Section [3] More advanced facts from algebra and a study of certain properties of SBM
algebras are given in Sectionfd] In Section 5] we strengthen the results of [5]] about the
structure of relations over Mal’tsev algebras and extend them to SBM algebraﬂ In
Section [ we extend these notions to CSP instances. Finally, in Section[7]we prove the

main result and present a solution algorithm.

2. Preliminaries

2.1. Multisorted Constraint Satisfaction Problem

By [n] we denote the set {1,...,n}. Let Ay,..., A, be finite sets. Tuples from
Ay X ... x A, are denoted in boldface, say, a, and their entries by a[l],...,a[n]. A
relation R over Aq,..., A, is asubset of A; x --- x A,,. We refer to n as the arity of
the tuple a and the relation R. Let I = (iy,...,1) be an (ordered) multiset, a subset
of [n]. Then let prya = (afi1],...,a[ix]) and pr;R = {pr;a | a € R}. Relation
R is said to be a subdirect product of Ay, ..., A, if pr,R = A, for i € [n]. In some

'Kearnes and Szendrei in [26] developed a technique based on so-called critical relations that resembles
in certain aspects what can be achieved through coherent sets. However, [26] only concerns congruence

modular algebras, and so cannot be used for SBM algebras.
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cases it will be convenient to consider tuples and relations whose entries are indexed
by sets other than subsets of [n], most often those will be sets of variables. Then we
either assume the index set is somehow ordered, or consider tuples as functions from
the index set to the domain and relations as sets of such functions.

Let A be a set of sets, in this paper A is usually the set of universes of finite alge-
bras derived from an SBM algebra; we clarify ‘derived’ later. An instance of a (Mul-
tisorted) Constraint Satisfaction Problem (CSP) over A is given by P = (V, A, (),
where V is a set of variables, A is a collection of domains A, € A, v € V, and C is
a set of constraints; every constraint (s, R) is a pair consisting of an ordered multiset
s = (v1,...,0x), a subset of V, called the constraint scope, and R, a relation over

Ay, ... Ay, called the constraint relation.

2.2. Algebraic structure of the CSP

For a detailed introduction to CSP and the algebraic approach to its structure the
reader is referred to a very recent and very nice survey by Barto et al. [4]. Basics of
universal algebra can be learned from the textbook [[18] and monograph [23]].

A (universal) algebra is a pair A = (A; F'), where A is a set (always finite in this
paper) called the universe of A, and F' is a set of basic operations, multi-ary operations
on A. Algebras A = (A, F*) and B = (B, F®) are said to be similar if their basic
operations are indexed by elements of the same set F' in such a way that operations
from F* and F® indexed by the same element have the same arity. Operations that can
be obtained from the basic operations of A or a class 2 of similar algebras by means
of compositions are said to be term operations of A or, respectively, 2.

The CSP is related to algebras through the notion of polymorphism. Let R be
a relation on a set A and f be a k-ary operation on the same set. Operation f is
said to be a polymorphism of R if for any ay,...,a; € R the tuple f(a,...,ax)
also belongs to R. More generally, let R be a subset of A; x --- x A, and f be an
operation symbol such that f*i is a k-ary operation on A; for i € [¢(]. Then f is a
polymorphism of R if for any a;,...,a; € R the tuple f(ai,...,a;) belongs to R,
where f(ay,...,ax) = (fA(ai[1],...,ax[1]),..., fA(a1[f],...,ax[f])). Let T be

a constraint language, that is, a set of relations, on a set A. Then Pol(I") denotes the
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set of all operations f on A such that f is a polymorphism of every relation from T’
also Ar = (A, Pol(T")) is the corresponding algebra. Similarly, let A be a collection of
sets and I a constraint language over A4, that is, a set of relations R C Ay x -+ X Ay,
A1,...,A; € A. Then F' = Pol(T") is the set of all operation symbols f along with
their interpretations on sets from A such that f is a polymorphism of all relations from
I'. The corresponding set of algebras is denoted by 2r, that is, for every A € A the set
2 contains algebra A = (A, F*), where F* = {f* | f € F}.

Any class of similar algebras also gives rise to a CSP. Let 2 be a class of similar
finite algebras and A the set of universes of algebras from 2(. Then CSP(2) is the
class of instances (V, A, C) of CSPs over A such that every constraint relation R from
(s,R) € C,s = (v1,...,u), is a subalgebra of A, x --- x A,,, where 4,, v € V,
are viewed as algebras from 2.

In this paper we will use two special types of operations.

Example 2. A binary operation f on A is said to be semilattice if f(a,a) = a,
f(a,b) = f(b,a), and f(f(a,b),c) = f(a, f(b,c)) for any a,b,c € A. Similarly,
f is a semilattice operation on a class 2l of similar algebras, if it is a term operation of
that class and f* is a semilattice operation for every A € 2. We will treat a semilattice
operation as multiplication and denote it by - or omit the sign altogether. A semilattice
operation defines an order on its domain: a < b if and only if ab = b. This means that
there is always the greatest element of such a semilattice order — the product of all the

elements of A. We will denote this element by max(A).

Example 3. A ternary operation m is said to be Mal’tsev if it satisfies the equations
m(a,b,b) = m(b,b,a) = a for any a,b € A. A term operation m of a class 2
is Mal’tsev if m® is Mal’tsev for every A € 2. An algebra with a Mal’tsev term
operation is said to be Maltsev.

If 2 has a Mal’tsev term operation, the algorithm from [10] constructs a compact
representation of the set of solutions of any instance from CSP(2l), thus solving the

problem in polynomial time.

A subalgebra of an algebra A = (A, F') is a subset B C A equipped with the

restrictions of operations from F' on B and such that f(ai,...,ar) € B for every
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f € Fand ay,...,ar € B. An equivalence relation on A invariant with respect to
the basic operations of A is said to be a congruence of A. If a,b are related by a
congruence o, we write a = b; the a-block containing a is denoted a®. The quotient
algebra A/, has the universe A/, and basic operations f¢, f € F, such that for any
ai,...,a, € Aoperation f*is givenby f*(a,...,a%) = (f(a1,...,ar))* Wewill
omit the superscript in f* whenever this does not lead to a confusion. Algebra A is said
to be idempotent if f(a,...,a) = aforany f € F and any a € A. A useful property
of idempotent algebras is that every class of any of its congruences is a subalgebra. In
particular, every 1-element subset of A is a subalgebra. Algebras A, A’ with the same
universe are called term equivalent if they have the same set of term operations. If
A= (AF), A" = (A F')and F’ is a subset of the set of term operations of A, then

A is said to be a reduct of A.

