
The Computational Structure ofMonotone Monadic SNP and Constraint Satisfaction:A Study through Datalog and Group TheoryTom�as Feder Moshe Y. VardiIBM Almaden Research Center650 Harry RoadSan Jose, California 95120-6099AbstractThis paper starts with the project of �nding a large subclass of NP which exhibitsa dichotomy. The approach is to �nd this subclass via syntactic prescriptions. While,the paper does not achieve this goal, it does isolate a class (of problems speci�ed by)\Monotone Monadic SNP without inequality" which may exhibit this dichotomy. Wejustify the placing of all these restrictions by showing that classes obtained by usingonly two of the above three restrictions do not show this dichotomy, essentially usingLadner's Theorem. We then explore the structure of this class. We show all problemsin this class reduce to the seemingly simpler class CSP. We divide CSP into subclassesand try to unify the collection of all known polytime algorithms for CSP problems andextract properties that make CSP problems NP-hard. This is where the second partof the title { \a study through Datalog and group theory" { comes in. We presentconjectures about this class which would end in showing the dichotomy.1 IntroductionWe start with a basic overview of the framework explored in this paper; for anaccompanying pictorial description, see Figure 1. A more detailed presentation ofthe work and its relationship to earlier work is given in the next section.It is well-known that if P6=NP, then NP contains problems that are neither solvablein polynomial time nor NP-complete. We explore the following question: What is themost general subclass of NP that we can de�ne that may not contain such in-betweenproblems? We investigate this question by means of syntactic restrictions. The logicclass SNP is contained in NP, and can be restricted with three further requirements:monotonicity, monadicity, and no inequalities. We show that if any two out of thesethree conditions are imposed on SNP, then the resulting subclasses of SNP are stillgeneral enough to contain a polynomially equivalent problem for every problem in NP,and in particular for the in-between problems in NP. We thus address the question byimposing all three restrictions simultaneously: The resulting subclass of SNP is calledMMSNP. 1
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We examine MMSNP, and observe that it contains a family of interesting problems.A constraint-satisfaction problem is given by a pair I (the instance) and T (thetemplate) of �nite relational structures over the same vocabulary. The problem issatis�ed if there is a homomorphism from I to T . It is well-known that the constraint-satisfaction problem is NP-complete. In practice, however, one often encounters thesituation where the template T is �xed and it is only the instance I that varies. Wede�ne CSP to be the class of constraint-satisfaction problems with respect to �xedtemplates; that is, for every template T , the class CSP contains the problem PT thatasks for an instance I over the same vocabulary as T whether there is a homomorphismfrom I to T . The class CSP is contained in MMSNP. We show that CSP is in a sensethe same as all of MMSNP: Every problem in MMSNP has an equivalent problem inCSP under randomized polynomial time reductions.The class CSP in turn has some interesting subclasses: the graph-retract, digraph-homomorphism, and partial order-retract problems. We show that in fact every problemin CSP has a polynomially equivalent problem in each of these three subclasses, so thatall three of them are as general as CSP. Some special cases were previously investigated:For CSP with a Boolean template it was shown that there are three polynomiallysolvable problems, namely Horn clauses, 2SAT, and linear equations modulo 2, whilethe remaining problems are NP-complete; For the graph-homomorphism problem, itwas shown that bipartite graph templates are polynomially solvable and non-bipartitegraph templates are NP-complete. Could it then be that every problem in CSP iseither polynomially solvable or NP-complete?Some representative problems that were previously observed as belonging toCSP are k-satis�ability, k-colorability, and systems of linear equations modulo q; apolynomially solvable problem that can be less obviously seen to belong to CSP islabeled graph isomorphism. We notice here that at present, all known polynomiallysolvable problems in CSP can be explained by a combination of Datalog and grouptheory. More precisely, we de�ne bounded-width problems as those that can be de�nedby Datalog programs, and subgroup problems as those whose relations correspond tosubgroups or cosets of a given group; both subclasses are polynomially solvable. Twodecidable subclasses of the bounded-width case are the width 1 and the bounded strictwidth problems; in fact the three polynomially solvable cases with a Boolean templateare width 1, strict width 2, and subgroup, respectively.We �nally observe that the only way we know how to show that a problem is notbounded-width requires the problem to have a property that we call the ability to count;once a problem has the ability to count, it seems that it must necessarily contain thegeneral subgroup problem for an abelian group as a special case; when a new type ofsubset of a group, which we call nearsubgroup, is also allowed in a subgroup problem,the resulting problem reduces to subgroup problems, at least for solvable groups; andif an allowed non-subgroup subset is not a nearsubgroup, then the subgroup problembecomes NP-complete. Does this sequence of observations lead to a classi�cation ofthe problems in CSP as polynomially solvable or NP-complete?2 PreliminariesA large class of problems in AI and other areas of computer science can beviewed as constraint-satisfaction problems [10, 34, 40, 41, 42, 43, 45]. This includes3



problems in machine vision, belief maintenance, scheduling, temporal reasoning, typereconstruction, graph theory, and satis�ability.We start with some de�nitions. A vocabulary is a set V = f(R1; k1); : : : ; (Rt; kt)gof relation names and their arities. A relational structure over the vocabulary Vis a set S together with relations Ri of arity ki on the set S. An instance ofconstraint satisfaction is given by a pair I; T of �nite relational structures over thesame vocabulary. The instance is satis�ed if there is a homomorphism from I to T ,that is, there exists a mapping h such that for every tuple (x1; : : : ; xk) 2 Ri in I wehave (h(x1); : : : ; h(xk)) 2 Ri in T . Intuitively, the elements of I should be thoughtof as variables and the elements of T should be thought of as possible values for thevariables. The tuples in the relations of I and T should be viewed as constraints onthe set of allowed assignments of values to variables. The set of allowed assignmentsis nonempty i� there exists a homomorphism from I to T . In what follows, we shalluse the homomorphism and variable-value views interchangeably in de�ning constraintsatisfaction problems.It is well-known that the constraint-satisfaction problem is NP-complete. Inpractice, however, one often encounters the situation where the structure T (whichwe call the template) is �xed and it is only the structure I (which we call the instance)that varies.For example, the template of the 3SAT problem has domain f0; 1g and four ternaryrelations C0; C1; C2; C3 that contain all triples except for (0; 0; 0) in the case of C0,except for (1; 0; 0) in the case of C1, except for (1; 1; 0) in the case of C2, and except for(1; 1; 1) in the case of C3. The tuples in the instance describe the clauses of the problem.For example, a constraint C2(x; y; z) imposes a condition on the three variables x; y; zthat is equivalent to the clause x _ y _ z.As a second example, the template of the 3-coloring problem is the graph K3; i.e.,it has domain fr; b; gg and a single binary relation E that holds for all pairs (x; y) fromthe domain with x 6= y. The tuples in the instance describe the edges of the graph.Thus, the variables x1; x2; : : : ; xn can be viewed as vertices to be colored with r; b; g;and the constraints E(xi; xj) can be viewed as describing the edges whose endpointsmust be colored di�erently. If we replace the template K3 by an arbitrary graph H ,we get the so-called H-coloring problem [24].As a third example, given an integer q � 2, the template of the linear equationsmodulo q problem has domain f0; 1; : : : ; q � 1g; a monadic relation Z that holds onlyfor the element 0, and a ternary relation C that holds for the triples (x; y; z) withx+ y+ z = 1 (mod q). It is easy to show that any other linear relations on variablesmodulo q can be expressed by introducing a few auxiliary variables and using only theZ and C relations.In this paper we consider constraint-satisfaction problems with respect to �xedtemplates. We de�ne CSP to be the class of such problems. It is easy to see thatCSP is contained in NP. We know that NP contains polynomially solvable problemsand NP-complete problems. We also know that if P6=NP, then there exist problems inNP that are neither in P nor NP-complete [35]. The existence of such \intermediate"problems is proved by a diagonalization argument. It seems, however, impossible tocarry this argument in CSP. This motivates our main question:Dichotomy Question: Is every problem in CSP either in P or NP-complete?Our question is supported by two previous investigations of constraint-satisfaction4



problems that demonstrated dichotomies. Schaefer [48] showed that there areessentially only three polynomially solvable constraint-satisfaction problems on theset f0; 1g, namely, (0) 0-valid problems (problems where all-zeros is always a solution,and similarly 1-valid problems); (1) Horn clauses (problems where every relation in thetemplate can be characterized by a conjunction of clauses with at most one positiveliteral per clause, and similarly anti-Horn clauses, with at most one negative literal perclause); (2) 2SAT (problems where every relation in the template can be characterizedby a conjunction of clauses with two literals per clause); (3) linear equations modulo2 (problems where every relation in the template is the solution set of a system oflinear equations modulo 2). All constraint-satisfaction problems on f0; 1g that are notin one of these classes are NP-complete. The NP-complete cases include one-in-threeSAT, where the template has a single relation containing precisely (1; 0; 0), (0; 1; 0), and(0; 0; 1), and not-all-equal SAT, where the template has a single relation that containsall triples except (0; 0; 0) and (1; 1; 1).Hell and Ne�set�ril [24] showed that the H-coloring problem is in P if H is bipartiteand NP-complete for H non-bipartite. Bang-Jensen and Hell [8] conjecture that thisresult extends to the digraph case when every vertex in the template has at least oneincoming and at least one incoming and at least one outgoing edge: if the template isequivalent to a cycle then the problem is polynomially solvable, otherwise NP-complete.The issue that we address �rst is the robustness of the class CSP. We investigatethe dichotomy question in the context of the complexity class SNP, which is a subclassof NP that is de�ned by means of a logical syntax [32, 44], and which, in particular,includes CSP. We show that SNP is too general a class to address the dichotomyquestion, because every problem in NP has an equivalent problem in SNP underpolynomial time reductions. Here two problems are said to be equivalent underpolynomial time reductions if there are polynomial time reductions from one to theother, in both directions. We then impose three syntactic restrictions on SNP, namelymonotonicity, monadicity, and no inequalities, since CSP is contained in SNP withthese restrictions imposed. It turns out that if only two of these three restrictionsare imposed, then the resulting subclass of SNP is still general enough to contain anequivalent problem for every problem in NP.When all three restrictions are imposed, we obtain the class MMSNP: monotonemonadic SNP without inequality. This class is still more general than CSP, becauseit strictly contains CSP. We prove, however, that every problem in MMSNP has anequivalent problem in CSP, this time under randomized polynomial time reductions(we believe that it may be possible to derandomize the reduction).Thus, CSP is essentially the same as the seemingly more general class MMSNP. Inthe other direction, there are three special cases of CSP, namely, the graph-retract, thedigraph-homomorphism, and the partial-order-retract problems, that turn out to be ashard as all of CSP, again under polynomial time reductions. The equivalence betweenCSP and classes both above and below it seems to indicate that CSP is a fairly robustclass.We then try to solve the dichotomy question by considering a more practicalquestion:Primary Classi�cation Question: Which problems in CSP are in P and which areNP-complete?In order to try to answer this question, we consider again Schaefer's results for5



constraint-satisfaction problems on the set f0; 1g [48]. Schaefer showed that there areonly three such polynomially solvable constraint-satisfaction problems. We introducetwo subclasses of CSP, namely bounded-width CSP and subgroup CSP, respectively, asgeneralizations of Schaefer's three cases. Bounded-width problems are problems thatcan be solved by considering only bounded sets of variables, which we formalize in termsof the language Datalog [50]. Both Horn clauses and 2SAT fall into this subclass; weshow that linear equations modulo 2 do not. Subgroup problems are group-theoreticproblems where the constraints are expressed as subgroup constraints. Linear equationsmodulo 2 fall into this subclass. Not only are these subclasses solvable in polynomialtime, but, at present, all known polynomially solvable constraint-satisfaction problemscan be explained in terms of these conditions.Assuming that these conditions are indeed the only possible causes for polynomialsolvability for problems in CSP, this poses a new classi�cation problem:Secondary Classi�cation Question: Which problems in CSP are bounded-widthproblems and which are subgroup problems?The main issue here is that it is not clear whether membership in these subclassesof CSP is decidable.Our results provide some progress in understanding the bounded-width andsubgroup subclasses. For example, for the bounded-width problems, our results providea classi�cation for the 1-width problems in CSP (these are the problems that can besolved by monadic Datalog programs). We also identify a property of problems, whichwe call the ability to count. We prove that this property implies that the problemcannot be solved by means of Datalog. Once a constraint-satisfaction problem has theability to count, it is still possible in many cases to solve it by group-theoretic means.While all known polynomially solvable problems in CSP can be reduced to thebounded-width and group-theoretic subclasses, not all such problems belong to thoseclasses from the start. For example, we show that under some conditions non-subgroupproblems can be reduced to the subgroup subclass. These conditions are stated in termsof the new notion of nearsubgroup, and delineating the boundary between polynomiallysolvable and NP-complete group-theoretical problems seems to require certain progressin �nite-group theory.The remainder of the paper is organized as follows. Section 3 introduces the logicclass MMSNP as the largest subclass, in some sense, of SNP, that is not computationallyequivalent to all of NP. Section 4 introduces the class CSP as a subclass of MMSNPwhich is essentially equivalent toMMSNP. Section 5 studies three subclasses of CSP, thegraph retract, digraph homomorphism, and partial order retract problems, essentiallyequivalent to all of CSP. Section 6 considers classes of problems in CSP that arepolynomially solvable. Section 6.1 considers the bounded width problems which arethose that can be solved by means of Datalog, and their relationship to two-playergames. Sections 6.1.1 and 6.1.2 examine two special subclasses of the bounded widthcase for which membership is decidable, namely the width 1 case with its connectionto the notion of tree duality, and the strict width l case with its connection to theHelly property. Section 6.2 examines which problems are not of bounded widthvia a notion called the ability to count. Section 6.3 considers the group-theoreticcase, and introduces the notion of nearsubgroup in an attempt to understand theboundary between tractability and intractability. Section 7 explores further directions6



for a possible complete classi�cation. An appendix explores the connection betweenconstraint satisfaction and Tom Etter's link systems.3 Monotone Monadic SNP without inequalityThe class SNP [32, 44] (see also [14]) consists of all problems expressible by anexistential second-order sentence with a universal �rst-order part, namely, by a sentenceof the form (9S 0)(8x)�(x; S; S0), where � is a �rst-order quanti�er-free formula. Thatis, � is a formula built from relations in S and S 0 applied to variables in x, by meansof conjunctions, disjunctions, and negation. Intuitively, the problem is to decide, foran input structure S, whether there exists a structure S 0 on the same domain suchthat for all values in this domain for the variables in x it is true that �(x; S; S 0) holds.We will refer to the relations of S as input relations, while the relations of S 0 willbe referred to as existential relations. The 3SAT problem is an example of an SNPproblem: The input structure S consists of four ternary relations C0; C1; C2; C3; on thedomain f0; 1g, where Ci corresponds to a clause on three variables with the �rst i ofthem negated. The existential structure S 0 is a single monadic relation T describinga truth assignment. The condition that must be satis�ed states that for all x1; x2; x3;if C0(x1; x2; x3) then T (x1) or T (x2) or T (x3), and similarly for the remaining Ci bynegating T (xj) if j � i. We are interested in the following question:Which subclasses of NP have the same computational power as all of NP?That is, which subclasses of NP are such that for every problem in NP there isa problem in the subclass equivalent to it under polynomial time reductions. Moreprecisely, we say that two problems A and B are equivalent under polynomial timereductions if there is a polynomial time reduction from A to B, as well as a polynomialtime reduction from B to A. It turns out that every problem in NP is equivalent to aproblem in SNP under polynomial time reductions. This means that for every problemA in NP, there is a problem B in SNP such that there is a polynomial time reductionfrom A to B, as well as a polynomial time reduction from B to A. In fact, we now showthat this is the case even for restrictions of SNP. We start by assuming that the equalityor inequality relations are not allowed in the �rst order formula, only relations from theinput structure S or the existential structure S 0. For monotone SNP without inequality,we require that all occurrences of an input relation Ci in � have the same polarity (thepolarity of a relation is positive if it is contained in an even number of subformulaswith a negation applied to it, and it is negative otherwise); by convention, we assumethat this polarity is negative, so that the Ci can be interpreted as constraints, in thesense that imposing Ci on more elements of the input structure can only make theinstance \less satis�able". Note that 3SAT as described above has this property. Formonadic SNP without inequality, we require that the existential structure S 0 consist ofmonadic relations only. This is again the case for 3SAT described above. Formonotonemonadic SNP with inequality, we assume that the language contains also the equalityrelation, so both equalities and inequalities are allowed in �. (If we consider thatequalities and inequalities appear with negative polarity, then only inequalities givemore expressive power, since a statement of the form `if x = y then �(x; y)' can bereplaced by `�(x; x)'.) 7



