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Hermite Form
The algebraic form of a bicubic surface can be written as

X(st)= g’ + ag,8%° + ag,S°t + ags®
2.3 2,2 2 2
3 2

+ oagat®  + aggt? +oagt  + ags

Recall the Hermite cubicis X(s) = S Mp Ghx- Now if welet Gpy be variable we can

write
th = th(t) so that

X(st) = MGy, (1)
R(t)
Py (t)
Ri(t)
Ry (1)

That is, for any specific value of t, e.g. t1, we have new start and end points P1(t1) and
Pa(t1). So, at t=0 we use the values P1(0), P4(0), R1(0) and Ry(0).
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R t=1

P13

The "Patch™ is an
interpolation between

P1 (5 ﬁ F-4|:5:' P1 (11 and qu:t:]

{if the interpolants are
straight Tines, we get a
ruled surface )
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Wewant P1(t), Pa(t), Rp(t) and R4(t) to be variable. So let's writethemin

cubic Hermiteform
P=TM,G, (1)

Chs 02

P =TM P _ 0,2

x = TMy, ) Py = TM,, (©)
Oz Uz
U4 oo
U1 Oa

P =TM s, _ U2

x = M, (4) P = TM, 5)
Oay Oag

Combining (2), (3), (4) and (5) into asingle matrix equation, we get

Ou Oz Oa Oa
0o Oz Y32 O
O3 Oxn Osz O
Ou On Oz Qu

[Plx (t) I:)4x (t) Rlx (t) R4x (t)] = TMh

or,using (ABC)T =CTBTAT, werewrite so [P P4 Rq Ry] isacolumn vector to
match the form of eq. (1):

= Oiu G Gz O
P4 =M™, On Qx O O MhTTT =Q, MhTTT
R O O Oz Qs
R, Oy Q2 Oy Qu

Substituting into (1) we have:
X(st) = M, QM T
Y(st) = M, QM T'
Z(st) =M, QM T
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How do we interpret the Qy, Qy and Qy (ietheg; j) geometrically? From eqg. (2):

P1(0)

(0 0 01) Mp (911 d12 d13 d14)7
=(1000)(q11 912 913 q14)7  after the matrix multiply,

411
= the start of P1(t).

Butby (1),  X(st) =SMp[P1(t) P4(t) Ry(t) Ra(®)]T

So X(0;) = (1000) [Py(t) Pa(t) Ry(t) Rat) 1T
= P1(t)

Thus, X(0,0)= P1(0)

and so qi1 = X(0,0) = Xqo-

Similarly, Py(1) =(1111) Mp [g11 911 d11 9147
=(0100)[g11 911 911 a11]T  after matrix multiply,
= g2
= end of P1(t).

But by (1),

X0 =(1000) [Py(t) Pat) R1(t) Ra(t) 1T
=P1(t)

sothat  X(0,1)=Py(1)

and q12  =X(0,1) = Xp1.

Repeating this for the other g j» we get

>(OO

Q: >>((OO
s00

Xle
where X,

X Xio X position slope
X Xao Xy f_ fiof corners aongt
>(sOl XstOO XstOl gope
Xa:1 Xgo  Xgn aong s " twist"
_oX _oX _ 97X
- T4 s A XSI -
ot 0s 0sot
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Joining Patches

To create a compl ete surface, we often (almost always for real surfaces) need to use
several patches. Thisraisesthe question of how to join patches. An Hermite cubic has
c(0) -postional- and G(1) -slope- continuity. Wewant G(1) continuity from patch to
patch for an Hermite bicubic. To get this, we need:

- curves along common edge to be the same

- tangent vectors across the common edge to be in the same direction.

Consider the following diagram showing two adjacent patches:

t=1

To match position and tangent, consider the Q matrices for the two patches:

Q Matrix - Patch 1

Q Matrix - Patch 2

s=0
edge F, Q11 Q12 Q13 Q14
. / /
edge ( d21 q22 023 CI24] P,
R/' [ Kda1| KOsz | KOss kQ34J
[CI41 Q42 Q43 | Qaas J i R,

Empty cells are unconstrained and can have arbitrary values.

Q matrix constraints for C© an

d gWo




ENSC 489 Surfaces 6

Bezier Patches

The formulation for Bezier
patchesis similar:

X(st) = SMpPxMpT TT

Instead of the mix of position,

slope and twist of the Q matrix
for Hermite surfaces, P has 16

control points, four for each of
four curves.

16 Control Pointsfor Bezier Bicubic Patch

We can aso write this, for ageneral n x m patch, as

P(st) = Z ZP B.,(S)B, (1)

Problems:
- same problems as Bezier Curves
- degreeisdependent on number of control points
- noloca modification property.
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Joining Two Bezier Patches

To join Bezier bicubic patches with c(d) continuity, we need
- common control points at shared edge
- control points on either side colinear (with constant ratios of lengths of colinear segments)

Two Bezier Patches Joined along Edge P14,P24, P3s and Py,.
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B-Spline Surface / NURB Surface
B-Spline: PUV)=S TP N, (WN. (V)

- Nix and N;j, are same blending functions as used for B-Spline curves.

- B-Splinereducesto aBezier curveif ordersk and | equal (n+1) and (m+1)
respectively. Usual to use order 4 for blending functions to represent surface
of order 3

- local modification property

- defined by knot values

Z ih,jpu N, (N, (V)

n m

I; ;h] N; (U)Nj,l (V)

(introduce homogeneous coordinates for the control points)

NURBS: P(u,v) =

- same as B-Spline but with homogeneous coordinates

- when h;; are equal to 1, denominator is 1 and equation is the same as B-Spline
surface

- Bigadvantages: can represent quadric surfaces exactly: spherical,
hyperboloic, paraboloidal, etc.