Definition 4. Idempotent algebra A is said to be semilattice block Mal’tsev if there
are a binary term operation f and a ternary term operation m, and a congruence oy
of A such that A/, is term equivalent to a semilattice with a semilattice operation f,
operationm is a Mal’tsev operation on every o -block B, and f| is the first projection,

that is, flg(x,y) = .

2.3. Fartial solutions and local consistency

Let P = (V, A,C) be a CSP instance. Let W C V. By Py we denote the
instance (W, A" ,C") defined as follows: A% = A, for each v € W; for every
constraint C' = (s, R), C' € C, the set C" includes the constraint C' = (s', R'),
where s’ = sNW and R’ = pry, R. A solution of Py is called a partial solution of P
on W. The set of all such solutions is denoted by Syy. If W = {v} or W = {u, v},
we simplify notation to P,, S, and Py, Sy, respectively.

Instance P is called minimal if every tuple a € R for any constraint (s, R) € C can
be extended to a solution of P; that is, there is ¢ € S such that ¢(v) = a[v] for v € s.
Instance P is called k-minimal if Py, is minimal for all k-element W C V. For any
fixed k every instance can be reduced to a k-minimal instance in polynomial time by a

standard algorithm [13[]: cycle over all k element subsets W C V, solve the problem

10
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Pw , and for every constraint (s, R) exclude from R all tuples inconsistent with Sy .
If P € CSP(2A) for some class 2 of similar algebras closed under subalgebras, the
resulting problem also belongs to CSP(2(). In particular, from now on we will assume
that all the instances we deal with are 1-minimal. For such problems we can also
tighten the instance reducing the domains A,, v € V, to the sets S,,. Every constraint
relation will therefore be assumed to be a subdirect product of the respective domains.
If 2( consists of idempotent algebras, then any problem from CSP(2() can be reduced
to a minimal one by solving polynomially many instances of CSP(2(). First of all,
constant relations, R, = {(a)}, a € A € 2, are subalgebras of A and therefore
can be used in constraints. Then the algorithm proceeds as follows: cycle over all
constraints C' = (s, R) € C and all a € R; replace C' with the collection of unary
constraints {(s[i]), Ra[s[;))); solve the resulting instance P a; remove a from R if Pc o
has no solutions. This procedure, however, obviously amounts to solving instances

from CSP(2(), and therefore there is no guarantee this can be done in polynomial time.

Example 5. If a class 2 of similar algebras has a semilattice term operation then
CSP(2l) can be solved by establishing 1-minimality. More precisely, if P = (V, A, C)
is a 1-minimal instance from CSP(2(), where A, is the domain of v € V/, then the

mapping ¢(v) = max(A,) is a solution of P.

2.4. Congruences and polynomials

The set (lattice) of congruences of an algebra A will be denoted by Con(A). So,
Con(A) is equipped with two binary operations of join, \V, and meet, A. The smallest
congruence of A, the equality relation, is denoted by 0,, and the greatest congruence,
the total relation, is denoted by 1,. Let R be a subdirect product of Ay, ..., A, and
a; € Con(A;), i € [k]. Then by @p, or simply @ if R is clear from the context, we
denote the congruence oy X --- X ay of R given by a 2 b ifand only if afi] £ bli]
forall ¢ € [k]. Also, if I = {i1,...,i¢} C [k] then by &; we denote the congruence
o X -+ X ay, of prpR.

Let P = (V, A,C) be an instance of CSP(2() and v, a congruence of A, € 2 for
each v € V. By Pz we denote the instance (V, A%, C%), in which AT = A,/,, , and

11
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a constraint (s, R'), s = (vy,...,vy), belongs to C* if and only if a constraint (s, R),
where

R = R/5z={a% = (a[1]*1,...,a[k]**) |a € R},

belongs to C.
A pair of congruences a, § € Con(A) is said to be a prime interval, denoted @ < f3,
if « < fand o < v < B for no congruence v € Con(A). Then o < [ means that

a < B or a = B. For an operation f on A we write f(3) C « if, for any a,b € A with

aZb, fa) 2 fb).

Polynomials of A are formed from term operations as follows. Let
f(z1,...,xk,y1,...,y¢) be a term operation of A and aj,...,a; € A. Then the
operation g(z1,...,zx) = f(z1,...,Tk,a1,...,ap) is said to be a polynomial of A.

Note that although a polynomial does not have to be a polymorphism of invariant re-
lations of A, unary polynomials and congruences of A are in a special relationship: an
equivalence relation « is a congruence of A if and only if it is preserved by every unary
polynomial f, that is, f(«) C «. As usual, by an idempotent unary polynomial we
mean a polynomial f(z) such that f o f = f or, equivalently, such that f(x) = « for
any « from its range.

Let R be a subdirect product of Aq,...,Ay. Similar to tuples from R, polyno-

mials of R are also denoted in boldface, say, f. A polynomial f can be represented

as f(xq,...,2x) = g(z1,...,7,a,...,a") where g is a term operation of R and
a',...,a! € R. Then the polynomial g(x,...,xx,a'[i],...,a’[i]) of A; is denoted
by fi,and for I = {iy,...,is} C [n], fr denotes the polynomial g(z1, ..., xs, pryal,. ..

of pr; R. For any ¢, and any polynomial f of A;, there is a polynomial g of R such that
gi = f. We shall call g an extension of f to a polynomial of R. Finally, for I C [k],

anda € [[;c; A; and b € J[;c ()7 Ai, (a, b) denotes the tuple ¢ such that c[i] = al]

icl
for i € I and c[i] = b[i] if ¢ € [k] — I. To distinguish such concatenation of tuples
from pairs of tuples, we will denote pairs of tuples by (a, b).

The proposition below lists the main basic properties of relations over Mal’tsev

algebras.