We have thus taken the class SNP, and we are considering three possible syntacticrestrictions, namely monotonicity, monadicity, and no inequality. We shall later beespecially interested in SNP with all three syntactic restrictions imposed. However,for now, we are only considering the cases where only two of these three syntacticrestrictions are simultaneously imposed.Theorem 1 Every problem in NP has an equivalent (under polynomial time reduc-tions) problem in monotone monadic SNP with inequality.Proof. Hillebrand, Kanellakis, Mairson and Vardi [30] showed that monadic Datalogwith inequality (but without negation) can verify a polynomial time encoding ofa Turing machine computation; the machine can be nondeterministic. A Datalogprogram is a formula � that consists of a conjunction of formulas of the formR0(x0)  R1(x1) ^ � � � ^ Rk(xk), where the xi may share variables. The relationR0 cannot be an input relation, and monadicity here means that R0, as a relation thatis not an input relation, must be monadic or of arity zero; furthermore an Ri may bean inequality relation. There is a particular R̂0 of arity zero that must be derived bythe program in order for the program to accept its input; this means that the inputis rejected by the Datalog program if (9R)(8x)(�(R;S;x)^ :R̂0). Notice that thisformula �0 is a monotone monadic SNP with inequality formula. Here S describes thecomputation of a nondeterministic Turing machine, including the input, the descriptionof the movement of the head on the tape of the machine, and the states of the machineand cell values used during the computation. We would now like to assume that thecomputation of the machine is not known ahead of time; that is, only the input to themachine is given, the movement of the head and the cell values are not known, and arequanti�ed existentially. Unfortunately, the description of the movement of the headdoes not consist of monadic relations, and may depend on the input to the machine.We avoid this di�culty by assuming that the Turing machine is oblivious, i.e., thehead traverses the space initially occupied by the input back and forth from one endto the other, and accepts in exactly nk steps for some k. We can then assume that themovement of the head is given as part of the input, since it must be independent ofthe input for such an oblivious machine. Thus only the states of the machine and cellvalues used during the computation must be quanti�ed existentially, giving a monotonemonadic SNP with inequality formula that expresses whether the machine accepts agiven input. A particular computation is thus described by a choice of states andcell values, which are described by monadic existential relations that are then used asinputs to the Datalog program. The condition that must be satis�ed is that if a stateis marked as being the (nk)th state (this is determined by a deterministic componentof the machine), then it must also be marked as being an accepting state (this dependson the nondeterministic choice of computation). The monotone monadic SNP withinequality formula will thus reject an instance if it does not describe an input followedby the correct movement of the head for the subsequent oblivious computation, acceptthe instance if the number of cells allowed for the computation is smaller than nk , andotherwise accept precisely when the machine accepts.Theorem 2 Every problem in NP has an equivalent (under polynomial time reduc-tions) problem in monadic SNP without inequality.8



Proof. Since the existence of an equivalent problem in monotone monadic SNP withinequality for every problem in NP was previously shown, it is su�cient to removeinequalities at the cost of monotonicity.To remove inequalities at the cost of monotonicity, introduce a new binary inputrelation eq, augment the formula by a conjunct requiring eq to be an equivalencerelation with the property that if an input or existential monadic relation holds onsome elements, then it also holds when an element in an argument position is replacedby an element related to it under eq; �nally replace all occurrences of x 6= y by :eq(x; y).Thus the formula no longer contains inequalities, but it contains an input relation thatappears with both positive and negative polarity, i.e., it is no longer monotone. Theformula is therefore a monadic SNP without inequality formula.Theorem 3 Every problem in NP has an equivalent (under polynomial time reduc-tions) problem in monotone SNP without inequality.Proof. Since the existence of an equivalent problem in monotone monadic SNP withinequality for every problem in NP was previously shown, it is su�cient to removeinequalities at the cost of monadicity.To remove inequalities at the cost of monadicity, the intuition is that up toequivalence, certain marked elements form a succ path with pred as its transitiveclosure. Introduce a monadic input relation special, a binary input relation succ, amonadic existential relation marked, a binary existential relation eq, and a binaryexistential relation pred. Require now every special element to be marked, and everyelement related to a marked element under succ (in either direction) to be marked.Require that pred be transitive but not relate any element to itself, that two elementsrelated by succ be related by pred (in the same direction), that eq be an equivalencerelation, that any two special elements be related by eq, that pred be preserved underthe replacement of an element by an element related to it by eq, and that if two elementsare related by eq and if each has a related element under succ (in the same direction),then these two other elements are also related by eq. Finally, restrict the originalformula to marked elements, replace x 6= y by :eq(x; y), and consider that a relationholds on some elements if it is imposed on elements related to them by eq. Note thaton elements that are forced to be marked, the relations eq and pred can be de�ned inat most one way, giving a succ path (up to eq, with pred as its transitive closure).>From these three theorems, by Ladner's result [35] that if P6=NP then there existproblems in NP that are neither in P nor NP-complete, it follows that:Theorem 4 If P 6= NP, then there are problems in each of monotone monadicSNP with inequality, monadic SNP without inequality, and monotone SNP withoutinequality, that are neither in P nor NP-complete.We now consider the class MMSNP, which is monotone monadic SNP, withoutinequality. That is, in MMSNP we impose all three restrictions simultaneously (insteadof just two at a time as in the three subclasses of SNP considered above). It seemsimpossible to carry out Ladner's diagonalization argument in MMSNP. Thus, thedichotomy question from the introduction applies also to this class.9



4 Constraint SatisfactionLet S and T be two �nite relational structures over the same vocabulary. Ahomomorphism from S to T is a mapping from the elements of S to elements of Tsuch that all elements related by some relation Ci in S map to elements related by Ciin T . If T is the substructure of S obtained by considering only relations on a subset ofthe elements of S, and the homomorphism h from S to T is just the identity mappingwhen restricted to T , then h is called a retraction, and T is called a retract of S. Ifno proper restriction T of S is a retract of S, then S is a core, otherwise its core is aretract T that is a core. It is easy to show that the core of a structure S is unique upto isomorphism.A constraint-satisfaction problem (or structure-homomorphism problem) will behere a problem of the following form. Fix a �nite relational structure T over somevocabulary; T is called the template. An instance is a �nite relational structure Sover the same vocabulary. The instance is satis�ed if there is a homomorphism fromS to T . Such a homomorphism is called a solution. We de�ne CSP to be the classof constraint-satisfaction problems. We can assume that T is a core and include acopy of T in the input structure S, so that the structure-homomorphism problem is astructure-retract problem.Remark: It is possible to de�ne constraint satisfaction with respect to in�nitetemplates. For example, digraph acyclicity can be viewed as the question of whether agiven digraph can be homomorphically mapped to the transitive closure of an in�nitedirected path. We will not consider in�nite templates in this paper. If we allow in�nitestructures T , then the constraint-satisfaction problems are just the problems whosecomplement is closed under homomorphisms, with the additional property that aninstance with satis�able connected components is satis�able. Note that all problems inmonotone SNP, without inequality, have a complement closed under homomorphisms.We shall later show that CSP is strictly contained in MMSNP, and that everyproblem in MMSNP has an essentially equivalent problem in CSP, up to randomizedpolynomial time reductions. To obtain this result, we need a preliminary result thatwill often be used later in the paper as well.We say that a structure S has girth greater that k if for any choice of at most koccurrences of relations Ri of arity ri in S, the total number of elements mentioned bythese k occurrences is at least 1 +P(ri � 1).Theorem 5 Fix two integers k; d. Then for every structure S on n elements thereexists a structure S 0 on na elements (where a depends only on k and d) such thatthe girth of S 0 is greater than k, there is a homomorphism from S 0 to S, and forevery structure T on at most d elements over the same vocabulary as S, there is ahomomorphism from S 0 to T if and only if there is a homomorphism from S to T .In brief, every instance S of the constraint-satisfaction problem de�ned by T can bereplaced by an instance S 0 of high girth. Furthermore, S 0 can be constructed from S inrandomized polynomial time.Proof. The transformation that enforces large girth is an adaptation of a randomizedconstruction of Erd}os [11] of graphs with large girth and large chromatic number. Givena structure S on n elements, de�ne S 0 by making N = ns copies of each element, wheres is a large constant. If a relation R of arity r was initially imposed on some r elements,10



then it could a priori be imposed on N r choices of copies. Impose R on each such choicewith probability N1�r+�, where � is a small constant. We thus expect to impose R onN1+� copies. If R has arity r = 1, impose R on all copies of the element.Finally, remove all relations that participate in a cycle with at most k relations, i.e.,minimal sets of relations Ri of arity ri involving t � P(ri � 1) elements all together.Now, given such a cycle, it must correspond to a cycle that existed before the copieswere made. The number of possible such short cycles is at most na for some constanta. Each such short cycle could occur in N t choices of copies. For each such choice,the probability that it occurs is QN1�ri+�, so the expected number of occurrencesis naN tQN1�ri+� � Na=s+k� = N �0 , and hence no more than twice this much withprobability at least 1=2 by Markov's inequality.It is clear that if before making copies, there is a homomorphism from S to some T ,then there is a homomorphism from S 0 to T as well: S 0 maps to S by a homomorphism.To obtain a converse, suppose that a homomorphism maps S 0 to T . If we consider theN copies of a particular element, then at least N=d of the copies agree on the imagein T . If we select these copies, for each of the n elements, then the expected numberof copies of a relation R of arity r is (N=d)rN1�r+� = N1+�=b for some constant b,and hence the probability that the number of copies is not even half this much is onlye�N1+�=c for some constant c by the Cherno� bound, since the occurrences of copiesare independent. The total number of occurrences of relations R in the instance is nr,and the number of possible choices of subsets of size N=d for the copies of the elementsinvolved is at most 2rN , and hence the probability that some choice of subsets willinvolve only N1+�=2b copies of some relation is at most nr2rNe�N1+�=c, hence verysmall. Once N1+�=2b copies are present, the removal of 2N �0 of them is insigni�cant,provided s is large enough and � is small enough. Therefore any choice of values in Tfor elements that appears on N=d of the copies will give a mapping from S to T .It remains open to derandomize this construction. The key question seems to bewhether the construction of Erd}os can be derandomized, i.e., whether given a �xedinteger k, for integers n, there is a deterministic algorithm running in time polynomialin n that produces a graph of size polynomial in n, chromatic number at least n, andgirth at least k. It may be possible to use quasi-random graphs for this purpose.It is easy to see that CSP is contained in MMSNP. Let T be a template. Thenthere is a monadic monotone existential second-order sentence �T (without inequality)that expresses the constraint-satisfaction problem de�ned by T . For each element ain the domain of the template T , we introduce an existentially quanti�ed monadicrelation Ta; intuitively, Ta(x) indicates that a variable x has been assigned value a bythe homomorphism. The sentence �T says that the sets Ta are disjoint and that thetuples of S satisfy the constraints given by T .It can be shown that CSP is strictly contained in MMSNP. Nevertheless, as thefollowing two theorems show, in terms of the complexity of its problems, CSP is justas general as MMSNP.We begin with a simple example of a monotone monadic SNP problem that is nota constraint-satisfaction problem: testing whether a graph is triangle-free. If it werea constraint-satisfaction problem, there would have to exist a triangle-free graph towhich one can map all triangle-free graphs by a homomorphism. This would requirethe existence of a triangle-free graph containing as induced subgraphs all triangle-freegraphs such that all non-adjacent vertices are joined both by a path of length 2 and apath of length 3 (since a homomorphism can add edges or collapse two vertices); there11



are 2
(n2) such graphs on n vertices, forcing T to grow exponentially in the size of S.On the other hand, this monotone monadic SNP problem can be solved in polynomialtime, and is hence equivalent to a trivial constraint-satisfaction problem.A more interesting example is the following: testing whether a graph can be coloredwith two colors with no monochromatic triangle (it can easily be related to the triangle-free problem to show that it is not a constraint-satisfaction problem). However, it canbe viewed as a special case of not-all-equal 3SAT, where each clause is viewed as atriangle, and it is essentially equivalent to this NP-complete constraint-satisfactionproblem.Theorem 6 CSP is contained in MMSNP. Every problem in MMSNP is polynomiallyequivalent to a problem in CSP. The equivalence is by a randomized Turing reductionfrom the CSP problem to the MMSNP problem and by a deterministic Karp reductionfrom the MMSNP problem to the CSP problem.Proof. We just saw that CSP is contained in MMSNP; we prove the second statement.In fact, we can use a randomized Karp reduction if we only consider connected instancesof the constraint-satisfaction problem; disconnected instances require simply a solutionfor each connected component.Consider an MMSNP problem that asks for a input structure S whether there existsa monadic structure S 0 such that for all x, �(x; S; S0). We write � in conjunctive normalform, or more precisely, as a conjunction of negated conjunctions. We can assume thateach negated conjunction describes a biconnected component. For consider �rst thedisconnected case, so that we have a conjunct of the form :(A(x) ^ B(y)), where xand y are disjoint variable sets. We can then introduce an existential zero-adic relationp, and write instead (A(x) ! p) ^ (B(y) ! :p). The case where A and B share asingle variable z is treated similarly; we introduce an existential monadic relation q, andreplace :(A(x; z)^B(y; z)) by (A(x; z)! q(z))^(B(y; z)! :q(z)). If the conjunctioncannot be decomposed into either two disconnected parts, or two parts that share asingle articulation element z, we say that it describes a biconnected component. Beforecarrying out this transformation, we assume for each negated conjunction that everyreplacement of di�erent variables by the same variable is also present as a negatedconjunction. For instance, if :A(x; y; z; t; u) is present, then so is :A(x; x; z; z; u).This must be enforced beforehand, since biconnected components may no longer bebiconnected when distinct variables are collapsed. We also assume that if an inputrelation R appears with all arguments equal, say as R(x; x; x), then it is the only inputrelation in the negated conjunction; otherwise, we can introduce an existential monadicp, replace such an occurrence of R by p(x), and add a new condition R(x; x; x)! p(x);in other words, x is in this case an articulation element.The next transformation is the main step; we enforce that each negated conjunctioncontains at most one input relation, and that the arguments of this input relation aredi�erent variables. For each negated conjunction, introduce a relation R whose arity isthe number of distinct variables in the negated conjunction. Intuitively, this relationstands for the conjunction C of all input relations appearing in the negated conjunction.We replace the conjunction C by the single relation R; also, if the correspondingconjunction C 0 for some other negated conjunction is a sub-conjunction of C, then weinclude the negated conjunction obtained by replacing C 0 with the possibly longer C,using new variables if necessary, and then replace C by R. Here we are not considering12



the case where it might be necessary to replace two arguments in R by the sameargument; this will be justi�ed because such instantiations were handled beforehand.We must argue that the new monotone monadic SNP problem of the special form isequivalent to the original problem. Clearly every instance of the original problem canbe viewed as an instance of the new problem, simply by introducing a relation R ondistinct input elements whenever the conjunction C that is represented by R is presenton them in the input instance.On the other hand, the converse is not immediately true. If we replace eachoccurrence of R by the appropriate conjunction C, then some additional occurrencesof R may be implicitly present. Consider, for example, the case where trianglesE(x; y)^ E(y; z)^ E(z; x) have been replaced by a single ternary relation R(x; y; z).Then an instance of the new problem containing R(x1; y1; x2), R(x2; y2; x3) andR(x3; y3; x1) also contains the triangle represented by R(x3; x2; x1), when each R isreplaced by the conjunction that it stands for.To avoid such hidden occurrences of relations, we show that every instance of thenew problem involving the R relations can be transformed into an equivalent instanceof large girth; the girth is the length of the shortest cycle. Fix an integer k larger thanthe number of conjuncts in any conjunction C that was replaced by an R. We shallensure that for any choice of at most k occurrences of relations Ri of arity ri in theinstance, the total number of elements mentioned by these k occurrences is at least1+P(ri�1), so the girth is greater than k; this implies that such k occurrences de�nean acyclic sub-structure, so any biconnected R0 implicitly present in the union of ksuch occurrences must be entirely contained in one of the Ri, and then the conditionstated by R0 was already stated for this Ri as well.Large girth can be enforced by applying the previous theorem, provided the newproblem can be viewed as a constraint-satisfaction problem. The new problem is veryclose to a constraint-satisfaction problem. In fact, it is a constraint-satisfaction problemif there are no zero-ary existential relations: Construct the structure T by introducingone element for each combination of truth assignments for existential monadic relationson a single element, except for those combinations explicitly forbidden by the formula;impose a relation R on all choices of elements in T except for those combinationsexplicitly forbidden by the formula. To remove the assumption that there are noexistential zero-ary relations, do a case analysis on the possible truth assignmentsfor such relations, and make T the disjoint union of the Ti obtained in the di�erentcases. The only di�culty here is that we must ensure that a disconnected instancestill maps to a single Ti, so we introduce a new binary relation that holds on allpairs of elements from the same Ti, and consider only connected instances of theconstraint-satisfaction problem. This concludes the proof. As mentioned before,solving disconnected instances is equivalent to solving all connected components ofthe constraint-satisfaction problem.The construction in the last theorem can also be used to show the following result,which will be proven useful later. The containment problem asks whether given twoproblems A and B over the same vocabulary, every instance accepted by A is alsoaccepted by B.Theorem 7 Containment is decidable for problems in MMSNP.Proof. This problem becomes undecidable when the antecedent of the containmentis generalized to monotone binary SNP (using Datalog to encode Turing machines as13