Proposition 6 (Folklore). Let R be a subdirect product of Mal’tsev algebras A, X

12
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-+ X Ay and I C [k]. Then the following properties hold

(1) R is rectangular, that is ifa, b € pr; R, ¢,d € pry,_;Rand (a,c),(a,d), (b,c) €
R, then (b,d) € R.

(2) The relation v; = {(a,b) € (pr;R)? | there is c € priy— R such that (a, c),
(b,c) € R} is a congruence of pr;R.

3. Outline of the algorithm

Our solution algorithm works by establishing some sort of minimality condition
and repeatedly alternates two phases. The first phase is based on the results of Maroti
[30]] that allow us to reduce an instance over SBM algebras to one over SBM algebras
with a minimal element. If A is an SBM algebra then there is a congruence o such that
A/, is a semilattice. This means that A/ has a maximal or absorbing element a such
that az = za = a for any 2 € A/,. This element will be in the focus of our argument.
We will also show with help of [30], Corollary that it can always be assumed that
A/, has a minimal or neutral element b such that bx = xb = z forany z € A/,. In
fact, one can assume an even stronger condition: that b is a 1-element o-block.

For the second phase we introduce the block-minimality condition defined with the
help of congruences and polynomials of an algebra. Let R be a subdirect product of
Ay X x A, and o, 5 € Con(4;), 7,6 € Con(A;) such that o« < 3, v < & for some
i,j € [n]. Interval (v, B) can be separated from (v, §) if there is a unary polynomial
f of R such that f;(8) € « while f;(d) C ~. We are mostly interested in the situation
when prime intervals cannot be separated.

Suppose that P = (V,.A,C) is a 3-minimal instance and the domain A, of v €
V is an SBM algebra and o, is such that A,/ -, is a semilattice. Let 6, denote the
congruence of A, such that the maximal element of A, /,  is one block of ¢,, and all
other 6,-blocks are singletons. We show, Lemma|[I0] that this is indeed a congruence.
For every v € V and «, 8 € Con(A,) with < 5 < 0, let W,o3 C V denote the set
of variables w such that («, 3) and (v, ¢) for some v, € Con(A,,) withy < § < 0y,
cannot be separated from each other in the binary relation S,,,. We call such sets of

variables coherent sets. Instance P is said to be block-minimal if for every v € V and
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a, € Con(A,) with a < 3 < 0, the problem Pyy, , is minimal.

The result now follows from the following two statements. First, Proposition
claims that any instance P over SBM algebras can be efficiently reduced to an equiv-
alent block-minimal instance by solving polynomially many SBM instances over do-
mains of smaller size. The second statement, Theorem @ claims that any block-
minimal SBM instance has a solution.

The key to the proof of Proposition 22| is Lemma [20] stating that every problem
Pw,., is adisjoint union of problems over smaller domains, or its domains are Mal’tsev
algebras. More precisely, in the first case there is k such that for every w € Wi,ag
the domain A, can be partitioned into a disjoint union Aq(ﬂl ) U---u Agf ) in such a

way that for any constraint (v, ..., ve), R) of Py, _,, every tuple a € R belongs to

apB?
Ag) X e X Aq(ﬂ,;) for some j € [k]. This property follows from the existence of a min-
imal element in every domain and the fact that certain prime intervals in congruence

lattices of the domains of Py

vap CAnnot be separated from each other, Lemma @} It

means, of course, that it suffices to solve k& problems P‘(,[J/) ; whose domains are Agg ).

af

We prove Theorem 23| by induction, showing that for every 8 = (8,)yev With
By € Con(A,) with 3, < 6, there is a collection of solutions ¢, of Py, , such
that whenever u € Wyap N Wy we have pyqs(u) ﬂzu ©w~ys(u). Observe that this
condition implies that the collection {43} gives a solution of Pg. If every Bw equals
6., then such a collection exists because the maximal element of A,/ 8, 18 a singleton,
and we always can choose mappings ¢, to be such that ¢,,5(w) /g, is the maximal
element of A,,/, . On the other hand, if 3,, is the equality relation for every w € V
then solutions ¢, agree with each other and provide a solution of P. Thus, showing

that the existence of solutions ¢, for some 3 implies the existence of such solutions

—
for smaller congruences 3 is the crux of our argument.

4. Semilattice block Mal’tsev algebras and minimal elements

4.1. Minimal sets and polynomials

We will use several basic concepts of the tame congruence theory, [23].
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An (o, B)-minimal set is a minimal (under inclusion) set U such that U = f(A) for
a unary polynomial of A satisfying f(8) € «. Sets B, C' are said to be polynomially
isomorphic in A if there are unary polynomials f, g such that f(B) = C, ¢(C) = B,
and f o g, g o f are identity mappings on C and B, respectively.

Lemma 7 (Theorem 2.8, [23]]). Let A be any finite algebra, o, 8 € Con(A), a < S.
Then the following hold.

(1) Any (o, §)-minimal sets U,V are polynomially isomorphic.

(2) For any («, 3)-minimal set U and any unary polynomial f, if f(B|,;) € o then f(U)
is an («, 8)-minimal set, U and f(U) are polynomially isomorphic, and f wimesses
this fact.

(3) For any («, 8)-minimal set U there is a unary polynomial f such that f(A) = U,
f(B) € o, and f is idempotent, in particular, f is the identity mapping on U.

(4) For any unary polynomial f such that f(8) € « there is an («, 3)-minimal set
U such that f witnesses that U and f(U) are polynomially isomorphic. In particular,

f(U) is an («, B)-minimal set.

Minimal sets of a Mal’tsev algebra form a particularly dense collection. The fol-

lowing lemma is well known, see, e.g., Exercise 8.8(1) from [23].

Lemma 8. Let A be a finite Mal’tsev algebra and o <  for a, 8 € Con(A). Then
for any a,b € A with (a,b) € B — a, there is an («, 3)-minimal set U such that
a®*NU # Dand b*NU # L.

4.2. Semilattice block Mal’tsev algebras

Since the fewer basic operations an algebra has, the richer the corresponding con-
straint language is, we assume that the algebras we are dealing with have only two basic
operations, just enough to guarantee the required properties. Therefore we assume that
our semilattice block Mal’tsev algebras have only two basic operations: a binary op-
eration - that we will often omit, and a ternary operation m satisfying the conditions

specified earlier. For elements a, b € A such that ab = ba = b we write a < b.

Lemma 9. Let A be an SBM algebra. By choosing a reduct of A we may assume that
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(a) Operation - satisfies the property: for any a,b € A, a < ab.
(b) Operation m can be chosen such that for any a,b, c € A, m(a, b, c)”* = (abc)7*.

Proof: (1) Follows from Proposition 10 of [[15] .

(2) Consider the operation m/(z,y, z) = m(x,y, z)xyz. If B is a oa-block, then,
since ab = a for any a,b € B, operation m’ is Mal’tsev on B. Also, as A/, is term
equivalent to a semilattice, d = m(a, b, c)’* belongs to the subsemilattice of A/,
generated by a%*,b7*, ¢?*. Therefore m’(a,b,c)?* = d(abc)* = (abc)?*, and we
can choose m’ for m. O

Next we show some useful properties of SBM algebras. Let A be an SBM algebra
and max(A) the maximal block of o, that is, max(A) - a,a - max(A) C max(A) for

all a € A.

Lemma 10. (1) The equivalence relation 0 whose blocks are max(A), and all the

remaining elements form singleton blocks, is a congruence.

(2) Let R be a subdirect product of SBM algebras A+, ..., A,, and let the equiva-
lence relation O be such that its blocks are max(R) = RN (max(A;) x -+ x
max(A,,)), and all the remaining elements form singleton blocks. Then O, is a

congruence.

Proof: (1) It suffices to observe that for any a € max(A) we have ax, za, m(a, z,y), m(z,a,y), m(z,y,a) €

max(A) for any x, y, and therefore all non-constant polynomials of A preserve max(A).
(2) is similar to (1). O
When dealing with a relation over algebras A, ..., A,, or a CSP with domains A,

we will simplify the notation 6,,, 04, to 6;,6,.
Lemma 11. Every («, 8)-minimal set, for « < 8 < 0y, is a subset of max(A).

Proof: Let U be a («, 8)-minimal set and f an idempotent polynomial with f(A) =
Uand f(8) € a. Since § < 0y, ¢,d € U Nmax(A) for some (¢,d) € 5 — a, as
otherwise we would have f(3) C a. Take a € max(A) and set g(z) = f(x)a. For
any b € U Nmax(A) we have g(b) = f(b)a = ba = b. Therefore g(8) Z « and
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g(A) € max(A). Finally, f(max(A)) C max(A), therefore f o g(A) C U Nmax(A)
and f o g(x) = a for x € U N max(A). As U is minimal, U = U N'max(A). O

4.3. Maroti’s reduction

In this section we describe a reduction introduced by Maroti in [30] that allows us
to reduce CSPs over SBM algebras to CSPs over SBM algebras of a certain restricted
type. More precisely, it allows us to assume that every domain A is either a Mal’tsev
algebra with m as a Mal’tsev operation, or it contains a minimal element a, that is, an
element such that ab = ba = b for all b € A. Moreover, as is easily seen, such element
is unique and forms a o4-block, which is also the smallest element of the semilattice
Ay,

Let f be an idempotent unary polynomial of algebra A and A the universe of A.
The retract f(A) of A is the algebra with universe f(A), whose basic operations are of
the form fog, givenby fog(xy,...,z,) = f(g(x1,...,2,)) forzy,... 2, € f(A),

where g is a basic operation of A.

Lemma 12. A retract of an SBM algebra through an idempotent polynomial is an SBM

algebra.

Proof: Let f be an idempotent polynomial. Let g1 (z,y) = f(zy), mi(z,y, z) =
f(m(z,y, 2)) be the basic operations of the retract, A1 = f(A), and o1 = oy .
Firstly, note that oy is a congruence of A; and A; is an idempotent algebra. Since
A/, is term equivalent to a semilattice and any retract of a semilattice by a semilattice

polynomial is a semilattice, so is A; /,,. Finally,
my(z,y,y) = f(m(z,y,y)) = flz) =2
ml(y,y,f) = f(m(yvyvx)) = f(fE) =,

for any x,y € A; withz 2 1. O
The results of [30] imply the following. Let 2 be a class of similar finite algebras
closed under subalgebras and retracts via idempotent unary polynomials. Suppose that

2l has a term operation f satisfying the following conditions for some B € 2:
() f(x, f(z,y)) = f(z,y) forany z,y € B;
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(2) for each a € B the mapping = — f(a,x) is not surjective;

(3) the set C of a € B such that z — f(x,a) is surjective generates a proper

subalgebra of B.

Then CSP () is polynomial time reducible to CSP (2 — {B}).

By Lemma 9] the operation - of the class of SBM algebras from 2 satisfies con-
dition (1). If the operation a - z is surjective for some a, then a < z for all x € B.
Therefore the only case when condition (2) is not satisfied is when B has a minimal
element. Moreover, if a € B is such that ax is a surjective polynomial, it also satifies
the condition ax = x for x € B. Indeed, if ab # b for some b, the surjectivity of
g(x) = ax implies that a(ab) # ab, a contradiction with Lemma (9] Finally, condition
(3) is satisfied whenever B is not a Mal’tsev algebra, because if h(x) = xa is surjective
then a”® is the minimal element of B/, . Therefore, (3) holds unless op is the total
relation, in which case B is a Mal’tsev algebra by definition. Therefore, choosing B to
be a maximal (in terms of cardinality) algebra from 2 satisfying conditions (1)—(3) we
may only consider instances of CSP(2l), in which every domain has a minimal element

or is a Mal’tsev algebra.

Corollary 13. Every instance P € CSP() can be reduced in polynomial time to
polynomially many instances over algebras each of which either is Mal’tsev or has a

minimal element a such that ax = x for all x € A.

Throughout the rest of the paper 2 is a finite class of finite SBM algebras closed
under taking subalgebras, quotient algebras, and retracts through unary idempotent

polynomials.