before). To decide whether A is contained in B for MMSNP problems, �rst assume thatA and B are written in the canonical form involving biconnected components from theabove proof. Also remove the existential quanti�er in A (since it is in the antecedentof an implication), so that A is now a universal formula which is monotone exceptfor monadic relations. Now, if B has an instance with no solution that satis�es A,then making copies of elements of the instance as before, we can assume that the onlybiconnected components that arise are those explicitly stated in the conditions for B, sogo through the forbidden biconnected components stated in A and remove all negatedconjunctions in B that mention them (since the stated condition will never arise oninstances satisfying A). Here we must assume that B stated explicitly for each elementmentioned in a negated conjunction which monadic relations are true or false. Nowwe can assume that A holds, and we are left to decide whether B is a tautology; thiscan be decided by considering the instance consisting of one element for each possiblecombination of truth and falsity of monadic input relations, and then imposing allother kinds of relations on all elements.5 Graphs, Digraphs, Partial OrdersWe have seen that CSP has the same computational power as all of MMSNP. We askthe following question:Which subclasses of CSP have the same computational power as all of CSP?The graph-retract problem is an example of a constraint-satisfaction problem. Fixa graph H , and for an input graph G containing H as a subgraph, ask whether H is aretract of G. (Note that when G and H are disjoint, we get the graph homomorphismor H-coloring problem mentioned in the introduction [24].)The digraph-homomorphism problem is another example of a constraint-satisfactionproblem: this is the case where the template is a digraph. For an oriented cycle (cyclewith all edges oriented in either direction), the length of the cycle is the absolute valueof the di�erence between edges oriented in one direction and edges oriented in theopposite direction. A digraph is balanced if all its cycles have length zero, otherwiseit is unbalanced. The vertices of balanced digraphs are divided into levels, de�ned bylevel(v) =level(u) + 1 if (u; v) is an edge of the digraph.A partial order is a set with a re
exive antisymmetric transitive relation � de�nedon it. If re
exive is replace by antire
exive, we have a strict partial order. We mayalso consider homomorphism and retract problems for partial orders.Theorem 8 Every constraint-satisfaction problem is polynomially equivalent to abipartite graph-retract problem.Proof. First ensure that the structure T de�ning the problem in CSP is a core.This ensures that each element in T is uniquely identi�able by looking at the structureT , up to isomorphisms of T , i.e., we can include a copy of T in an instance S andthen assume that the elements of the copy of T in S must map to the correspondingelements of T . Next, assume that T can be partitioned into disjoint sets Aj so thatfor each relation Ci, the possible values for each argument come from a single Aj , andthe possible values for di�erent arguments come from di�erent Aj ; this can be ensured14



by making copies Aj of the set of elements of T and allowing an equality constraintbetween copies of the same element in di�erent Aj . Now, the bipartite graphH consistsof a single vertex for each Aj which is adjacent to vertices representing the elements ofAj ; a single vertex for each relation Ci which is adjacent to vertices representing thetuples satisfying Ci; a bipartite graph joining the tuples coming from each Ci to theelements of the tuples from the Aj ; and two additional adjacent vertices, one of themadjacent to all the elements of sets Aj , and the other one adjacent to all the tuples forconditions Ci.To see that the resulting retract problem on graphs is equivalent to the givenconstraint-satisfaction problem, observe in one direction that an instance of theconstraint-satisfaction problem can be transformed into an instance of the retractproblem, by requiring each element to range over the copy A1 (just make it adjacentto the vertex for A1 in H), and then to impose a constraint Ci of arity r on someelements, create a vertex adjacent to the vertex for Ci, and make this vertex adjacentto r vertices, each of which is adjacent to the vertex for the appropriate Aj (the rvalues for j are distinct); then make sure that the value chosen in Aj is the same asthe value for the intended element in A1, using an equality constraint. In the otherdirection, an instance of the retract problem can be assumed to be bipartite, since His bipartite; furthermore, each vertex can be assumed to be adjacent to either an Aj orCi, since all other vertices can always be mapped to the two additional vertices thatwere added for H at the end of the construction. Then each vertex adjacent to vertexAj can be viewed as an element ranging over Aj , and each vertex adjacent to vertexCi can be viewed as the application of Ci on certain elements.Given a bipartite graph H , we say for two vertices x; y on the same side of H that xdominates y if every neighbor of y is a neighbor of x. We say that H is domination-freeif it has no x 6= y such that x dominates y.Theorem 9 Every constraint-satisfaction problem is polynomially equivalent to adomination-free K3;3-free K3;3nfeg-free bipartite graph-retract problem.Proof. We �rst show that every constraint-satisfaction problem is equivalentto a K3;3-free K3;3nfeg-free bipartite graph-retract problem. We then show howdomination-freedom can in addition also be achieved.We know that every constraint-satisfaction problem can be encoded as a bipartitegraph-retract problem. To achieve K3;3-freedom and K3;3nfeg-freedom, we encode thebipartite graph-retract problem again as a bipartite graph-retract problem, by reusingessentially the same reduction.So we are given a bipartite graph-retract problem with template H = (S; T; E),which we shall show polynomially equivalent to another bipartite graph-retract problemwith template H 0 = (U; V; F ). We introduce �ve new elements r; s; t; s0; t0; and de�neH 0 by U = frg [ S [ T , V = fs; t; s0; t0g [ E, and F = (frg � (fs0; t0g [ E)) [ (S �fs; s0g) [ (T � ft; t0g)[ f(u; e) : u 2 S [ T; e 2 E; u 2 eg.Let G = (S 0; T 0; E 0) be an instance for H . (We can assume G bipartite since itotherwise cannot map to H , and that we know that S 0 maps to S and T 0 maps to Tbecause is connected to the subgraph H , any other component of G can be mappedto a single edge of H .) We de�ne an instance G0 = (U 0; V 0; F 0) for H 0 by lettingU 0 = frg [ S 0 [ T 0, V 0 = fs; t; s0; t0g [ E 0, and de�ning F 0 by letting r be adjacent toall of E 0, s adjacent to all of S 0, t adjacent to all of T 0, and each e 2 E 0 adjacent to15



the two vertices in S 0 [ T 0 it joins in G. It is immediate in the instance G0 for H 0 thatS 0 must map to S, T 0 to T , and E 0 to E with of e 2 E 0 mapping to the element of Ejoining the images of the two vertices incident on e in G, so the retractions mappingG to H and those mapping G0 to H 0 correspond to each other.In the other direction, let G0 = (U 0; V 0; F 0) be an instance for H 0. Since s0; t0dominate s; t respectively, no element need ever be mapped to s; t, other than s; tthemselves. So we can require that the neighbors of s; t map to elements of S; Trespectively, and then remove s; t from H 0 and G0. We can then assume that everyelement of U 0 that is not required to map to S or T maps to r, since r is adjacent towhat remains of V . We can now remove r from H 0 and G0. Now if a vertex in V 0 isonly adjacent to vertices that map to S we map it to s0, if only to vertices that mapto T we map it to t0, and if to both it must map to E, thus de�ning a retract probleminstance for H .It only remains to show that H 0 is K3;3-free and K3;3nfeg-free, and then to enforcedominance-freedom. Suppose that H 0 contains H0 which is either a K3;3 or a K3;3nfeg.Then every vertex v in H0 must belong to the 3-side of a K3;2. This immediately givesv 6= s; t because any pair of neighbors of s is only adjacent to s; s0; and similarly for t.So we can remove s; t in looking for H0. Two vertices in S; T respectively share onlyone neighbor, so H0 involves at most one of S; T; and we can remove one them, sayT . Two vertices in S have only s0 as a common neighbor, so H0 can have at most onevertex u in S. But this leaves only two vertices r; u in one side, so there is no H0.The last step enforces dominance-freedom. Suppose that x dominates y. Let H1 bethe graph consisting of an 8-cycle C8 = (1; 2; 3; 4; 5; 6; 7; 8), a 4-cycle C4 = (10; 20; 30; 40),and additional edges joining each i0 to both i and i+ 4. We join H1 to H 0, with y = 10as common vertex in H1 and H 0. This does not introduce any new dominated vertices,and y is no longer dominated. Furthermore H1 contains no K3;2. So we only needto show that joining an H1 at a vertex y gives an equivalent retract problem. If aninstance for H 0 maps to H 0, it also maps to H 0 with H1 joined; if it maps to H 0 withH1 joined, since no vertices are forced to map to H1 other than y, we can map allof H1 to y and one of its neighbors in H 0, so the instance maps to H 0. In the otherdirection, consider an instance for H 0 with H1 joined. Certain vertices are requiredto map to speci�c vertices in C8. If a vertex is adjacent to two vertices at distance 2in C8, then it must map to their unique common neighbor in C8. So if a vertex v isadjacent to vertices in C8, we may assume it is adjacent to either just one vertex inC8 or two opposite vertices in C8; in either case, we may assume that such v maps tothe unique vertex in C4 having these adjacencies, and remove C8 from the template.So the template is now H 0 with C4 joined at a vertex y = 10. Now for 30, we mayinsist that its neighbors map to f20; 40g, and no other vertex maps to 30 since 10 nowdominates 30, so we may remove 30 from the graph. Then if a vertex is labeled 20, 40,or f20; 40g, its neighbors must map to 10, and we may remove 20 and 40 from the graphsince every neighbor of y = 10 in H 0 now dominates them. So we have reduced theinstance for H 0 with H1 joined to an instance for H 0 alone, as desired.Theorem 10 Every constraint-satisfaction problem is polynomially equivalent to abalanced digraph-homomorphism problem.Proof. We encode the graph-retract problem as a balanced digraph-homomorphismproblem. Draw the bipartite graph with one vertex set on the left and the other on16



the right, and orient the edges from left to right. What remains is to distinguish thedi�erent vertices on each side; we describe the transformation for vertices in the right,a similar transformation is carried out for vertices in the left. In an oriented path, let 1denote a forward edge and 0 a backward edge. If there are k vertices 0; 1; : : : ; k� 1 onthe right, attach to the ith vertex an oriented path (110)i1(110)k�i�111. The intuitionis that none of these paths maps to another one of them, and that if a digraph mapsto two of them, then it maps to (110)k�i11, hence to all of them. Furthermore, thequestion of whether a digraph maps to an oriented path is polynomially solvable, seesections 5.1.1 and 5.1.2.Theorem 11 Every constraint-satisfaction problem is polynomially equivalent to anunbalanced digraph-homomorphism problem.Proof. First assume that the given constraint-satisfaction problem consists of asingle relation R of arity k; multiple relations can always be combined into a singlerelation by taking their product, adding their arities. Now, de�ne a new constraintsatisfaction problem whose domain consists of k-tuples from the original domain; thusR is now a monadic relation. In order to be able to state an equality constraintamong di�erent components of di�erent tuples, de�ne a `shift' relation S(t; t0) on tuplest = (x1; x2; : : : ; xk�1; y) and t0 = (z; x1; x2; : : : ; xk�1); one can use such shifts to statethat certain components of certain tuples coincide.We have thus reduced the general constraint-satisfaction problem to a singlemonadic and a single binary relation. It is clear that any instance of the originalproblem can be represented using tuples on which the constraint R is imposed, andthe relation S allows us to state that components of di�erent tuples take the samevalue; similarly, the new problem only allows us to impose constraints from the originalproblem. We wish to have a single binary relation alone, i.e., a digraph. De�ne thefollowing dag D. It has vertices corresponding to the tuples from the constraint-satisfaction problem just constructed. For each relation S(t; t0) that holds, introduce anew vertex joined by a path of length 1 to t and by a path of length 2 to t0. For eachrelation R(t) that holds, introduce a new vertex joined by a path of length 3 to t. Thiscompletes the dag.We show that the digraph homomorphism problem forD is equivalent to the originalconstraint-satisfaction problem. In one direction, given an instance of the originalproblem involving S and R, tag each element with a reverse path of length 2 followedby a path of length 1 followed by a reverse path of length 2. This ensures that theelement can be mapped precisely to vertices in D representing elements of the domain;note here that we are using the fact that each t0 is related to some t by S in the domainof the constraint-satisfaction problem. To state S(t; t0) and R(t) on such elements, useincoming paths of length 1, 2, 3 as above for D. In the other direction, suppose thatwe have an instance of the digraph homomorphism problem. We can assume that theinstance is a dag, since D is a dag. We can also assume that if a vertex has bothincoming and outgoing edges, then it has only a single incoming and a single outgoingedge, because this holds in D, so we could always collapse neighbors to enforce this.The input dag now looks like a bipartite graph (A;B; P ), with disjoint (except at theirendpoints) paths of di�erent lengths joining vertices in A to vertices in B (all in thesame direction). We can assume that the paths have length at most 3, since D has nopath of length 4. We can also assume that a vertex at which a path of length 3 starts17



necessarily starts just this path, because this is the case in D. We can also assume thata vertex can at most start a single path of length 2, since this is the case in D. We alsoassume that a vertex starts at most a single path of length 1; the only way two di�erentpaths of length 1 could go in di�erent directions would be if one of them mapped onthe path of length 2 out of an out-degree-2 vertex v in D; but then, since the endpointhas no outgoing edges, all its neighbors would necessarily map to v, and so we couldhave mapped this endpoint to the other neighbor of v along the path of length 1. Wecan also assume that the only vertices that will map to an attached path of length 3are vertices on a path of length 3; the reason is that if a directed graph containing nopath of length 3 can be mapped to a reverse path of length 3, then it can be mappedto a reverse path of length 2 followed by a path of length 1 followed by a reverse pathof length 2, and this con�guration can be found in D from a �xed endpoint of a pathof length 3 without using this path (we used this same con�guration before). We cannow assume that vertices in A and B map to vertices in the two corresponding sidesof the bipartite graph corresponding to D. For vertices in B, this is clear if they haveincoming paths of length 3, or of length 2 since we have assumed that they do not mapto a vertex inside a path of length 3, or of length 1 since we can assume that theydo not map to a vertex inside a path of length 2; the same is then clear for verticesin A. But then the vertices in B can be viewed as elements of the original constraintsatisfaction problem and the vertices in A can be viewed as imposing constraints onthem.Theorem 12 Every constraint-satisfaction problem is polynomially equivalent to abipartite graph-retract problem, but now only allowing 3 speci�c vertices of the templateH to occur in the input G (but not just 2 vertices, which is polynomially solvable).Proof. We encode a digraph-homomorphism problem The encoding introduces threespecial vertices r, b, g, which may occur in G, three additional vertices r0, b0, g0 (whichcannot appear in G), a vertex a adjacent to r0; b0; g0; replaces each vertex of the dagwith a vertex adjacent to r, replaces each edge in the dag with a path 0; 1; 2; 3; 4; 5; 6 oflength 6, where the intermediate vertices in positions 2 and 4 are adjacent to b and grespectively, while those in positions 1; 3; 5 are adjacent to a, and �nally links r0; b0; g0to all the vertices linked to r; b; g respectively. The proof is here a straightforwardencoding argument.A bipartite graph with just two distinguished vertices can always be retracted tojust a path joining the two vertices, namely a shortest such path; this is then the core,which de�nes a polynomially solvable problem.Theorem 13 Every constraint-satisfaction problem is polynomially equivalent to abalanced digraph-homomorphism problem, but now for a balanced digraph with only5 levels (but not just 4 levels, which is polynomially solvable).Proof. The digraph-homomorphism problem can be encoded as a balanced digraph-homomorphism problem with only 5 levels. Given an arbitrary digraph without self-loops, represent all vertices as vertices at level 1, and all edges as vertices at level 5.If vertex v has outgoing edge e, join their representations by an oriented path 111011.If vertex v has incoming edge e, join their representations by an oriented path 110111.If neither relation holds, join their representations by an oriented path 11011011. Thekey properties are that neither of the �rst two paths map to each other, and that a18



digraph maps to the third path if and only if it maps to the �rst two. Now given adigraph, we can decompose it into connected components by removing the vertices atlevels 1 and 5. Each such component either maps to none of the three paths (in whichcase no homomorphism exists), or to all three of them (in which case it imposes norestriction on where the boundary vertices at levels 1 and 5 map), or to exactly oneof the �rst two paths (in which case it indicates an outgoing or incoming edge in theoriginal graph). Thus every instance of the new problem can be viewed as an instanceof the original problem, given the fact that mapping digraphs to paths is polynomiallysolvable, see sections 5.1.1 and 5.1.2.Another case of interest is that of re
exive graphs, i.e., graphs with self-loops. Thehomomorphism problem is not interesting here, since all vertices may be mapped to asingle self-loop. We consider the re
exive graph-retract problem, as well as two otherrelated problems. The re
exive graph-list problem is the homomorphism problem wherein addition we may require that some vertex maps to a chosen subset of the verticesin the template. The re
exive graph-connected list problem allows only subsets thatinduce a connected subset of the vertices in the template. The following results arefrom Feder and Hell [18, 19].Theorem 14 Every constraint-satisfaction problem is polynomially equivalent to are
exive graph-retract problem. The re
exive graph-retract problem is NP-completefor graphs without triangles other than trees. The re
exive graph-list problem ispolynomially solvable for interval graphs, NP-complete otherwise. The re
exivegraph-connected list problem is polynomially solvable for chordal graphs, NP-completeotherwise. The graph-retract problem for connected graphs with some self-loops is NP-complete if the vertices with self-loops induce a disconnected subgraph.For partial orders and strict partial orders, the homomorphism problem is easy, sincethe core is either a single vertex, in the case of partial orders, or a total strict order, inthe case of strict partial orders. We examine the corresponding retract problem. Forstrict partial orders, even if the strict partial order is bipartite, the problem is equivalentto the bipartite graph-retract problem and hence to all of CSP. For partial orders, thereare applications to type reconstruction, see Mitchell [41], Mitchell and Lincoln [42],O'Keefe and Wand [43]. Pratt and Tiuryn [45] showed that the bipartite partial order-retract problem is polynomially solvable if the underlying graph is a tree (in fact inNLOGSPACE), NP-complete otherwise. We can give here an alternative proof of thisresult here. If the underlying graph is a tree, we have a directed re
exive graph whoseunderlying graph is a tree. If we then associate a boolean variable with each subtree,the problem is just a 2SAT problem, because if a set of subtrees pairwise intersect, thenthey jointly intersect. For the NP-completeness result, de�ne an undirected re
exivegraph on the same set as the bipartite partial order, making x; y adjacent if there exists; t such that s � x; y � t; in this case, this means that x � y or y � x. This givesa re
exive graph-retract problem on a graph without triangles and not a tree, whichis NP-complete by the preceding theorem. We examine now the general case. Let thedepth of a partial order be the number of elements in a total sub-order.Theorem 15 Every constraint-satisfaction problem is polynomially equivalent to apartial order-retract problem, even if only the top and bottom elements of the partialorder can occur in an instance. The equivalence holds even for depth 3 partial order-retract problems. 19