5. Separating congruences

In this section we develop a method that will lead to some way to decompose CSPs
over SBM algebras. First, we introduce and study the notion of separation of prime
intervals. Let R be a subdirect product of A; x --- x A, and o, 8 € Con(A;), 7,0 €

Con(A;), for some ¢, j € [n], such that & < 3, v < §. Recall that interval («, 5) can
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be separated from (v, d) if there is a unary polynomial f of R such that f;(8) € «
while f;(6) C ~. If f satisfies this property we will also say that f separates (c, 3)
from (-, §). In the definition above it is possible that i = j or that n = 1; in this cases
the argument in some proofs may be slightly different. To avoid such complications

we will always assume that ¢  j, as the following lemma allows us to do.

Lemma 14. Let QQ be the binary equality relation on A. Prime interval (o, ), a <
B < 84, can be separated from (v, 98), v < § < 04, as intervals in Con(A) if and only
if («, B) can be separated from (v,0) in Q (as intervals in the congruence lattices of

the factors of a binary relation).

Proof: Note that for any polynomial f of () its action on the first and second factors
of @ is the same polynomial of A. By definition o« < /3 can be separated from v < ¢
in Con(A) if and only if there is a unary polynomial f of A, f(8) € « while f(4) C
~. This condition can be expressed as follows: there is a unary polynomial f of @),
f1(8) € a while f5(5) C ~, which precisely means that («, §) can be separated from
(v,0)in @ O

In Section [5.1] we study the sets of intervals that cannot be separated from each
other. These sets will later give us some sort of decomposition of CSP instances. Col-
lapsing polynomials introduced in Section[5.2] yeild one of the main ingredients of the
solution algorithm. Section [5.3] provides a sufficient condition for separation of inter-

vals and a related notion of decomposition, which is the second ingredient.

5.1. Basic properties of separation

Let again R be a subdirect product of SBM algebras A; x ... x A,, i,j € [n], and
a, 5 € Con(A;),v,6 € Con(A;) witha < 5 <6, v <3 <6,
First, we show that separating polynomials can be chosen to satisfy certain simple

conditions.

Lemma 15. If (o, §) can be separated from (7, 0) then there is a polynomial f that
separates («, 8) from (v, 0) and such that fo(Ay) C max(Ay) for every £ € [n).
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Proof: Let g separate («, 3) from (7, d). Choose a tuple a € max(R) and consider
the polynomial f(z) = g(z) - a. As is easily seen, f¢(A;) C max(Ay) for £ € [n].
Since g;(d) C ~, we have f;(§) C . Finally, as g;(3) € «, there are (a/,0') € 5 — «
such that for a = g;(a’), b = g;(V') we have (a,b) € 8 — a. Since 8 < oy, and all
the nontrivial (that is, different from an a-block) S-blocks are inside max(4;), it also

holds that a’, ' € max(A;). Then
fila") = gi(a')ali] = aali] = a # b = ba[i] = g;(V')ali] = fi(').

O

From now on we assume that all polynomials separating intervals satisfy the con-

ditions of Lemmal[I3]

Lemma 16. If («, 8) can be separated from (v,0) then, for any («, 3)-minimal set

U, there is an idempotent unary polynomial g such that g;(A;) = U, and g separates
(a, B) from (v, 6).

Proof: Let f separate (cv, 3) from (7, d). Then by Lemma [7(4) fi(A;) contains
an («, 8)-minimal set U’, and by Lemma 3) there is an idempotent polynomial h;
with h;(A;) = U’. The polynomial h; can be extended to a polynomial h of R. Then
f’ = h o f separates (o, 3) from (v, d) and f/(A;) =U".

Since f{(8) € «, by Lemma 4) there is an («, 8)-minimal set U” such that f;
witnesses that U” and f/(U"') are polynomially isomorphic. This means that f/(U")
is an (, 3)-minimal set, and as f/(A;) = U’ we obtain f/(U”) = U’. By Lemma[7|1)
there exists an idempotent polynomial 2} with h}(U’) = U"”. As above, the polynomial
h! can be extended to a polynomial h’ of R. For a certain k, (f o h’)* is idempotent,
separates i from j, and (f/ o h})¥(A;) = U”. Now the lemma follows easily from
Lemmal[7|1). O

Let Zy be the set of triples (i, a, §) such that i € [n], a, 5 € Con(A;) and @ <
B < 6;. The relation ‘cannot be separated in R’ on Zp, is clearly reflexive and transitive.

Now, we prove it is also symmetric

Lemma 17. If («, 3) can be separated from (v, §) then (v, §) can be separated from (c, ).
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Proof: Let Uy,...,Uy be all the («, 8)-minimal sets. By Lemma for every
Uy, there is an idempotent unary polynomial g(*) separating (a, 3) from (v, d) and
such that g“) (A;) = Uy. Take a d-block B that contains more than one ~y-block, a

(2

s tuple a € R such that afj] € B, and set al¥) = g(®(a). By Lemmas [11|and

alM ... al®) can be assumed to be from max(R) and Uy, ..., U, C max(A;), and
B C max(A;). The operation h)(z) = m(zx,g®)(x),al®)) satisfies the following

conditions
o 1\9(@) = m(z, g (x),a®[i]) = m(z, z,a®[i]) = a®[i] for all 2 € Up;
505 o hg.e)(x) = m(x,g](-z)(;v%a(é) 7] = m(z,a®[j],a®[j]) = x forall z € B;
e h)(R) C max(R).

We are going to compose the polynomials h(® such that the composition collapses
B. To this end take a sequence 1 = /¢, ¢s,... such that Uy, is a subset of the range
of E(l) = hgel), and, for s > 2, Uy, is a subset of the range of E(Sil) = hz@“l) o
so ...oh"). Since \E(S) (Ay)| < |E(871)(Ai)|, there is r such that |E(T) (A;)| contains
no (a, B)-minimal sets. Therefore, setting h(z) = h(“) (-1 (.. h®)(z)...)) we
have that h; collapses all the (o, 3)-minimal sets, and & acts identically on 53/.,. Thus,
h separates (v, 0) from (a, ). a

Lemma |17] together with the observation before it shows that the relation ‘cannot

515 be separated’ is an equivalence relation on Zg.

5.2. Collapsing polynomials
Intuitively, a collapsing polynomial for some prime interval & < 3 in an algebra or
a subdirect product of algebras is a polynomial that collapses all prime intervals that
can be separated from o < (8 and only such prime intervals.
520 Let R be a subdirect product of SBM algebras A; x - -+ x A,,, and (i, v, ) € Zpg.
A unary idempotent polynomial f of R is called («, 3)-collapsing if the following

conditions hold:

(C1) for any (j,7v,0) € Zg, it holds f;(d) C ~, unless («, 3) and (y,d) cannot be

separated;
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(C2) forany (j,7,0) € Zg such that (o, 3), (7, ) cannot be separated, the set f;(A;)

is a (v, 6)-minimal set.

First, we show that («, 3)-collapsing polynomials exist even if we impose some

additional requirements.

Lemma 18. Let R be a subdirect product of SBM algebras Ay X - -x A, and (i,a, B) €
Zr, and let a € max(R) be such that a[i] belongs to a [3-block containing more than
one a-block and b € A; with (a[i],b) € 8 — a. Then there is an («, B)-collapsing
polynomial £ of R such that £(a) = a and f;(b) = b.

Proof: First, we find an («, 3)-collapsing polynomial. For every (j,7v,0) € Zg
such that (c, 3) can be separated from (v, §) there is an idempotent polynomial g77°
such that gg'y‘; (8) C v, but g/ 7%(8) € . Moreover, we may assume by Lemmathat
for every g’7°, g{ 7 (A;) = U for the same (cv, 3)-minimal set U. Composing all such
polynomials we obtain a polynomial h such that /,(A;) = U, and so h;(8) € «, and
h;(8) C ~ for any 7,, d as above. By iterating h can be assumed idempotent. Choose
h to have the smallest image among unary idempotent polynomials such that h;(A;)
is an (o, §)-minimal set and h;(d) C ~ for any (j,7,0) € Zg such that («, 3) can be
separated from (v, §).

Suppose now that for some (j,7,0) € Zr such that the interval («, 3) cannot be
separated from (v, ) the set U’ = h;(A;) is not a (v, )-minimal set. Then, since
h;(8) ¢ ~, the set U’ contains a (-y,d)-minimal set U”. Let g be an idempotent
polynomial of A; with g(A;) = U” and g its extension to a polynomial of R. Then

h’ = g o h satisfies the following conditions:

- h(A;) = U" and b}, (0) € v;

—hl(B) € o, because («, ) cannot be separated from (v, §);

- ['(R)| < [n(R)].

Iterating h' it can be assumed idempotent. Then the last property contradicts the choice
of h. Therefore h is («, £)-collapsing.

By Lemma 8] there is an (cv, )-minimal set U such that a[i]* N U,b* N U # .

Moreover, an («, 3)-collapsing polynomial h can be chosen such that h;(A;) = U.
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Then set f(z) = m(h(x), h(a),a). For the polynomial f we have:
—f(a) =m(h(a),h(a),a) = a;
— ¢ = £i(b) = m(hs(b), ha(ali), ali])

[e3

[Ie

m(h;(b),ali],ali]) = h;(b) = b, because,
since h is idempotent, h;(a[i])
— for any (4,7, 0) € Zg such that and («, 3), (7, 6) can be separated, f;(5) C 7.

By iterating f we obtain an idempotent polynomial f’ that satisfies all the conditions
above. Indeed, the first and third conditions are straightforward, while the second
one follows from the equality f;(c) = ¢. Finally, for any (4,7,6) € Ig such that
(e, B), (7,9) cannot be separated we have f(0) € 7, because f;(8) £ a. Also,
f;(A;) is a (v, d)-minimal set, because h;(A;) is a one.

Thus, f’ satisfies all the required conditions. The lemma is proved. O

5.3. Splits and alignments

In this section we present a sufficient condition for two prime intervals to be sep-
arated. As we shall see using this condition certain projections of a relation can be
partitioned into a small number of subdirect products of smaller algebras.

Let R be a subdirect product of Ay X -+ x A, a;, 8; € Con(A;), i € [n], such
that o; < B; < 6a,. Anelement a € A;, i € [n], is called a;3;-split if there is a
Bi-block B and b, ¢ € B such that ab 2 ac. Note that no element from max(4A;) is
«; B;-split, while the minimal element is «;3;-split. Indeed, if a € A; is a minimal
element satisfying the conditions of Corollary then ax = « for any x € A, and
clearly satifies the definition of an a;3;-split element. We say that 7,5 € [n] are @f3-
aligned if for any a € R such that a[i] is c; 8;-split then a[j] is c;5;-split as well, and

the other way round.
Lemma 19. Ifi, j are not aB-aligned then (c;, 3;) can be separated from (cvj, 3;).

Proof: It suffices to consider the case n = 2,7 = 1, j = 2. Let (a,b) € R be
such that a is a;/5;-split, while b is not «; 8;-split. Consider operation f((z1,x2)) =
(a,b) - (x1,x2). We claim that f1(81) € a; while f2(52) C ao.

For any f32-block By and any o, b’ € By we have fa(a') = ba’ Z bb' = fo(b'), as

b is not o Ba-split. Thus f2(B2) C ag. On the other hand, since a is aq 81 -split, there
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is a B1-block B; and a”’,b"” € By such that fi(a”) = aa” aﬁ ab” = f1(b"). Therefore
f1(B1) € a1 O

6. From relations to instances

Here we apply the results of the previous section to CSP instances. In particular,
we introduce coherent sets of an instance and show that if an instance has solutions on
every coherent set, which are consistent in some weak sense, then the entire instance
has a solution.

Let P = (V, A, C) be a 3-minimal instance of CSP(2(). We assume that the domain
A, of each variable v € V is the set of solutions S,,, and so the constraint relations are
subdirect products of the domains.

Since separation of prime intervals depends only on binary projections of a relation,
it can be defined for 3-minimal instances as well. More precisely, let Zp (or just Z if
P is clear from the context) be the set of all triples (v, a, §), where v € V, a, § €
Con(A,) are such that « < 8 < 6,. Let (v, v, 8), (w,7,0) € Z; we say that («, 3)
cannot separated from (-, ) if this is the case for S,,,. Due to 3-minimality — we can
consider sets of solutions on 3 variables — this relation is transitive. It is also reflexive
and symmetric by Lemma

Next we define two partitions of a CSP instance P. The first one, link partition
allows us to reduce solving subinstances of P to instances over smaller domains. The
second one provides a sufficient condition to have a link partition and is defined through
alignment properties.