Proof. We prove the equivalence to the domination-free bipartite graph-retractproblem, which was shown equivalent to all of CSP above. We shall assume that onlythe top and bottom elements of the partial order can be used in an instance; to extendthe result to the case where all elements can be used, we can simply consider the coreof the partial order. Let H = (S; T; E) be a domination-free bipartite graph. De�nethe corresponding partial order P = (Q;�) as follows. Let Q be the set of all bipartitecliques A � B � E, with A;B 6= ;. Let A � B � A0 � B0 if A � A0 and B0 � B. IfN(v) denotes the set of neighbors of v in H , then the bottom elements are fag�N(a)for a 2 S and the top elements are N(b)� fbg for b 2 T .Given an instance G for H , we can assume that G is bipartite since H is bipartite,and that G and H share at least a vertex since otherwise G can be mapped to a singleedge in H , so that we know which side of G maps to S and which to T . Replaceadjacency in G with � from the side mapping to S to the side mapping to T , replaceany occurrence of an H vertex in G by the corresponding bottom or top element in P ,and ask whether this partial order maps to P . We can assume that top and bottomelements map to top and bottom elements respectively, and on these elements the �relation in P corresponds to edges in H , so solving the problem on P solves the instanceG for H .In the other direction, given an instance R for P , where R and P only share topand bottom elements of P , we can assume that such elements are also top and bottomin R, since everything below a bottom element must map to that bottom element andeverything above a top element must map to that top element. We can also assumethat top and bottom elements in Rmap to top and bottom elements in P . To map suchelements, determine the bipartite � relation on them, and map them by solving theproblem as a bipartite graph-retract problem for H , with the natural correspondencebetween bottom and top elements of P and vertices in the S; T sets of H . Clearly, ifthe bipartite graph-retract problem does not have a solution, neither does the partialorder-retract problem. If the bipartite graph-retract problem has a solution, it onlyremains to map the middle vertices. If a middle element is between bottom and topelements that were mapped to subsets A � S and B � T , map that middle element toA� B in P , completing the retraction.In order to prove the depth 3 result, we �rst determine the core of the partialorder. Clearly the core must contain every fag�N(a) for a 2 S and every N(b)� fbgfor b 2 T , because these elements can be used in an instance. As a result, it mustalso contain all maximal bipartite cliques A � B, because such maximal bipartitecliques are the only bipartite cliques above the corresponding elements fag � N(a)for a 2 A and below the corresponding elements N(b)�fbg for b 2 B. Notice that themaximal bipartite cliques are precisely those bipartite cliques A � B with A = N(B)and B = N(A), where N(C) denotes here the vertices adjacent to all of C. We nowobserve that the maximal bipartite cliques are indeed the entire core, because themapping f(A�B) = N(N(A))�N(A) is an appropriate retraction.Having identi�ed the core of the partial order as the partial order on maximalbipartite cliques, we use the fact that the domination-free bipartite graph can also beassumed to be K3;3-free and K3;3nfeg-free. Now, if A1 � B1 < A2 � B2 < A3 � B3 <A4 � B4 for maximal bipartite cliques, then the containments on the Ai and those onthe Bi must be strict, so jAij � i and jBi � 5� i. In particular, A2 �B2 must containa K2;3 and A3 � B3 must contain a K3;2, and furthermore their union must contain aK3;3nfeg by maximality of the bipartite cliques. This establishes the depth 3 claim.20



Notice also that K3;3-freedom implies that a bipartite clique A�B must have jAj � 2or jBj � 2, and since for maximal bipartite cliques A and B uniquely determine eachother, the partial order has size polynomial in the size of the bipartite graph.Therefore, the dichotomy question for MMSNP is equivalent to the dichotomyquestion for CSP, which in turn is equivalent to the dichotomy questions for graph-retract, digraph-homomorphism problems, and partial order-retract problems.6 Special ClassesSchaefer [48] showed that there are only three polynomially solvable constraint-satisfaction problems on the set f0; 1g, namely Horn clauses, 2SAT, and linearequations modulo 2; all constraint-satisfaction problems on f0; 1g that do not �tinto one of these three categories are NP-complete. For general constraint-satisfactionproblems, we introduce two classes, namely bounded width and subgroup, and examinetwo subclasses of the bounded width class, namely the width 1 and bounded strictwidth classes. These are generalizations of Schaefer's three cases, since Horn clauseshave width 1, 2SAT has strict width 2, and linear equations modulo 2 is a subgroupproblem. At present, all known polynomially solvable constraint satisfaction problemsare simple combinations of the bounded-width case and the subgroup case.Remark: A similar situation of only three polynomially solvable cases was observedfor Boolean network stability problems by Mayr and Subramanian [39], Feder [15]; thethree cases there are monotone networks, linear networks, and nonexpansive networks,in close correspondence with Horn clauses, linear equations modulo 2, and 2SATrespectively; it is the generalization of the nonexpansive case to metric networks thatleads to characterizations along the lines of the bounded strict width case describedbelow.We describe the work on network stability in the context of constraint-satisfactionin more detail here. Say that a template is functional if all relations have some arityk + l with k; l � 0 and are described by a function f(x1; x2; : : : ; xk) = (y1; y2; : : : ; yl),called a gate, where the xi are called inputs and the yi are called outputs. A networkstability problem is a constraint-satisfaction problem where the template is functional,and where the input structure has the property that every element participates inexactly two relation occurrences, one as an input and one as an output. The inputstructure is then called a network. The work in [39, 15] established the following.Theorem 16 Every network stability problem over a Boolean functional template isNP-complete, with the exception of the following polynomially solvable cases:(0) Functional templates where every relation contains the all-zero tuple (or everyrelation contains the all-one tuple).(1) Monotone functional templates, where every output yj of every gate is amonotone function of the inputs xi. For the general case with AND and OR gates,the problem is P-complete and determining whether there is a solution other than thezero-most and one-most solutions is NP-complete.(2) Linear functional templates, where every output yi of every gate is a linearfunction of the inputs xi modulo 2.(3) Adjacency-preserving functional templates, where every gate f has the propertythat changing the value of just one of the xi inputs can a�ect at most one of the21



yj outputs. Here the set of solutions can be described by a 2SAT instance becausethe median of three solutions, obtained by taking coordinate-wise majority, is also asolution.The case (3) extends to a non-Boolean domain case by assuming that the templatehas an associated distance function on the elements satisfying the triangle inequality,such that for every gate f , if f(x1; x2; : : : ; xk) = (y1; y2; : : : ; yl) and f(x01; x02; : : : ; x0k) =(y01; y02; : : : ; y0l), then P d(yj ; y0j) � Pd(xi; x0i). The functional template is then callednonexpansive and the associated network is metric; this case is also polynomiallysolvable. Here the structure of the set of solutions is a strict width 2 problem becausethe solutions form a 2-isometric subspace, where the corresponding 2-mapping propertyis obtained with the imprint function, yielding the 2-Helly property (see [15] for thede�nitions of 2-isometric subspace and imprint function).It is the structure presented in this theorem and its connection to Schaefer's workthat initially led to the work presented here. In this paper, we are not consideringspecial type instances, such as network stability or planar graph coloring: the templateis �xed, the instance is not constrained.6.1 Bounded-Width ProblemsA problem is said to have bounded width if its complement (i.e., the question of non-existence of a solution) can be expressed in Datalog. More precisely, it is said to havewidth (l; k) if the corresponding Datalog program has rules with at most l variables inthe head and at most k variables per rule, and is said to have width l if it is has width(l; k) for some k. For a related notion of width, see Afrati and Cosmadakis [4].Datalog is the language of logic programs without function symbols [50]. Thefollowing Datalog program checks that an input graph is not 2-colorable:oddpath(X ;Y ) :{ edge(X ;Y )oddpath(X ;Y ) :{ oddpath(X ;Z); edge(Z;T); edge(T;Y )not2colorable :{ oddpath(X ;X):In this example, edge is an input binary relation, oddpath is a binary relationcomputed by the program, and not2colorable is a 0-ary relation computed by theprogram. The �rst rule says that a single edge forms an odd path, the second ruletells that adding two edges to an odd path forms an odd path, and the third rule saysthat the input graph is not 2-colorable if the graph contains an odd cycle. In Datalogprograms for constraint-satisfaction instances we assume that there is a distinguishedpredicate p of arity zero (not2colorable in the above example) that must be derivedwhen no solution exists for the instance. We say that such a program solves theproblem.The example above shows that 2-colorability has width (2; 3), since it can be solvedby a Datalog program with at most 2 variables in rule heads and at most 3 variablesper rule. Also, 3SAT-Horn can be shown to have width 1. It is not hard to showthat bounded-width problems are in monotone SNP without inequality. Furthermore,problems of width 1 are in MMSNP.It is easy to see that all bounded-width problems are in P, since the rules can deriveonly a polynomial number of facts. Thus, we would like to know:22



Which problems in CSP have bounded width?The predicates from the instance are called EDB predicates, and the new auxiliarypredicates are called IDB predicates. Given a Datalog program with EDB predicatescorresponding to the constraints of a constraint-satisfaction problem de�ned by atemplate T , we assign to each predicate in the program a relation on values fromT . The EDB predicates already have an assigned relation in T . For IDB predicates,we initially assign to them the empty relation, then add tuples as follows. Given a rule,involving at most k variables, we consider the assignments of values from T to these kvariables such that the constraints imposed on them by the current relations assignedto predicates in the body of the rule are satis�ed. For these satisfying assignmentsfor the body, we consider the induced assignments on the at most l variables in thehead, and add all these tuples to the relation associated with the head of the rule.This process of adding tuples over values from T to the relations associated with IDBpredicates must eventually terminate, mapping each IDB to a relation on values fromT . The relation associated with the distinguished p at the end of this process must bethe empty relation. Otherwise, we could design an instance that has a solution yet forwhich p can be derived, simply by viewing the derivation tree that made p nonemptyas an instance, contrary to the assumption that the Datalog program only acceptsinstances with no solution.Even if we know that a constraint-satisfaction problem has width (l; k), there couldbe many Datalog programs that express the complement of the problem. Thus, it seemsthat to answer the question above we need to consider all possible (l; k)-programs.Surprisingly, it su�ces to focus on very speci�c Datalog programs.Theorem 17 For every constraint satisfaction problem P there is a canonical Datalog(l; k)-program with the following property: if any Datalog (l; k)-program solves P , thenthe canonical one does.Proof. Intuitively, the canonical program of width (l; k) infers all possible constraintson l variables at a time by considering k variables at a time. This canonicalprogram infers constraints on the possible values for the variables in the instance,both considered l at a time and k at a time, as follows. Initially, all constraints fromthe instance can be viewed as constraints on variables, k at a time. Now, a constrainton k variables can be projected down to a constraint on an l-subset of these k variables.In the other direction, a constraint on an l-subset can be extended up to a constrainton the k variables. This process can be iterated, and if a constraint on variables everbecomes the empty set, we can infer that the instance has no solution. This inferenceprocess can easily be described by a Datalog (l; k)-program, and in fact the inferencescarried out by this canonical program contain all inferences performed by any Datalog(l; k)-program, with the interpretation of IDB's as relations on values from T de�nedabove.Consider now the following two-player game on the structures S, the instance, andT , the template. Player I selects k variables, and asks Player II to assign to them valuesfrom T . Then Player I keeps l out of these k assigned variables, extends this set of l toa new set of k, and asks Player II to assign values to the new k�l variables, back to theearlier situation with k assigned variables. The game proceeds from there as before.23



Player I wins if at some point, some of the k assigned values violate a constraint fromthe instance.Theorem 18 The canonical (l; k)-program for a constraint-satisfaction problem ac-cepts an instance precisely when Player I has a winning strategy in the associated(l; k)-two-player game.Proof. Suppose the canonical program accepts an instance (such an instancenecessarily fails to have a solution). Consider the corresponding derivation tree. Eachnode of the tree corresponds to a relation on at most k elements from S. This relationhas an associated set of tuples from T as de�ned above. Player I traverses a path fromthe root to a leaf; at each step he holds a tuple that is not in the associated set. Hestarts at the root, where the relation has arity zero; there he holds the arity-zero tuple,which does not belong to the associated empty set. In general, at a given node v wherePlayer I holds a tuple of arity at most l not in the associated set, Player I selects therule corresponding to the node v and its children, and asks Player II to assign values tothe remaining variables in the rule, up to a total of at most k. It cannot be that all theresulting assignments to at most l variables corresponding to the children of the nodev are tuples in the sets associated with them, because then the original tuple wouldhave been in the set associated with v. So Player I can select some child of v such thatthe assignment to its at most l variables is not in the associated set. When a leaf isreached, Player I holds an assignment violating a given constraint in the instance.For the converse, suppose that Player I has a winning strategy. The playing ofthe game depending on the moves by Player II can then be viewed as a tree. Forinstance, at the root, after Player I has made its initial choice k elements, the childrencorrespond to the possible choices of l elements out of these k that can be made byPlayer I, depending on the assignment of values to the k elements by Player II. Atthe next level, the extension of the l assigned values to a tuple of k variables chosenby Player I is again considered, until at the leafs we have assignments to at most lvariables that violate a constraint. This tree is then precisely a derivation tree bywhich the canonical program can accept the instance.For related games, see Afrati, Cosmadakis, and Yannakakis [5], Kolaitis and Vardi[33], and Lakshmanan and Mendelzon [36].This notion of bounded width for constraint-satisfaction problems can also beextended to allow in�nite Datalog programs (allowing in�nitely many IDB's, in�nitelymany rules, and in�nitely many conjuncts per rule); such programs have been studiedbefore under the name L!. For constraint-satisfaction problems on a �nite domain,in�nite programs are no more powerful than �nite programs; the reason here is thatthe canonical program has IDB's corresponding to constraint sets, but there are only�nitely many possible constraint sets.Remark: For constraint-satisfaction problems, it can be shown that Datalog isequivalent to Datalog(6=;:), �nite or in�nite. This equivalence holds more generallyfor problems closed under homomorphisms, �nite and in�nite cases separate. For suchproblems, it turns out that monadic SNP with inequality is no more powerful thanmonotone monadic SNP without inequality, and the same holds for (binary) SNP withinequality compared with monotone (binary) SNP without inequality [16].24



6.1.1 Width 1 and Tree DualityHorn clauses have width (1; k), where k is the maximum number of variables per Hornclause. To see this, express Horn clauses as implications with a conjunction of positiveliterals in the antecedent and at most one positive literal in the consequent. An instancehas no solution if it implicitly contains a clause with an empty antecedent, which standsfor `true' or 1, and an empty consequent, which stands for `false' or 0. This situation canbe detected by Player I by selecting an appropriate clause with an empty consequent,then Player II must assign value 0 to some variable in the antecedent, then Player Iselects some appropriate clause with this variable as the consequent, and so on, untila clause with an empty antecedent is reached, then Player I wins.Using the Theorem 17 and Theorem 7, we can prove:Theorem 19 The questions of whether a constraint-satisfaction problem has width(1; k) or whether it has width 1 are decidable.Proof. The canonical program describes in that case a monotone monadic SNPproblem, and we have seen that containment for such problems is decidable. In fact,we have also seen that it is never necessary to look at conditions for a monotone monadicSNP problem that do not de�ne a biconnected component contained in biconnectedcomponents of the statement of the problem, but these are only single relations in thecase of constraint-satisfaction problems, so we can assume that the Datalog programlooks only at single relations from the input, so k need not be larger than the largestarity, hence width 1 is decidable.Let S be a connected structure. An element x is an articulation element if thestructure S can be decomposed into two nonempty substructures that share only x. Ifwe decompose a structure into substructures by identifying all its articulation elements,we say that the resulting substructures without articulation elements are biconnectedcomponents. A tree is a structure whose biconnected components consist each of asingle relation occurrence. Following and generalizing the terminology of Hell, Ne�set�riland Zhu [25], we say that a constraint-satisfaction problem de�ned by a template Thas tree duality if: A structure S can be mapped to T if and only if every tree that canbe mapped to S can be mapped to T .Theorem 20 A constraint-satisfaction problem has tree duality if and only if it haswidth 1.Proof. Trees are precisely the objects generated by derivation trees of Datalogprograms with at most one variable in the head and at most one EDB per rule. Weobserved in the proof of the previous theorem that if a problem has width 1, then ithas a Datalog program of this form. Then an instance S does not map to T if andonly if it is accepted by the Datalog program, i.e., some tree maps to S but does notmap to T . Thus width 1 implies tree duality. Conversely, if tree duality holds, thenwidth 1 follows by considering the Datalog program that generates all the trees thatdo not map to T ; this is an in�nite program, but we have observed before that in�niteprograms can be transformed into �nite ones for constraint-satisfaction problems, e.g.,the canonical program from Theorem 17.In fact, as observed in the proof of Theorem 7, width 1 can be decided as follows.Tree duality decision procedure: 25