Let again P = (V,.A,C) be a 3-minimal instance of CSP(2(). Partitions A,; U

... UAyk, = A, forv € V are called a link partition if the following conditions hold:

(A) Forany v,w € V, k, = ky, > 2, and there is a bijection ., : [k,] — [ky] such
that for any (a,b) € Sy, and any j € [k,], a € A,;ifand only if b € A, (5):

and

(B) any partitions Aj; U---U A}, = A,, v € V, such that for every v € V and
any i € [(,], the set A!, is a subset of A, ; for some j € [k,], does not satisfy

vt

condition (A).
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Observe that, since P is 3-minimal, the mappings .., are consistent, that is, for
any u,v,w € V it holds that @, © Yuy = Puw. Without loss of generality we will
assume that ¢, is an identity mapping.

As is easily seen, the partition A,; U...U A, = A, defines a congruence of A,,.
In particular, each of A,; is a subalgebra of A,,.

Let «,, 8, € Con(A,) for v € V be such that a, < 3, < 6,,. Variables v,w € V
are a3-aligned if they are af-aligned in S,,,. In the following lemma we assume that
every domain A, of P either has a minimal element, or o, is the full congruence, and

so A, is a Mal’tsev algebra.

Lemma 20. (1) If variables v,w € V of an instance P = (V, A,C) are af-aligned
and A, has a minimal element then A, also has a minimal element.
(2) If every domain of an instance P = (V, A,C) has a minimal element and any two

variables v,w € V are af-aligned, then P has a link partition.

Proof: For every v € V let L, denote the set of «,[3,-split elements of A, and
let N, denote the set of o, 3,-non-split elements. As we observed before Lemma |19}
both sets are nonempty if A, has a minimal element, and L,, = & if A, is a Mal’tsev
algebra.

(1) If A,, is a Mal’tsev algebra then v, w cannot be aﬁ—aligned since L, = J,
while L,, N, # &, and S,,,, is a subdirect product.

(2) For any v, w € V and any pair (a,b) € Syu, a € L, ifand only if b € L,,. This
provides some nontrivial partitions satisfying condition (A), and we may choose the
finest such partition. Therefore S,,, is link-partitioned, as well as R for any constraint

C =(s,R) €C. O

7. The algorithm

In the first part of this section we introduce the property of block-minimality, the
key property of CSP instances for our algorithm. We also prove that block-minimality
can be efficiently established. Then in the second part we show that block-minimality
is sufficient for the existence of a solution, Theorem 23] which is the main result of this

section, and provides a polynomial time algorithm for CSPs over SBM algebras.
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7.1. Block-minimality

Let P = (V, A, C) be a 3-minimal instance such that for every its domain A,, either
0y 1s the full congruence, and so A, is a Mal’tsev algebra with Mal’tsev operation m,
or A, has a minimal element.

Recall that Zp or just Z denotes the set of all triples (v, «, 3), where v € V,
a, € Con(A,) are such that « < 8 < 6,,.. For a triple (v, o, ) € Z by Z(v,, 5)
we denote the set of all triples (w,,d) € Z such that («, 8) cannot be separated from
(7, 6). Also, by W3 we denote the set {w | (w,~,d) € Z(v, o, 3)}. Sets of the form
Whap are called coherent sets.

The next lemma gives one of the key properties of coherent sets and collapsing

polynomials.

Lemma 21. Let (v,c,8) € T and w ¢ Wiyagp, and let £ be an («, B)-collapsing
polynomial of Sy Then f,(1,,) C 0,

Proof: Since w does not belong the coherent set W,z for any prime interval
0, <~v =<6 <40, wehave f,(5) C . This means that f,,(6,,) C 0,,. However, as
the range of f,, is a subset of max(A,,), we also have f,,(1,,) C 6,,. Finally, as f, is
idempotent, it also implies f,,(1,,) € 0,,- The result follows. a

Instance P is said to be block-minimal if for any (v, a, 3) € Z the instance Py, ,
is minimal.

In the next section we prove, Theorem [23] that every block-minimal instance has
a solution. To show that Theorem [23] gives rise to a polynomial-time algorithm for
CSP(2) we need to show how block-minimality can be established. We prove that
establishing block-minimality can be reduced to solving polynomially many smaller

instances of CSP ().

Proposition 22. Transforming an instance P = (V, A,C) € CSP() to a block-

minimal instance can be reduced to solving polynomially many instances P’ = (V', A',C’) €

CSP(1) such that V! C V and either Al is a Mal’tsev algebra for all v € V', or
|AL| < |Ay| forallv e V.
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Since the cardinalities of algebras in 2 are bounded, the depth of recursion when

670  establishing block-minimality is also bounded. Therefore, together with Theorem
this proposition gives a polynomial time algorithm for CSP (2().

Proof: Using the standard propagation algorithm and Maroti’s reduction (Sec-

tion we may assume that P is 3-minimal and every A, is either Mal’tsev or has

a minimal element. Take (v,«,3) € Z as in the definition of block-minimality. We

s need to show how to make problems Py, ., minimal. If every A, for w € Wyag

is Mal’tsev, Py, _, can be made minimal using the algorithm from [10]. If A, has

vaf

a minimal element for some w € Wy,s then set o, = o, 3, = 3, and for each

w € Wyap choose ay,, By, in such a way that (w, au, 8yw) € Z(v,a, ). Then by

Lemmas [215] and@ Pw,.. s is link partitioned, that is, it is a disjoint union of instances

0 PrU---UPy, where P; = (Wyas, A", C?) are such that A,, = AL U---UA™ isa
disjoint union. We then transform them to minimal instances separately.

If at any stage there is a tuple from a constraint relation that does not extend to a so-

lution of a certain subinstance, we tighten the original problem P by excluding all such

tuples and start all over again. Observing that the set of tuples from a constraint rela-

ess tion that can be extended to a solution of the subinstance is a subalgebra, the resulting

instance belongs to CSP (1) as well. O

7.2. Block-minimality and solutions of the CSP

We now prove that block-minimality is a sufficient condition to have a solution.