Given a constraint-satisfaction problem with template T , let U be the structurede�ned as follows. The elements of U are the nonempty subsets A of the elementsof T . For a relation R of arity k, impose R(A1; A2; : : : ; Ak), the Ai not necessarilydistinct, if for every 1 � i � k and every ai in Ai there exist elements aj in theremaining Aj such that R(a1; a2; : : : ; ak) in T . Then tree duality holds if and only ifU maps homomorphically to T .For example, 2SAT will in particular enforce x _ y and x _ y on x = y = f0; 1g,hence no solution exists, showing that 2SAT does not have width 1. In general, thequestion of whether a constraint-satisfaction problem has bounded width (or width l,width (l; k), beyond the case l = 1) is not known to be decidable.We give here an alternative proof of the correctness of the above decision procedurebased on tree duality and its equivalence to the existence of a Datalog program for theproblem with one EDB relation per rule and at most one variable in the head of eachrule, that infers constraints on the possible values for elements of the structure.Theorem 21 The above decision procedure correctly decides tree duality.Proof. Suppose that tree duality holds. Consider the structure U de�ned in thedecision procedure whose elements are nonempty sets A. We show that U can bemapped to T . Every tree that maps to U has elements that are nonempty sets A.The tree can be mapped to T by choosing one element from the root of the tree, oneconsistent element from each of its children, and so on. Thus, by the de�nition of treeduality, U maps to T . Conversely, suppose that U maps to T , and let S be a structuresuch that every tree that maps to S maps to T . If we use the Datalog program on S,then every element of S will be assigned a nonempty set A by the program, otherwisethe derivation tree would provide a tree that maps to S but not to T . This gives amapping from S to U , and by composition from S to T . Therefore tree duality holds.Thus tree duality has a simple decision procedure. Consider the special case wherethe template T is an oriented path (a path each of whose edges may be oriented ineither direction). This T was shown to have tree duality by Hell and Zhu [28]; in fact,they showed that it satis�es the stronger path duality property that S maps to T ifand only if every oriented path that maps to S maps to T . We give a simple proof oftree duality via the above decision procedure. Suppose that the elements of the pathT are numbered 1; 2; : : : ; r in order. For every nonempty subset A of f1; : : : ; rg, mapA to the least numbered element of A. If there is an edge from A to B, then the leastelements of A and B cannot be the same element a, since otherwise T would containan edge from a to a + 1 and one from a + 1 to a. So either a is the least element ofA, a + 1 the least element of B, and T has an edge from a to a + 1, or a is the leastelement of B, a+ 1 the least element of A, and T has an edge from a+ 1 to a. ThusT has an edge from the image of A to the image of B, as required.A more general case is the case of oriented trees, which de�nes both polynomialand NP-complete problems, as well as problems that have not yet been classi�ed [26].We say that a constraint-satisfaction problem de�ned by a template T with T a corehas extended tree duality if: A connected structure S with one element s preassigneda value t in T can be mapped to T if and only if every tree that can be mapped to Scan be mapped to T in such a way that the elements of the tree that map to s end upmapping to t. Just like tree duality could be decided by the existence of a mapping from26



a particular structure U to T , extended tree duality can be decided by the existenceof a mapping from a particular structure U 0 to T , where U 0 is the substructure of Uconsisting of the union of the connected components containing the singletons ftg fort in T . The proof of correctness is similar to the tree duality case. Since the extendedtree duality property involves one special element s, and problems with tree dualityhave width 1, problems with extended tree duality have width 2. (The converse is false,e.g. 2SAT.)Theorem 22 For a constraint-satisfaction problem with template T , tree duality isequivalent to the existence of a homomorphism from U to T . If T is a core, thenextended tree duality is equivalent to the existence of a homomorphism from thesubstructure U 0 to T . Problems with extended tree duality have width 2.Say that two elements are related if they both belong to the same set A in theconnected component U 0. A special case of extended tree duality for digraphs is thecase where there is a total ordering of the vertices of T such that if (a; b) and (c; d) aretwo edges of T with a < b and c < d, with a; c related and b; d related, then (a; d) isalso an edge of T . In this case we can map a nonempty set A in U 0 to the least elementof A under the ordering. This case is essentially the same as the extended X-propertyfrom [23, 25].More generally, an (l; k)-tree is a structure given by a derivation tree of a Datalogprogram whose rules have at most l variables in the head and at most k variables perrule. Combinatorially, a structure S is an (l; k)-tree if: There exists a tree t whosenodes are sets of elements of S of cardinality at most k, where a node and a child in tshare at most l elements of S, the nodes in which an element of S participates form asubtree of t, and each relation occurrence in S involves elements contained in a singlenode of t. In the literature, when S is a graph and S is an (l; k)-tree, then it is said tohave tree-width k � 1 (see e.g. [38, 47]).Along the general lines of duality of graph homomorphisms (see Hell, Ne�set�ril andZhu [27]), a constraint-satisfaction problem de�ned by a template T has (l; k)-treeduality if: A structure S can be mapped to T if and only if every (l; k)-tree that canbe mapped to S can be mapped to T . The following is immediate from the de�nitionof acceptance by a Datalog program.Theorem 23 A constraint-satisfaction problem has (l; k)-tree duality if and only if ithas width (l; k).Recall from section 3 the de�nition of the length of an oriented cycle and of balancedand unbalanced digraphs. Hell and Zhu [29] show that in the case where T is anunbalanced cycle, it is su�cient to test oriented paths, which are (1; 2)-trees, andoriented cycles, which are (2; 3)-trees; therefore unbalanced cycles de�ne a problemof width (2; 3). The property that cycles of the instance S must satisfy is that theirlength is a multiple of the length of T . Therefore, in the special case where the lengthis 1, cycles need not be tested, only oriented paths, and the problem has width (1; 2).We show here that unbalanced cycles have extended tree duality, hence width 2, andthat when their length is 1, they have tree duality, hence width 1. Suppose that acycle has length m � 1. Enumerate the vertices 0; 1; : : : ; k in order around the cycle,where vertices 0 and k coincide, in such a way that there is a level function such thatevery edge (i; j) satis�es level(j) =level(i) + 1, with level(0) = m, level(k) = 0, and27



level(i) � 1 for i 6= k. Then de�ne the total ordering mentioned above for extendedtree duality to be the lexicographical ordering on pairs (level(i); i). Notice that if twoelements are related, their levels must di�er by a multiple of m. In the case wherem = 1, this imposes no restriction, i.e., we may use the structure U instead of U 0. Thesame construction can be used to establish tree duality for balanced cycles such thatif we denote by l an occurrence of a lowest level element and by h an occurrence of ahighest level element, then the ordering lhlh does not occur when the cycle is traversedonce, so that the complete ordering of l and h is l+h+.In general, for an arbitrary constraint-satisfaction problem, if we only considerinstances that are (l; k)-trees with l; k �xed, then the problem is solved in polynomialtime by the canonical Datalog (l; k)-program, since this program has as derivationtrees precisely the (l; k)-trees that do not have a solution for the constraint-satisfactionproblem.Theorem 24 On (l; k)-tree instances, constraint-satisfaction problems are polynomi-ally solvable, for l; k �xed.For more general results on polynomially solvable problems in the case of graphs ofbounded tree-width, see e.g. [1, 9].6.1.2 Bounded Strict Width and the Helly PropertyThe canonical algorithm for problems of width (l; k) involved inferring all possibleconstraints on l variables at a time by considering k variables at a time. We mayin addition require that if this inference process does not reach a contradiction (theempty set), then it should be possible to obtain a solution by greedily assigning valuesto the variables one at a time while satisfying the inferred l-constraints. We say thata constraint-satisfaction problem that can be solved in this way has strict width (l; k),and say that it has strict width l if it has strict width (l; k) for some k. It turns outthat strict width l is equivalent to strict width (l; k), for all k > l, so we can assumek = l+ 1.This intuition behind strict width l can also be captured in two other ways. First,we can require that if we have an instance and after assigning speci�c values to someof the variables we obtain an instance with no solution, then some l out of the speci�cvalue assignments chosen are su�cient to give an instance with no solution. We referto this property as the l-Helly property. Second, we could require that there exists afunction g that maps l + 1 elements from the domain of the structure T to anotherelement, with the property that if all but at most one of the l+ 1 arguments are equalto some value b then the value of g is also b, and, furthermore, for all constraintsCi in T , if we have l + 1 tuples satisfying Ci, then the tuple obtained by applying gcomponent-wise also satis�es Ci. We call this property the l-mapping property.Theorem 25 Strict width l, the l-Helly property, and the l-mapping property areequivalent. These properties are polynomially decidable (for a �xed l).Proof. The proof of the equivalence of the various formulations of bounded strictwidth shows �rst that the correctness of the greedy (l; k)-algorithm implies that theHelly property for l must hold. The reason is that the �nal step of �nding a solutionuses only the inferred constraints on l variables at a time, hence these constraints28



must characterize precisely the solutions, showing that the Helly property for l holds.This in turn implies that the instance stating the existence of g must have a solution.The reason is that l out of the constant value assignments imposed on g can alwaysbe satis�ed, because each of these constant value assignments has l out of the l + 1arguments equal for g; there must be an argument position that is not the oneexceptional argument for any of the l constant value assignments being considered;so we can always return the value of this argument, satisfying all conditions. Since theconstant value assignments considered l at a time are satis�able, then all together theymust be satis�able by the Helly property for l, hence g exists.Finally, the existence of g implies the correctness of the greedy (l; l+1)-algorithm; itimplies in fact the correctness of a more restrictive algorithm that eliminates variablesone by one in arbitrary order (by considering just the l+1-subsets containing a chosenvariable to infer a constraint on the remaining l variables) and assigns values in reverseorder. Consider the elimination of the �rst variable x1. We claim that any solutionx0 of the resulting instance on the remaining variables x2; : : : ; xn can be extended to asolution for x1. We must show that there exists a value for x1 satisfying all constraintsinvolving x1 in conjunction with x0. We �rst consider constraints involving only l of thevariables in x0. If no value of x1 satis�es the constraints involving x1 and the chosen lvariables, then this would result in the inference step in forbidding the value assignmenton l variables induced by x0, and x0 would not have been a solution of the resultinginstance. Therefore constraints involving only x1 and l of the variables in x0 can besatis�ed (we are including here in the inference step constraints obtained as projectionsof constraints involving x1 and variables possibly di�erent from the chosen l). Considernow constraints involving only x1 and k of the variables in x0, for k � l + 1, where weassume inductively that k � 1 can be handled. Consider l+ 1 particular variables outof the chosen k from x0. For each choice of one variable (say the ith one) out of thesel+1, if we ignore it, then a value xi1 for x1 can be found by inductive assumption. Butthen, we can set x1 = g(x11; x21; : : : ; xl+11 ) and satisfy the constraints on x1 and all kchosen variables. The reason is that any such constraint involves l variables includingx1. One of the l�1 variables other than x1 may have been ignored in choosing xi1, but avalue for it can be found since otherwise xi1 would not have been considered consistent.Furthermore, a variable was ignored in choosing at most one xi1, so g applied to the l+1values for this variable gives the correct majority value. Since the constraint is closedunder g, the value x1 obtained by applying g satis�es all the constraints, completingthe induction. To handle the elimination of subsequent variables analogously, it is onlyimportant to observe that the constraints obtained by the inference step are also closedunder g, since they are obtained by intersection and projection of constraints closedunder g. This proves the correctness of the algorithm.Note that the existence of g is itself an instance of the constraint-satisfactionproblem, hence strict width l is decidable and in fact polynomially decidable, for �xedl. It is not known to be decidable when l is not �xed.2-colorability is an example of a constraint-satisfaction problem with strict width 2.If a graph is bipartite, but after having two-colored some of the vertices there is no two-coloring consistent with this partial coloring, then either two vertices on di�erent sidesof the bipartite graph were given the same color, or two vertices in the same side weregiven di�erent colors. Also, 2SAT has strict width 2, and so does integer programmingwith two variables per inequality with variables ranging over a �xed range.Feder [17] showed that digraph-homomorphism for oriented cycles is either29



polynomially solvable or NP-complete. The proof is a good illustration of some ofthe techniques we have been using up to this point; we give here a sketch of the proof.Theorem 26 Every oriented cycle digraph-homomorphism problem is either polyno-mially solvable or NP-complete.Proof. (Sketch.) The case where a template is an oriented path, which we saw inthe previous section has width 1, also has strict width 2. To see this, number againthe vertices 1; 2; : : : ; r and consider the mapping g(x; y; z) = median(x; y; z). In thecase where the template is a directed graph that maps to a cycle C, it is su�cient toconsider only argument lists for g such that all arguments map to the same vertex in C.For unbalanced oriented cycles, which we saw have extended tree duality, we also havestrict width 2; the argument considers the lexicographic ordering on pairs (level(i); i) asbefore and uses the median(x; y; z) function on three arguments whose levels di�er bya multiple of the length of the cycle. The same argument applies to the balanced cyclesnot containing the ordering lhlh as mentioned before, so that the complete pattern ofl and h is l+h+. There is a family of balanced cycles that does not have extended treeduality (it can encode 2SAT) yet has strict width 2: these are the balanced cycles withtwo l and two h elements that form the pattern lhlh along the cycle. Consider the fourpaths 1 = l1h1, 2 = l2h1, 3 = l2h2, 4 = l1h2 on the cycle; given three paths i�1, i, i+1out of these four (modulo 4), the middle path is i. The mapping g(x; y; z), with thethree arguments at the same level, is de�ned as follows: (1) If x; y; z belong to threedi�erent paths, return the one that belongs to the middle path; (2) If x; y; z belong tothe same path, return the one in the middle position on the path; (3) If exactly twoout of x; y; z belong to the same path, return the one of these two occurring earlieston the path. In each of the classes of the form l+h+l+h+, other than the polynomialclass lhlh, there are both polynomial and NP-complete templates that are cores; thecases (l+h+)�3 are NP-complete for cores. It is shown in [17] that the remaining casel+h+l+h+, all problems are either in P or NP-complete, completing the classi�cation oforiented cycles; the proof uses the 2-Helly property for paths, which have strict width2, and a generalization of Schaefer's classi�cation of boolean satis�ability to a k-partiteversion [17, 48].Problems with bounded strict width are a special case of bounded-width CSP. Forsuch problems we have a more e�cient algorithm.Theorem 27 A simpli�ed version of the canonical algorithm runs in parallel O�(n)time using a polynomial number of processors (the O� notation ignores polylogarithmicfactors). In the case l = 2, this algorithm can be implemented in parallel O�(pn) time,because variables can be eliminated in parallel.Proof. First, observe that the number of constraints that could be inferred isO(n2). Therefore the number of steps that infer at least n1:5 constraints is only O(pn).Suppose that a step would infer only n1:5 constraints, i.e., only these many pairs ofvalues for pairs of variables are discarded. Suppose that we `charge' such a pair ofvalues eliminated for two variables xj ; xk to a variable xi such that the inference onthese three variables causes the pair of values to be eliminated. Since there are nvariables, they are charged n0:5 eliminations each in average, and thus at least half ofthem are charged at most 2n0:5 eliminations, involving at most 4n0:5 other variables.But then, it must be possible to choose a set of n0:5=8 variables that are charged only30