Theorem 23. Every block-minimal instance P € CSP(2l) with nonempty constraint

so0 relations has a solution.

Proof: Let P = (V, A, C) be a 3-minimal and block-minimal instance from CSP (),
and such that every domain A, is either a Mal’tsev algebra or has a minimal element.
We make use of the following construction. Let 7, € Con(A,), v, < 0, forv e V. A

collection of mappings M = {@yas | (v, e, 8) € I} is called an F-ensemble for P if

695 (1) for every (v, a, 3) € T the mapping @,qp is a solution of Py, _ .; and

=

(2) forevery (v, e, ), (w,v,06) € Z,and any u € WyagNWyys, it holds @u,q(u)

Pw~s (U)’
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(3) forany C = (s, R) € C the tuple a where a[u] = @,qp(u) for u € s and any
(v,, B) € T with u € W05, belongs to R/~ .

We prove that for any v, € Con(A,), v, < 6, for v € V the instance P has a 7-
ensemble.

If v, = 60, for each v € V then any collection of solutions ¢,z of Py, , such
that p,a5(u) € max(A,,) forall (v, «, B) € Z, and u € W,ag, satisfies the conditions
of a y-ensemble. Moreover the block-minimality of 7 guarantees that each Py, , is
minimal, therefore has some solution of this kind.

If v, = 0, for v € V then for any (v, a, ), (w,,9) € Z condition (2) implies
Vuap(t) = Puys(u) for u € Wyag N Wiysas. Let us denote this value by 1)(u). Then

condition (3) implies that v is a solution of P.

Finally, the inductive step follows from Lemma[24] a

Lemma24. Let P = (V, A,C) € CSP(Q) be a 3-minimal and block-minimal in-
stance such that every A, v € V, either is Mal’tsev or has a minimal element. Let
v € Vand By, vw € Con(Ay), w € V, be such that By = Y < 0w, By < 7, and
Buw = Yo for w # v. If there is a -ensemble for P then there is a [3-ensemble for P.

Proof: Let M = {5 | (w,7,d) € I} be aJ-ensemble and &(u) = @uys(u)?™
for u € W,,,s. By condition (2) for 7-ensembles this definition is consistent. If £(v)
is a ,-block that is equal to a 3,-block, then M is also a -ensemble, and there is
nothing to prove.

Otherwise to simplify notation we use 3 for 3, and ~ for ,. Let B be the -
block containing ¢, (v). We show that for every (w,d,n) € Z with v € Wy, a
solution ¢y, 5, can be found such that ¢; 5, (v) € B and @5, (u) E Yuwsn(u) for
u € Wysy. Then, setting 90;1;67; = Quwsn for (w,d6,m) € T such that v & Wy, and
M = {@s, | (w,8,n) € T} we conclude that M’ is a 3-ensemble.

Let (w,d,n7) € T be such that v € Wy, and let W = Wygy, U = Wiy,
© = Puylwars ¥ = Puwsy. Note that in this notation Sy, Sy, and Sy are
the sets of solutions of Pw,, , Pw,,,. and Pw,, nw,;,- It will often be conve-

nient for us to treat these sets as relations rather than sets of solutions of a CSP. Then

Py nuSw, Py oSy € Swnu, and 50 @, pryyny¥ € Swnu.
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Let f be a (3, ~y)-collapsing polynomial of Syy. By Lemma [18]it can be selected
such that ¢ = f(¢)) and B N f,(A,) # &. Let 7 = fyru(p). We show that the
mapping ¢’ on U given by ¢'(u) = m(u) foru € WNU, and ¢'(u) = t(u) for
u € U — W is a solution from Sy. Since ¢(v) € B and BN f,(A,) # O, that is,
fu(B) C B as f is idempotent, we have m(v) = f,(¢(v)) € B. Also, as for every
ue (WnNU)— {v}, we have

() = 7(u) = fulp() Z fule(u) = b(u).

Therefore, ¢’ satisfies condition (2) of 3-ensembles for w, 4, 7.

Now we prove that ¢ is a solution from Syy. Let C = (s, R) be a constraint from
Pu, W' =sNW and a = pryy . Then, since ¢ is a solution from Sy, there is
b € R with a = pry,,b. Let ¢ = f5(b), clearly, c € R. For the tuple ¢ we have:
—clu] = fu(alu]) = fule(u)) = ¢'(u) foru € W';

—clu] = fu(blu]) = ¥(u) for u € s — W', because in this case f,(1,) C 0, by
Lemmal21] and therefore, as f,, (1(u)) = v (u), we have f,(A,) = {1 (u)}.
Thus, ¢ = prgp’, and thus ¢’ is a solution from Sy ny .

So far we have defined mappings ¢/, s Proved that they are solutions of the re-
spective subinstances, that is, condition (1), and that they are consistent modulo B,
that is, condition (2). It remains to verify condition (3). Let C = (s, R) € C and
E(u) = Qusy(u)Pe (u # v), €'(u) = (piuén(u)ﬁu for u € V and any (w,d,n) € Z,
such that u € Wy,5,. We need to show that pr,{’ € R’ = R/3..

We use a simplified version of the argument above. Let W/ = W Ns. If v € s,
the result follows from condition (3) for 7. Suppose v € W’ and let f be a (5, 7)-
collapsing polynomial of R’. Also, let a = pr.&, b’ = pry ¢ /B> Where © = 5,
as before, and b € R’ such that b’ = pry;,b. By Lemma f can be selected such
thata € f(R’) and b[v] € f,(A,/g,). Let c = f5(b). We have

- cfv] = b'[v];
- clu] = fu(b'[u]) = fu(a[u]) = alu] foru € W'—{v}, as p(u) € {(u) = &' (u);

- clu] = fu(blu]) = fu(afu]) = afu] foru € s—W’, asin this case f,(1,) C B.
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by Lemma 21} and therefore, since f,(alu]) = a[u], we have fu(A./g,) =
{aful}.

Therefore ¢ € R', and as ¢ = pr, &', the result follows. O
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