2n0:5 eliminations each involving two other variables not in the set. But then thesen0:5=8 variables can be eliminated simultaneously, and hence this type of step needonly be performed only O(pn) times as well. All inferences will thus be obtained bythe standard algorithm in O(pn) steps (consider eliminating a chosen pair last). Toobtain a solution, either a value assignment for one variable restricts the values forn0:5 others, or there are n0:5 pairwise unconstrained variables; alternatively, a maximalindependent set computation works.6.2 Problems with the Ability to CountWhich problems in CSP do not have bounded width? Say that a constraint-satisfactionproblem has the ability to count if the following two conditions hold: (1) The templateT contains at least the values 0; 1; as well as a ternary relation C that includes atleast the triples (1; 0; 0), (0; 1; 0), and (0; 0; 1), as well as a monadic relation Z thatincludes at least 0; (2) If an instance consists of only the constraints C and Z, withall constraints partitioned into two sets A and B such that A contains one more Cconstraint than B, and furthermore each variable appears in exactly two constraints,one from A and one from B, then the instance has no solution.Intuitively, we can think of C(x; y; z) as x + y + z = 1, and of Z(x) as x = 0, withan obvious contradiction for instances of the special form, since adding the constraintsfrom A and subtracting those from B yields 0 = 1. Some problems of this form includelinear equations over an abelian group (�nite or in�nite), where 0 is the identity of thegroup and 1 is any other element. In particular, this includes the problem for linearequations modulo 2. Another example of such problem is linear programs over thenonnegative reals. For this last case, inexpressibility in Datalog(6=; succ) was shown byAfrati et al. [5] using Razborov's monotone circuit lower bound for matching.We shall �rst show that if a constraint-satisfaction problem has the ability to count,then it does not have polynomial size monotone circuits. We begin by citing Razborov'slower bound for matching [46]. In fact, Razborov's lower bound is not just for matching:it applies to any monotone problem such that certain particular instances are `yes'instances, certain other instances are `no' instances, and the remaining instances maybe either `yes' or `no'. Matching is just a speci�c application of the result. The exactstatement of Razborov's result is the following:Theorem 28 Consider a monotone problem on bipartite graphs such that (1) if theinstance has a perfect matching, then the answer is `yes', and (2) if the instancecontains a bipartite connected component with a di�erent number of vertices in thetwo sides, then the answer is `no'. Then monotone circuits for the problem have sizem
(logm).The lower bound for matching is thus obtained by requiring a `yes' answer for theinstances (1), and a `no' answer for all remaining instances, not just instances (2). Theother extreme case is also interesting, namely the problem that requires a `no' answerfor the instances (2), and a `yes' answer for all remaining instances, not just instances(1). This gives a lower bound for systems of linear equations over the integers, therationals, or the reals, as follows. View a complete bipartite graph with n vertices oneach side as an instance with n2 variables corresponding to the n2 edges. View eachvertex as stating the constraint that the sum of the variables corresponding to edges31



incident on the vertex is equal to 1. If the bipartite graph is not complete, then eachmissing edge is viewed as a constraint stating that the corresponding variable is equalto 0. Now if an instance contains a bipartite connected component with k vertices inthe left side and k0 vertices in the right side, and with k 6= k0, then the kk0 variablescorresponding to the possible edges joining the two sides must add to k according tothe left side, and to k0 according to the right side, so an instance (2) is indeed a `no'instance. On the other hand, if all connected components have k = k0, then we canpair-up the k and k0 vertices in the two sides; for each such pair (u; v), there is an oddlength path from u to v, so we can assign to the edges on the path the values 1 and�1 in alternation, so that the sum is 1 for edges incident on u, and on v, but 0 foredges incident on all other vertices; doing this for all chosen pairs (u; v) and adding upthe values corresponding to the di�erent paths gives a sum 1 for each of the k and k0vertices. So the answer is `yes' for every instance other than (2).This gives the basic idea for getting a monotone circuit size lower bound on problemsthat have the ability to count, since both problems just considered have the ability tocount. However, the theorem cannot applied directly for other problems that have theability to count, such as linear equations modulo 2. Nevertheless, a result just slightlystronger than Razborov's will yield what we need: we just weaken (2) a little bit.Theorem 29 Consider a monotone problem on bipartite graphs such that (1) if theinstance has a perfect matching, then the answer is `yes', and (2) if the instancecontains a subgraph not connected to the rest of the graph with one more vertex onthe left than on the right, then the answer is `no'. Then monotone circuits for theproblem have size m
(logm).Proof. Razborov's proof involves a choice of a random bipartite E� on two vertex setsA and B with m elements each by selecting random subsets A0 � A and B0 � B andlinking all vertices in A0 to all vertices in B0, as well as all vertices in A0 to all verticesin B0. The random E� is used to bound probabilities for three events, namely (statingequations directly from [46]) P (E� 2 [E]) � 2�s (30), P (E� 2 A(fm)) � m�1=2 (31),and P (E� 2 S) � h(t; r; s;m) (32). We replace E� by an event E 0 chosen from asmaller space, conditioning on jA0j = jB0j+ 1 as well as j(jA0j)� (jA0j)j > s (the latterfor convenience only). Formula (30) measures the probability that a �xed matchingof size s will be contained in E�. To measure this for E 0, we can �rst choose jA0jfrom the appropriate distribution, then assume that A0 and B0 are �xed while the sedges of the matching are chosen at random. From the assumptions on jA0j and jB0j,it is clear that the �rst of these edges will fall in E 0 with probability at least 1=2, andthat if this has happened for the �rst i� 1 edges, then it will happen for the ith edgewith probability at least 1=2 as well, as long as i � s. Hence (30) can only becomestronger forE 0. Formula (31) measures the probability that E� has a perfect matching;but this probability is zero for E 0. Only (32) becomes weaker; an E� will satisfy theconditioning with probability 
(1=pm), so for E 0 the bound increases by a factor ofpm; this factor carries over to the �nal m
(logm) lower bound on monotone circuit size(where it is insigni�cant).This result can now be applied to linear equations modulo q, with q � 2. Relatelinear equations to bipartite graphs as before. If the bipartite graph has a perfectmatching, then giving value 1 to the edges in the matching and value 0 to all otheredges satis�es the linear equations. If the bipartite graph has a subgraph not connected32



to the rest of the graph with k vertices on the left and k0 on the right, and k = k0 + 1,then the kk0 variables involved must add up to k and to k0, yet now k 6= k0 holds evenmodulo q. We are now ready to apply the theorem to any problem with the ability tocount.Theorem 30 If a constraint-satisfaction problem has the ability to count, thenmonotone circuits for it have size m
(logm).Proof. We �rst represent the complete bipartite graph with n vertices on eachside by a bipartite graph with vertices of degree 2 or 3, as follows. Replace everyvertex of degree n with a path on 2n� 1 vertices 0; 1; 2; : : : ; 2n� 2; with the n incidentedges attached to the n vertices in even positions, achieving thus the degree constraint.Notice that in a perfect matching, the n� 1 vertices in odd positions must be matchedto n�1 out of the n vertices in even positions, leaving exactly 1 vertex in even positionleft to be matched to a vertex not on that path. Thus perfect matchings for subgraphsof the complete bipartite graph and perfect matchings for subgraphs of the new graphobtained by removing edges other than those on the paths are in 1-to-1 correspondence.Similarly, subgraphs of the complete bipartite graph with one more vertex in the leftcorrespond to subgraphs of the new graph obtained by removing edges other than thoseon the paths, also with one more vertex in the left.So we have reduced the previous theorem to the case of graphs that are subgraphs ofa bipartite graph G with vertices of degree at most 3. Now view each edge as a variable,a vertex with three incident edges x; y; z as a constraint C(x; y; z), and a vertex withtwo incident edges x; y as a constraint C(x; y; z), where z is an auxiliary variable thatis also constrained by Z(z). Removing an edge x not on one of the paths correspondsto adding a constraint Z(x). Clearly, if the graph has a perfect matching, then settingthe variables in the matching to 1 and all other variables to 0 gives a solution for theproblem with the ability to count. Similarly, if the graph has a subgraph with one morevertex in the left, this gives an instance of the problem with the ability to count thatwas required not to have a solution. The only technical point here is that removingan edge x incident to two vertices corresponds to having C(x; y; z), C(x; y0; z0), andZ(x), so x participates in three constraints instead of just two as was required forproblems with the ability to count with no solution. However, we can replace x withtwo variables x; x0 constrained by C(x; y; z), C(x0; y0; z0), Z(x), and Z(x0), use the factthat the resulting instance has no solution by the de�nition of the ability to count, andthen observe that identifying x and x0 cannot make the constraint-satisfaction problemhave a solution if it had no solution before identifying x and x0.Remark: The idea of obtaining monotone circuit lower bounds for problems thatare strictly between the required `yes' and `no' instances was used previously by Tardos[49], who obtained a truly exponential monotone circuit lower bound for the Lovasz� function, a polynomially computable function strictly between the NP-completefunctions maximum clique and chromatic number.Afrati et al. [5] showed that if a problem does not have polynomial size monotonecircuits, then it is not expressible in Datalog(6=; succ). Thus problems with the abilityto count do not have bounded width. If we just want to show that a problem does nothave bounded width, then it su�ces to show that it does not have a Datalog (l; k)-program for any �xed l, k. This can be proved more easily via two-player games, byan argument similar again to an argument used by Afrati et al. [5] for linear programsrelated to matching. 33



Theorem 31 If a constraint-satisfaction problem has the ability to count, then it doesnot have bounded width.Proof. An instance of the special form with no solution, as in the de�nition of theability to count, can be viewed as a bipartite graph with no perfect matching, wherethe C constraints in A and B are viewed as two vertex sets, and the variables withouta Z constraint imposed on them are viewed as edges joining the two vertices in Aand B representing the constraints where they occur. Clearly no perfect matchingexists, since there is one more C constraint in A than in B. However, we can constructsuch an instance of size n such that if two players play the game with l; k about pn,where Player I selects edges and Player II indicates whether they are in the matchingor not, then Player II can ensure that if the two or three edges incident on a vertexare ever selected together, then exactly one of them is claimed to be in the matching,corresponding to satisfaction of C. Ignore �rst the degree constraint, and consider acomplete k + 1 by k bipartite graph. Then, intuitively, as long as fewer than k edgesare currently in the matching, an unmatched vertex can always be matched by PlayerII. To bound the degree, we replace each vertex of degree d in this graph by a pathon 2d � 1 vertices, with the d incident edges attached to alternating vertices in thegraph, hence all vertices now have degree 2 or 3. (This last transformation is similarto the one given in the proof of the previous theorem.) Here jAj, jBj and the numberof variables (edges) are quadratic in k.Hence rules with about pn variables per rule will be needed to recognize certaininstances with no solution on n variables. In the case of abelian groups, we canimprove this lower bound to about n. The basic idea is that the complete bipartitegraph considered above can be viewed as describing constraints Pj xij = 1 for all1 � i � k + 1 and Pi xij = 1 for all 1 � j � k, giving an obvious contradictionPiPj xij = 1 +PjPi xij . This equation is of the form Pi yi = 1 +Pi yi, wherethe yi are added in di�erent order in the left and right hand side. If we considerthe graph consisting of a path joining the yi in the order from the left hand sideand another path joining the yi in the order from the right hand side, then in thecase where the order of summation was exchanged we have essentially a grid. For asquare grid, a bipartition of the vertices into two sets of about equal size must haveabout pn edges across the bipartition. On the other hand, an expander increases thisquantity to about n, e.g., in the case where the order of yi in the two sides is chosenindependently at random. The game played by the two players consists of selectingvertices (variables yi) and edges (variables representing partial sums); the removalof these may disconnect the graph, and Player II can always ensure that values areassigned so that the connected components with fewer than some constant fraction ofthe vertices have a solution consistent with the boundary constraints; a contradictioncan only be reached by growing such components, but then the fact that the graph isan expander forces the number k of edges out of a su�ciently large component to beabout n. We don't know whether such a bound can be obtained in the more generalcase via matchings.Thus, the polynomial solvability of linear equations modulo 2 cannot be explainedin terms of Datalog.It seems possible that the ability to count is the converse of having boundedwidth. The intuition for this is that the non-existence of solutions can be attributedto the presence of the same variable in di�erent constraints, something that cannot be34



remembered by Datalog if these occurrences in two di�erent places are not ordered,and it seems that to keep track of equality of variables in di�erent order one needs theability to count.Say that a core T can simulate a core T 0 if for every relation Ci in T 0 there is aninstance Si that de�nes on some variables in Si a relation C 0i over the domain of Twhose core is precisely Ci. (Here we can bound jSij � jT jjCij.)We are then saying that it may be that a constraint-satisfaction problem is not ofbounded width if and only if it can simulate a problem that has the ability to count.6.3 Subgroup ProblemsThe simplest example of a problem that has the ability to count is the constraint-satisfaction problem whose template is the integers modulo p for some prime p, withtwo of the relations in the template given by x = 0 and x+ y + z = 1, modulo p. Asfar as we know, any problem with a �nite template that has the ability to count cansimulate this problem for some prime p. We wish to study the interaction betweenthese relations on Zp and other relations in the template. We begin with a simpleobservation.Theorem 32 Suppose that a problem with template Zp for p prime contains at leastthe two relations x = 0 and x + y + z = 1 modulo p, thus getting the ability to count.Then from these two relations, every relation that is a subgroup or a coset of a subgroupof some power Zkp can also be obtained.Proof. Every subgroup or coset of a subgroup of Zkp is an intersection of sets de�nedby linear equations Pki=1 aixi = b modulo p. So it su�ces to show that every suchlinear equation can be obtained. To obtain such a linear equation, it su�ces to obtainall equations of the form x = a, y = ax, and x + y = z, modulo p, since every linearequation can be de�ned by combining these three basic types. In fact we only needx = 1 and x+y = z, since x = a is x = 1+1+ � � �+1 and y = ax is y = x+x+ � � �+x,with a terms in the sums. To get x = 1, just set x+ y + z = 1, y = 0, z = 0. To getx+ y = z, just set x+ y + t = 1, z + u+ t = 1, u = 0.We shall later see that if in addition to all these subgroups and cosets for Zp and itspowers, the template also has a subset of Zkp that is not a subgroup or coset, then theconstraint-satisfaction problem for that template is NP-complete. Thus if we wish toexamine constraint-satisfaction problems that have at least the ability to count modulop but are not NP-complete, it does not make sense to add new constraints in Zp. Itmay still make sense however, to examine templates where the p elements de�ning Zpare only a subset of all the elements. Furthermore, the remaining elements shouldinteract in a natural manner with the p elements de�ning Zp, to avoid de�ning subsetsof Zkp that are neither subgroups or cosets. One way of achieving this is to encodeZp as a problem such as digraph-homomorphism; the encoding adds extra elements tothe template, but only de�nes linear equations modulo p on some p speci�c elements.This approach, however, does not create a template that is essentially di�erent from Zpitself, just an encoding of Zp. There only seems to be one way of obtaining a templatewith more that the p elements for Zp without interfering with the structure of Zp:simply view Zp as a subgroup of a larger group, not necessarily abelian, and allowsubgroup and coset relations on the larger group. Here we have the following.35



Let the general subgroup problem for a �nite group G be the constraint-satisfactionproblem with template G whose relations are subgroups and cosets of subgroups of Gk.We shall need to bound k by some constant to obtain a �nite template, but we willalways allow k to be as large as needed for the argument at hand.Theorem 33 The general subgroup problem for a �nite group G is polynomiallysolvable.Proof. The result follows immediately from a known algorithm that �nds generatorsfor a group, obtain by Babai [6], Furst et al. [21]; see also Theorem II.12 in Ho�mann[31].The main observation is that given a group H with known generators and a chainof subgroups H = H0 > H1 > � � � > Hr = f1g, one can obtain distinct representativesfrom each coset of each Hi in Hi�1 as follows. Select two elements x, x0 among thegenerators of H0 that belong to the same coset of H1, say x0 = xy with y 2 H1, thendiscard x0 and add y to the list of generators. Iterate until there is only one generatorin each coset of each Hi in Hi�1, and carry out the process for products xy of twocurrent generators as well. The fact that only products of pairs are needed to obtainrepresentatives for all cosets of each Hi in Hi�1 requires proof, see Theorem II.8 in[31].In our application, we have n elements that must be assigned values in G, so asolution is an element of H = Gn. Each relation in an instance de�nes a subgroup ormore generally a coset aiJi in H , for some subgroup Ji of H , with 1 � i � s if thereare s relations in an instance. Let Hi = J1 \ J2 \ : : :\ Ji for 1 � i � s, then �x eachof the n components to 1 successively until Hr = Hs+n = f1g is obtained. Obtain nowrepresentatives for all cosets of each Hi in Hi�1 using the algorithm above.To solve the constraint-satisfaction problem, observe that the �rst relation a1J1 isa coset of H1 = J1 in H0, so we may select a representative a for this coset from theabove representation, and then look for a solution of the form ax with a �xed and xin H1. Having �xed a, a condition ax 2 aiJi now becomes x 2 a�1aiJi = biJi. Nowwe proceed with b2J2 and H2 as we did before for a1J1 and H1. Here it might be thatno coset representative b for H2 in H1 is in b2J2, in which case the problem has nosolution. If such a representative b exists, we may again look for a solution of the formby with y in H2, and proceed as before to H3; H4; : : : ; Hs. In the end, we just need toselect an element of Hs, with no constraints, and we may just take 1.This gives a polynomial time algorithm because n, r, jGj, and jHij=jHi�1j arepolynomially bounded.Labeled graph isomorphism has polynomial time algorithms obtained by the authorsmentioned above, and the algorithm described in the preceding theorem is essentiallythe same as the algorithm of Furst et al. [21] as described in Ho�mann [31]. Inlabeled graph isomorphism, two graphs have been colored with each color occurringa bounded number of times, and we look for a color-preserving isomorphism. Forsimplicity, assume that each color occurs in k of the vertices of each of the two graphs.Let G be the group of permutations on 2k elements, corresponding to the 2k verticesof the same color in the two graphs. The constraint that vertices in one graph map tovertices in the other is a coset in G, while the constraint that adjacent vertices mapto adjacent vertices is a subgroup of G for adjacent vertices of the same color, and ofG2 for adjacent vertices of di�erent colors. Thus labeled graph isomorphism can beviewed as a subgroup constraint-satisfaction problem.36



Let G be a �nite group, and consider the general subgroup problem for G. Supposethat we consider adding a non-subgroup constraint, where we mean a subset of Gkthat is neither a subgroup or a coset. We have stated before that for Zp, this makesthe problem NP-complete. In fact this is still true for any abelian group G. However,it turns out that for non-abelian groups, it is sometimes possible to include a non-subgroup constraint and still have a polynomially solvable problem. The key notionturns out to be what we call a nearsubgroup; nearsubgroups coincide with subgroupsin the abelian case, but not in general for an arbitrary non-abelian group.Let G be a �nite group, and let K be a subset of G such that 1 2 K. We saythat K is a nearsubgroup if for all b 2 G such that 1 2 bK, for all subgroups M ofG, and for all normal subgroups N of M such that M� = M=N is abelian, the setK� = faN �M : K \ aN 6= ;g is a subgroup of M�. In words, the intersections of Kwith the abelian sections of G form subgroups.An alternative de�nition is the following. Let G be a �nite group, and let K be asubset of G such that 1 2 K and if x; y 2 K, then xyx 2 K. We call this condition thecycles condition because given that 1 2 K, it is equivalent to stating that if b; bx 2 K,then bx2 2 K; and furthermore, this implies that bxi 2 K for all i, thus obtaining acoset b < x > of a cyclic group such that b < x >� K, where < x > denotes thesubgroup generated by x. Suppose that K satis�es the cycles condition. If M is asubgroup of G, and N is a normal subgroup of M with M=N isomorphic to E4 = Z22 ,then there is no b 2 G such that bK \M meets exactly three of the four cosets of Nin M . In this case, K is a nearsubgroup.It will be useful to consider nearsubgroups with the following stronger 2-elementproperty. Here K satis�es the cycles condition, and if S is the set of 2-elements in G, bis such that 1 2 bK then S\ < S\ bK >� bK. That is, the 2-elements in bK generatea subgroup whose 2-elements are in bK.Our interest in these notions comes from the following three theorems. A non-nearsubgroup is a bK with 1 2 K such that K is not a nearsubgroup.Theorem 34 Let G be a �nite group. Consider the general subgroup problem for G.Include also a single subset of Gk for some k that is a non-nearsubgroup. Then thesubgroup problem with this additional non-nearsubgroup constraint can simulate one-in-three SAT and is therefore NP-complete.Proof. Let bK be the non-nearsubgroup in Gk. We can treat k-tuples as singleelements, and so assume that bK is a non-nearsubgroup in G. We can simulate theconstraint x 2 K by y = bx and y 2 bK, because y = bx is a coset (x; y) 2 (1; b)Hwhere H = f(z; z) : z 2 Gg/ So K itself is a set in the problem, with 1 2 K, and nota nearsubgroup.Suppose that K does not satisfy the cycles condition. If for y 2 K, we also havey�1 2 K, then the cycles condition can be restated as x; y 2 K implies xy�1x 2 K.Setting a = y and az = x, we have a; az 2 K but az2 =2 K; we also have this if y�1 =2 Kfor some y 2 K, letting a = y and az = 1. Furthermore, we can use the set K 0 = a�1Kas a constraint by x = ay and x 2 K. So we have a constraint set K with 1; z 2 Kbut z2 =2 K. We pass to < z >, the group generated by z, which is Zn for some n. Wewish to obtain a set with just two elements 1; z in Zk =< z > for some kjn, k � 3.We start with K itself, and gradually reduce the size of K or the integer n down toa smaller k. If zk; zk+1 2 K for some k 6= 0, then K 0 = K \ (z�kK) still has 1; z 2 K 037



but with K 0 strictly contained in K, unless x 2 K if and only if xzk 2 K, in which casewe may pass to the smaller Zk which is isomorphic to Zn= < zk >. So we may assumethat zk; zk+1 2 K only for k = 0; 1. If K contains some zk with k 6= 0; 1 relativelyprime to n, then we set K 0 = K \ (zkK�1), so that 1; zk 2 K 0 but z =2 K 0, so K 0 isstrictly smaller than K and we may rename zk to z. Similarly, if K contains some zkwith k 6= 0; 1 and k � 1 relatively prime to n, then we set K 0 = K \ (zk+1K�1), sothat z; zk 2 K 0 but 1 =2 K 0, so K 0 is strictly smaller than K and we may rename zk to1 by a simple transformation. Now, if K contains some zk with k 6= 0; 1 with k � 1; knot relatively prime to n, then arguing in the smaller groups generated by zk�1 and zkwe may assume that K contains z2k and z2k�1, but this is only possible if 2k� 1 = n,contrary to the assumption that k is not relatively prime to n.So we may indeed assume that K contains precisely 1; z in Zn =< z > with n � 3.Now consider x; y; t 2 K\Zn with the coset constraint xyt = z. Then one of x; y; t is zand the other two are 1, thus de�ning one-in-three SAT and giving NP-completeness.For the other case, suppose that K meets exactly three of the four cosets of N inM . We may then pass to E4 = M=N = f1; a; b; abg, and assume K = f1; a; bg. Thenconsider x; y; z 2 f1; ag with xyz = a, which are all subgroup and coset constraints;furthermore, add t 2 f1; bg with (x; t) 2 f(1; 1); (a; b)g, which are still subgroupconstraints; �nally yt = u with u 2 K. Then one of x; y; z is a and the other twoare 1, again de�ning one-in-three SAT and giving NP-completeness.Theorem 35 Let G be a �nite group. Consider the general subgroup problem for GInclude also any number of subsets bK of Gk, where the setsK are nearsubgroups. Thenthe subgroup problem with these additional nearsubgroup constraints cannot simulateone-in-three SAT (and is thus unlikely to be NP-complete).Proof. Since the intersection of nearsubgroups is a nearsubgroup by a result ofAschbacher [3], it su�ces to show that a single one-nearsubgroup K of G3 cannotrepresent the one-in-three SAT relation via some cK. Suppose that it does, so that cKcontains three elements (a; b; b), (b; a; b), (b; b; a) with a 6= b. We may assume b = 1, andthen multiply by (a�1; 1; 1), so the three triples are (1; 1; 1), (a�1; a; 1) and (a�1; 1; a)in K; But the product (a�2; a; a) of the last two is also in K since the last two alsocommute, so we have a triple (a�1; a; a) together with (a; 1; 1), (1; a; 1), (1; 1; a), i.e.,the core will still contain some (x; a; a) for x = 1 or x = a, which does not de�neone-in-three SAT.Consider now a problem whose constraints are subsets of Gk containing the identityelement 1; the only constraints that do not contain 1 are single-element subsets fag 2 G.If every such a is of odd order, we call this the odd problem for G. If every such a is oforder a power of 2, we call this the 2-element problem for G.Theorem 36 Consider a problem on a �nite group G with arbitrary constraints. Thisproblem reduces to the odd problem and the 2-element problem together, with constraintsaR corresponding to the constraints R in the original problem. Furthermore, (1) Theodd problem reduces to the subgroup problem for G if all constraints satisfy the cyclescondition; (2) the 2-element problem reduces to the subgroup problem for G if allconstraints K satisfy S\ < S \ K >� K, where S is the set of 2 elements, andalso < x >2 K for x 2 K. Therefore the problem for G with nearsubgroup satisfyingthe 2-element property reduces to the subgroup problem for G, and is thus polynomiallysolvable. 38



Proof. The �rst step takes arbitrary constraints on G and reduces them to oddproblems and 2-element problems. The basic idea is that if we have r constraints,and s of them already contain the identity element 1, then we shall force one more ofthese constraints to contain 1. Repeating this step eventually forces all constraints tocontain 1, and then 1 is a solution. Let K be the chosen set not containing 1, andignore the remaining r � s � 1 constraints. For K � Gk itself, we may just try eachof the possible values for k variables involved. Suppose we just consider them one at atime. We have thus reduced the problem to a problem where all constraints contain 1except for a single constraint that assigns a value to a single variable. If this constantis of odd order or of order a power of two, we have an odd problem or a 2-elementproblem respectively. If this constant is of order rs, with r odd and s a power of 2,then it can be written as (a; b) in Zr � Zs, where a generates Zr and b generates Zs.We initially replace b with a variable constrained to Zs, so we only have the odd orderconstant a, and hence an odd problem. After solving the odd problem, we obtain asolution s, and we may look for a solution of the form sx. This means that in Zr �Zswe want the element (1; s�1i b), and this is now a 2-element problem.It remains to reduce the odd problem and the 2-element problem to the subgroupproblem in the cases mentioned in the theorem. We consider �rst the odd problem,where the constraints are subsets K of Gk containing 1 and satisfying the cyclescondition. Additional constraints just assign a single odd order value to a variable.We replace each variable with two variables. If K is a subset of Gk , we replace itwith the subgroup H of G2k generated by the pairs (x; x�1) in K. If a is a single oddorder constant, we replace it by the pair (a 12 ; a� 12 ), where a 12 denotes a r+12 , r being theorder of a. After a solution is found for the resulting subgroup problem, we replaceeach pair (x; y�1) in the solution by the product xy to obtain a solution for the originalproblem. If the original problem had a solution, we can choose s a power of 2 such thatxs = x for odd order elements x and xs has odd order for all x; raising the solutionto the power s gives an odd order solution t, and we may use the pair (t 12 ; t� 12 ) asa solution to the new problem. Conversely, if the new problem has a solution, thenthe odd constant pairs (a 12 ; a� 12 ) give the right product value a; furthermore, a pair(x; y�1) in H can be written as (x1x2 � � �xk; x�11 x�12 � � �x�1k ) with the xi in K, and thenxy = x1x2 � � �xkxk � � �x2x1 is in K by the cycles condition, as desired.For the 2-element problem, the constraints are subsets K of Gk containing 1 andsatisfying the condition S\ < S \ K >� K. Additional constraints just assigna single 2-element value to a variable. The main point is that the set K and thesubgroup < S \ K > are indistinguishable as far as their 2-elements are concerned,i.e., S\ < S \K >= S \K. So we replace the set K with the subgroup < S \K >,and insist for either problem that the solution consist of 2-elements. As before, we canchoose r odd such that xr = x for 2-elements x and xr is a 2-element for all x; raisinga solution to either problem to the power r guarantees that the solution is a 2-element,as desired.Summarizing, non-nearsubgroups give NP-completeness, nearsubgroups give non-NP-completeness unless the reduction is not a simulation of one-in-three SAT, andnearsubgroups with the 2-element property give polynomiality by a reduction to thesubgroup case.We �rst showed that nearsubgroups are the same as subgroups in the abelian case.We moved on to the non-abelian case, and still showed that nearsubgroups are the39



same as subgroups for 2-groups. This led us to consider the case of odd order groups,where we encountered a nearsubgroup that is not a subgroup: the elements are triplesfrom Zp with product operation (i; j; k)(i0; j 0; k0) = (i+ i0 + jk0; j + j 0; k + k0) and thenearsubgroup K consists of the elements of the form (12jk; j; k). For odd order groups,nearsubgroups immediately satisfy the 2-element property. >From this we inferred thatfor groups that are the product of a 2-group and an odd order group, in particular fornilpotent groups, nearsubgroups satisfy the 2-element property, and so the constraint-satisfaction problem for nearsubgroups is polynomially solvable.We then asked whether it might always be the case that nearsubgroups satisfy the2-element property, so that the constraint-satisfaction problem for nearsubgroups ispolynomially solvable. Michael Aschbacher found a counterexample, where K = I isthe set of involutions (elements of order 2) plus the identity element 1, in a rank 1simple Lie group of even characteristic with at least one element of order 4.Because of this example, we considered the case of groups with no element of order4, and showed for such groups that when the 2-Sylow subgroups have at most fourelements, then nearsubgroups satisfy the 2-element property; Aschbacher proved ageneral theorem that implies that nearsubgroups satisfy the 2-element property forall groups with no element of order 4. Since all groups where we had previouslyshown that nearsubgroups satisfy the 2-element property are solvable, and Aschbacher'scounterexample is not a solvable group, we asked whether there might be anycounterexample for solvable groups. Here we could understand the case of a dihedralgroup, < a; b > with a2 = bn = 1 and ab = b�1a; then the only nearsubgroups that arenot necessarily subgroups are given for r; s dividing n by the elements of the form birand abjs, provided that the same power of 2 divides r and s. Aschbacher showed thatnearsubgroups satisfy the 2-element property for solvable groups. Finally, since it is notpossible to simulate one-in-three SAT and obtain NP-completeness with nearsubgroupsalone, we asked whether nearsubgroups could give a non-nearsubgroup by intersection;Aschbacher showed that this is not possible, the intersection of nearsubgroups is anearsubgroup.Summarizing our �ndings and those of Michael Aschbacher [3],Theorem 37 Let G be a �nite group.(1) If G is abelian, or a 2-group, then its nearsubgroups are subgroups.(2) Let I be the involutions plus 1. If G has two involutions whose product hasorder 4, then I is not a nearsubgroup. Otherwise, I is a nearsubgroup. If in additionI generates no element of order 4, then I satis�es the 2-element property, otherwise itdoes not. There exist groups G that meet this condition for I being a nearsubgroup butnot satisfying the 2-element property.(3) If G has no element of order 4, or if it is solvable, then its nearsubgroups satisfythe 2-element property.(4) The intersection of nearsubgroups is a nearsubgroup.The fact that there are �nite groups G with nearsubgroups that do not satisfythe 2-element property, such as the ones in (2) above, creates an interesting situation.Consider the nearsubgroup problem for G. We know that this problem cannot simulateone-in-three SAT, and is thus unlikely to be NP-complete. On the other hand, onlynearsubgroups with the 2-element property seem to be transformable into subgroups soas to obtain a subgroup problem, so the problem might not be polynomially solvable.40



This is our best candidate for a constraint-satisfaction problem that might be neitherpolynomially solvable nor NP-complete.On the other hand, we have identi�ed a property, the nearsubgroup intersectionproperty, that would imply that the problem with nearsubgroups is polynomiallysolvable. We know of no counterexamples to the nearsubgroup intersection property,and it is implied by the 2-element property. The nearsubgroup intersection propertyis as follows. Let G be a �nite group with a subgroup H of index 2. Then there existsan element g in G nH such that g belongs to every nearsubgroup K of G such that the2-elements in the intersection of K� and G� nH� generate G�. Here G� = G=N whereN is some normal subgroup of G (dependent on K) such that H contains N , and kNis contained in K for every k in K; and H�; K� are the corresponding induced subsetsof G� obtained from H;K.Theorem 38 Suppose that the nearsubgroup intersection property holds. Then the 2-element problem is polynomially solvable for nearsubgroups, and therefore the problemfor nearsubgroups is polynomially solvable.Proof. We have already shown that to solve the problem with nearsubgroupconstraints, it is su�cient to solve the 2-element problem. In the 2-element problem, wehave a space which is the direct product of groups G1; G2; : : : ; Gn;, where G1 =< r > isa group generated by a 2-element r, we would like to obtain this element r in a solution,and all constraints are nearsubgroups of the direct product of a bounded number ofGi. Call G the product of all the Gi, and let H be the subgroup of index 2 obtainedby replacing G1 with G01 =< r2 >. If we can obtain a solution g in G nH , this solutionwill have r2i+1 in G1, and then a solution having r itself can be easily obtained sincer = (r2i+1)j for some j. So suppose we are looking for a solution g in G nH . Considerthe �rst nearsubgroup constraint K, which constrains, say, the direct product of the�rst k groups Gi. Call N the product of the remaining Gi. By taking the factor groupde�ned by N , we move to G�, and obtain H� and K�. It is then su�cient to lookfor a solution in the group generated by the 2-elements in the intersection of K� andG� nH�. This gives a subgroup of G, and we may obtain generators for this subgroup.By carrying out this process of further restricting G by considering each nearsubgroupconstraint K in turn, we obtain a decreasing chain of subgroups (we may need to lookat the same nearsubgroup more than once; this process is similar to how the subgroupproblem was solved). If at the end of this process, the subgroup H still has index 2 inG, then the nearsubgroup intersection property guarantees the existence of a solutionwith all nearsubgroup constraints. To actually �nd such a solution, we may successively�x the values in G2; G3; : : : ; Gn; test that H still has index 2, until we �nd a completesolution.7 Conclusions and Further DirectionsEvery known polynomially solvable problem in CSP can be explained by a combinationof Datalog and group theory. In fact, only three speci�c cases combine to give all knownpolynomially solvable problems. The three cases are width 1, bounded strict width,and subgroup problems. 41



These three cases have something in common, which is best illustrated by thefollowing characterizations, where we also include a fourth case where the template isover the reals.(1) A problem has width 1 if and only if there is a function f that maps nonemptysubsets of the template to elements of the template, such that for every relation R inthe template, of arity k, the following holds. Let S1; S2; : : : ; Sk be subsets with theproperty that for every xi in Si, there exist xj in Sj for j 6= i such that (x1; x2; : : : ; xk)is in R. Then (f(S1); f(S2); : : : ; f(Sk)) is in R. The case of extended width 1 is slightlymore general, because it only considers a fraction of the subsets of the template. Theexistence of solutions can also be described in terms of tree duality.(2) A problem has strict width l if and only if there is a function g that mapsl+1-tuples from the template to elements of the template, such that for every relationR in the template, of arity k, the following holds. First, if all but at most one of somel + 1 elements xi are equal to some speci�c element x, then g(x1; x2; : : : ; xl+1) =x. Second, let xij be elements with (x1j; x2j; : : : ; xkj) in R for every j. Then(g(x11; x12; : : : ; x1(l+1)); g(x21; x22; : : : ; x2(l+1)); : : : ; g(xk1; xk2; : : : ; xk(l+ 1))) is in R.The existence of solutions can also be described in terms of the Helly property.(3) A problem is a subgroup problem if and only if we can de�ne a group operationon the elements of the template such that for every relation R in the template, ofarity k, the following holds. If the three tuples (b1; b2; : : : ; bk), (b1x1; b2x2; : : : ; bkxk),(b1y1; b2y2; : : : ; bkyk) are in R, then the tuple (b1x1y1; b2x2y2; : : : ; bkxkyk) is also in R.This means that R is a coset of a subgroup of Gk. The case of nearsubgroups canbe viewed as mapping b, bx, by, instead of into bxy, into bxyz, where z is an elementof the commutator group of the subgroup generated by x and y. The algorithm that�nds solutions depends on the fact that when G acts on itself every subgroup de�nes apartition into cosets; we do not know whether a partition theory can also be developedfor nearsubgroups.(4) Convex programming, a constraint satisfaction problem over the reals solvablein polynomial time with the ellipsoid method, has the property that if (x1; : : : ; xk) and(y1; : : : ; yk) are both in some convex set, then so is (h�(x1; y1); : : : ; h�(xk; yk)), whereh�(x; y) = �x + (1 � �)y and 0 � � � 1. Here convex programming duality is ofinterest in the study of solutions.These four characterizations are all closure properties, i.e., there exists a function(f , g, group operation, or h�) such that every relation R in the template is closedunder component-wise application of the function. Furthermore, there is always anassociated structure theory for the study of the existence of solutions (tree duality,Helly property, coset partition, convex programming duality, respectively). Schaefer[48] used such closure properties when he classi�ed the polynomially solvable and NP-complete problems in boolean CSP. He was thus in a sense showing that Horn clauses,2SAT, and linear equations modulo 2, the three polynomially solvable cases, are width1, strict width 2, and subgroup, respectively. We do not know whether polynomialsolvability for CSP is always necessarily tied to a closure property.The algorithmic signi�cance of these closure properties is an interesting question.For problems of width 1, the f mapping is not needed to solve the problem inpolynomial time, but can be used to obtain a solution directly once the Datalog programhas found nonempty sets associated with each variable. For problems of strict width l,once the Datalog program has found nonempty sets associated with l-tuples of variablessatisfying the Helly property, the g mapping can be used to obtain a solution e�ciently42



in parallel. There are however problems where the f and g mappings help �nd fastalgorithms without running the Datalog program. Here the following results from Federand Hell [18] are good examples. The connected list problem for re
exive graphs ispolynomially solvable for chordal graphs, NP-complete otherwise. For chordal graphs,this problem has width 1. By using the perfect elimination ordering for perfect graphs,a fast parallel algorithm can be found for this problem; and here the f mapping isbased on the existence of a perfect elimination ordering. Similarly, the arbitrary listproblem for re
exive graphs is polynomially solvable for interval graphs, NP-completeotherwise. For interval graphs, this problem has strict width 2. By using the intervalrepresentation for interval graphs, a reduction to 2SAT can be found for this problem,giving again a fast parallel algorithm; and here the g mapping is based on the existenceof an interval representation. Thus the f and g mappings can help understand thestructure of a problem and lead to fast parallel algorithms. For subgroup problems,the situation is more drastic: we do not know of any algorithm that does not involve�nding generators, and here the group operation is used directly.This raises an important question. For subgroup problems, the set of solutionshas a polynomial number of generators. This means that there exists a polynomialnumber of solutions such that if we take the closure under the mapping that mapss, sx, sy to sxy, then we obtain all solutions. Now we may ask: Does there exista polynomial number of generators for the width 1 and bounded strict width cases,when closure under f and g mappings is considered? We study �rst the bounded strictwidth case. Here there does exist a polynomial number of generators, namely, if aproblem has strict width l, then for each choice of l variables x1; x2; : : : ; xl, determinethe assignments of values to these variables for which a solution exists, and choose onesolution for each assignment. This produces at most nl generators. To see that theseare generators, suppose that we have a solution, and consider the values it assigns tol + 1 variables x1; : : : ; xl+1. For each choice of a variable xi, there exists a generatorthat assigns the correct value to the remaining xj , but not necessarily to xi. Find l+1such generators, one for each i, and then applying the g mapping to them will assignthe correct value to the l + 1 variables. Inductively, we can then obtain the correctassignment for all variables. Now consider the width 1 case. Here we write f(S) = t fora set of solutions S and a solution t if for each variable xi, letting Si be the set of valuestaken by xi in S, and letting ti be the value of xi in t, we have f(Si) = ti. In general,the number of generators needed for this f mapping is exponential. For Horn clauses,with f(f0g) = 0, f(f1g) = 1, and f(f0; 1g) = 0, the mapping f(S) = t correspondsto set intersection. Even for independent set, a special case of Horn clauses, the set ofgenerators with the f mapping must contain at least the maximal independent sets,and there can be an exponential number of them; independent set, on the other hand,is also a special case of 2SAT, and the number of generators with the g mapping ispolynomial. For linear programming, the generators with the h� mappings are thevertices of the polytope, and there can be an exponential number of them. Notice nowthat Horn clauses and linear programming are in general P-complete, while neitherbounded strict width problems nor subgroup problems seem to be P-complete; it mightbe that P-completeness is tied to the non-existence of a closure property that allowsfor a small (polynomial or at least non-exponential) set of generators.Our attempt to classify the problems in CSP and establish a dichotomy is basedon the following two conjectures. 43



Conjecture 1 A constraint-satisfaction problem is not in Datalog if and only if theassociated core T can simulate a core T 0 consisting of two relations C;Z that give theability to count. This is equivalent to simulating either Zp or one-in-three SAT.Conjecture 2 A constraint-satisfaction problem is NP-complete if and only if theassociated core T can simulate a core T 0 consisting of the single relation C de�ningone-in-three SAT.The �rst conjecture indicates a sharp line out of Datalog and into group theory:Since one-in-three SAT can simulate Z2, and when the two linear equations x = 0,x + y + z = 1 modulo p give the ability to count, then every linear equation modulop can be simulated, it follows that the conjecture basically says that a problem not inDatalog is at least as powerful as the general subgroup problem for Zp.So we assume that a template not in Datalog contains at least the general subgroupproblem for Zp. We move then on to the second conjecture, which indicates a sharpline into NP-completeness. We thus try to determine what can make a problem thatcan simulate Zp be able to simulate one-in-three SAT, and thus NP-complete. We �rstobserve that on the p elements that simulate Zp, any relation that is not a subgroup ora coset in a power of Zp makes it possible to simulate one-in-three SAT. It is thus notpossible to interfere with Zp itself and avoid NP-completeness. This suggests that theonly way to enlarge the Zp problem and still obtain a problem that cannot simulateone-in-three SAT may be to view Zp as a subgroup of a larger, not necessarily abelian,group. It seems that any other approach to extending Zp would simply combine Zp withother problems without interfering with Zp itself, either by taking the product of Zpwith another problem, or encoding Zp in a special class such as digraph-homomorphism.Suppose then that we have the general subgroup problem for a �nite group, whichis still polynomially solvable. It is no longer true that adding a non-subgroup makes itpossible to simulate one-in-three SAT. We can show that adding a non-nearsubgroupmakes it possible to simulate one-in-three SAT. So we only allow nearsubgroups. Theintersection of nearsubgroups gives nearsubgroups. So nearsubgroups do not make itpossible to simulate one-in-three SAT, which by the second conjecture would mean thatadding nearsubgroups to a subgroup problem cannot make the problem NP-complete.We can show that if we restrict our attention further to nearsubgroups with the 2-element property, then nearsubgroups can be replaced with related subgroups, theresulting problem reduces to subgroup problems, and is thus polynomially solvable.But then nearsubgroups have the 2-element property for many groups, includingsolvable groups and groups with no element of order 4, by results of Aschbacher. Itmay then be that a subgroup problem always remains polynomially solvable whenwe add nearsubgroups. However, Aschbacher identi�es a group with a nearsubgroupthat does not have the 2-element property. It does not seem possible to represent thisnearsubgroup as a subgroup, so the problem does not immediately reduce to a subgroupproblem, although it still contains the general subgroup problem for the chosen group;this may mean that the problem is not polynomially solvable. On the other hand, thefact that nearsubgroups cannot simulate one-in-three SAT may mean that the problemis not NP-complete.We thus have our best candidate for a problem in CSP that may be neitherpolynomially solvable nor NP-complete, which is the following. Consider the generalsubgroup problem for a �nite group, and focus on the set of involutions, including the44



identity, which we wish to add as a new constraint. If some element of order 4 is theproduct of two involutions, then involutions are not a nearsubgroup, and the problemis NP-complete. Otherwise, the involutions are a nearsubgroup. If no element of order4 is generated by involutions, then the involutions have the 2-element property, andthe problem is polynomially solvable. Otherwise, the involutions do not have the 2-element property. Aschbacher observed that there are such �nite groups, where theinvolutions form a nearsubgroup without the 2-element property. Could it be that forsuch groups the involutions de�ne a problem that is neither polynomially solvable norNP-complete? On the other hand, the following may hold:Conjecture 3 The nearsubgroup intersection property holds for all �nite groups.Therefore the constraint satisfaction problem with nearsubgroup constraints is poly-nomially solvable.This is the current state of the attempt to classify the problems in CSP and obtaina dichotomy. Considering the three main conjectures, it may be that there is a directapproach towards proving the �rst one, concerning the ability to count. One mightstart by showing that if a subgroup problem does not have the ability to count, thenit can be solved with Datalog, beginning with abelian groups; similarly, one couldconsider linear programming, a constraint satisfaction problem over the reals that getsthe ability to count by representing bipartite matching or linear equations, and showthat if a linear programming template does not have the ability to count, then it canbe solved with Datalog.The second conjecture cannot be approached directly, as we cannot show non-NP-completeness without showing P6=NP. It might still be possible to show that if a CSPproblem cannot simulate one-in-three SAT, then it belongs to a class that is unlikelyto contain NP-complete problems, such as co-NP; this would establish a dichotomy,namely NP-complete versus in NP\co-NP. An approach along these lines was successfulin showing that graph isomorphism is not NP-complete unless the polynomial hierarchycollapses. The approach there was via interactive proofs for graph non-isomorphism;interactive proofs have already been shown to be relevant in the study of constraintsatisfaction problems, see [20, 7].It might be possible to answer the third conjecture with the theory of nearsubgroupsas studied by Michael Aschbacher [3].A basic questions remain open. Find a deterministic construction of small graphsof high chromatic number and high girth, in particular with the size of the graphpolynomial in the chromatic number, with the girth lower bounded by a constant.This would help derandomize the reduction between equivalent MMSNP and CSPproblems.The class NP consists of all problems expressible by an existential second-ordersentence with an arbitrary �rst-order part (see [14], the �rst-order part need notbe universal as for SNP). What is the complexity of problems in MMNP, the classmonotone monadic NP without equality or inequality?45



Appendix: Constraint Satisfaction and LinkSystemsIn his paper \Process, System, Causality, and Quantum Mechanics" [12], Tom Etterproposes link systems as a unifying framework for i-o systems, Markov processes, andquantum mechanics; he also suggests that link systems also provide an interpretationfor relativity and for relational databases. In this paper, we have proposed constraintsatisfaction as a unifying framework for problems that can be solved with Datalogsuch as Horn clauses and 2-satis�ability; for NP-complete problems such as 3-coloringand 1-in-3-satis�ability; for problems from group theory such as systems of linearequations and labeled graph isomorphism; for linear programming and graph matching;for network stability and stable matching.In this note we intend to expose a direct connection between constraint satisfactionand link systems, so that this work and the work of Etter may bene�t from each other.A link system is a stochastic process on a set of random variables x1; x2; : : : ; xn;together with a set of links. A link is a condition of the form x = y on two variables xand y of a stochastic process, thereby crating a new process in which the unconditionalprobability p(E) of any event E is p(Ejx = y) in the old process. The duplicate variabley is then dropped.A proper link system is a link system in which all links are between di�erentindependent parts of the stochastic process, and no two links involve the same variable.Etter is primarily interested in proper link systems.A white variable is a random variable with a uniform distribution. An i-o system isa link system where every link is of the form x = w, where w is a white variable, withx and w independent. Notice that when the process is conditioned on x = w, so thatx and w are linked and w is dropped, the distribution of x in the resulting stochasticprocess is the same as in the original process, because w is white.Suppose that x and y are independent random variables. Then the probability thatx and y will both have some value k is the product of the probabilities that they willhave value k separately, i.e., p(x = y = k) = p(x = k)p(y = k). Let's call p(x = k)and p(y = k) the unlinked probabilities of x being k and of y being k. Now supposewe impose the link condition x = y. The linked probability is then the probability,conditioned by x = y, that both x = k and y = k. The probability that x is k, as afunction of k, is proportional to p(x = k)p(y = k).In short, linked probabilities are always quadratic in unlinked probabilities. If thedistributions of x and y are identical, which is the quantum situation, then linkedprobabilities are the squares of unlinked probabilities. That is, quantum amplitudesare simply unlinked probabilities, which explains the square root law. The mainadditional element that appears in quantum mechanics is that probability theory mustbe extended by allowing cases to count negatively. Much of the trouble that we havewhen looking for an interpretation of quantum mechanics is that we are looking for ani-o system, where one of the two linked variables is white, when instead it is the casethat the two variables are identically distributed.This is in essence a summary of some of the basic ideas in Etter's paper. He alsoshows that the velocity law of relativity, which adds velocities as (v+v0)=(1+vv0), wherethe speed of light is 1, can be viewed as linking two variables x and x0 correspondingto coin tosses, where the velocity is the probability of heads minus the probability of46



tails.In a second paper, \Quantum Mechanics as a Branch of Mereology" [13] proposesan approach to link systems from relational databases instead of probability theory.The word mereology means the mathematical theory of parts and wholes. The idea isto use the record count for database tables instead of probabilities. Linking is thende�ned in the usual sense for combining tables in relational databases. For example,let A be a two-�eld table with record count A(x; y), and let B be another two-�eldtable with record count B(y; z). When A and B are linked at y to obtain a three-�eldtable, the record counts multiply, giving record count A(x; y)B(y; z) for the entry givenby the triple x; y; z. When we hide the linked �eld y, we obtain a two-�eld table C,adding the record counts over y, so the record count is C(x; z) = Py A(x; y)B(y; z).In short, when A;B;C are viewed as matrices, we have C = AB. That is, linking isintimately tied to matrix multiplication. Etter uses this connection to examine the twocore laws of quantum mechanics, the Born probability rule, and the unitary dynamicallaw (whose best known form is Schrodinger's equation), formulated by von Neumannin the language of Hilbert space in terms of matrices as prob(P ) = trace(PS) andS 0T = TS respectively. Etter observes that the algebraic forms of these two core lawsoccur as completely general theorems about links.We now turn to the connection with constraint satisfaction. Given an instanceI of constraint satisfaction, suppose we create an auxiliary instance I 0 where everyvariable in I has been replaced by many variables, so that every variable occurs inprecisely one constraint. The instance I 0 always has a solution, namely satisfyingeach constraint separately. Now view I 0 as a stochastic process, by requiring for eachconstraint (x1; : : : ; xk) 2 R that the variables xi be distributed so as to give a uniformdistribution over the satisfying assignments for R. Now I can be viewed as the systemobtained from I 0 by linking the many variables that came from the same variable.The resulting distribution is then the uniform distribution over the set of satisfyingassignments to the instance I .This is in essence the connection between constraint satisfaction and link systems.We may then ask what part of the framework of Etter makes sense in the context ofconstraint satisfaction. A �rst observation is that the use of Datalog allows for rulessuch as C(x; z):{A(x; y); B(y; z). When conjunctions and disjunctions are replaced bymultiplication and addition respectively, the rule becomes C(x; z) =Py A(x; y)B(y; z),which we saw arises in link systems.Consider next the network stability problem. Here the constraints are gates, i.e.,they involve k+l variables via a functional constraint f(x1; x2; : : : ; xk) = (y1; y2; : : : ; yl).In the instance I 0, prior to the linking, the xi variables are independently uniformlydistributed. All the links are of the form, y = x, matching an output y to an input x,where the input x is uniformly distributed, hence a white variable. Therefore networkstability is just an i-o system, in Etter's terminology. Stable matching is known to bethe special case of network stability where all variables are boolean and all gates arethe X gate X(x1; x2) = (x1x2; x2x1), in addition to the constant generating gates withk = 0 and l = 1, as well as the absorption gate with k = 1 and l = 0.Notice that in the case of network stability, variables occur in disjoint linked pairs,as in Etter's proper linked systems. In general, we have not made the assumptionthat every variable occurs in precisely two constraints in this paper. Without thisassumption, we have conjectured that the constraint satisfaction problems are eithersolved with Datalog or have the ability to count; in the latter case, we either have47
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