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1 Introduction

Constraint programming is newly flowering in industry. Several companies have
recently started up to exploit the technology, and the number of industrial
applications is now growing very quickly. This survey will seek, by examples,
to explain the current success of constraint technology, and, by showing its
benefits, to add to that success.

In 1963 Sutherland introduced the Sketchpad system [118], a constraint lan-
guage for graphical interaction. Other early constraint programming languages
were Fikes’ Ref-Arf [44], Lauriere’s Alice [78], Sussmann’s CONSTRAINTS [116]
and Borning’s ThingLab [10]. These languages already offered the most impor-
tant features of constraint programming;:

e declarative problem modelling
e propagation of the effects of decisions
o efficient search for feasible solutions

Each of these three features has been the study of extensive research over a long
period. Declarative programming has a long history yielding languages such as
LISP, Prolog and other purer functional and logic programming languages, and
of course it underpinned the introduction of relational databases and produced
SQL which, for all its faults, is today’s most commercially successful declarative
programming language.

Constraint propagation was used in 1972 for scene labelling applications
[130], and has produced a long line of local consistency algorithms [94, 84, 49,
60, 93, 31].



The topic of search has been at the heart of Al since GPS [97]. Influential
ideas were generate and test [56], branch and bound [79], the A* algorithm [61],
iterative deepening [76], tree search guided by the global problem structure [50],
or by information elicited during search [87], and by intelligent backtracking [75].

Whilst there is “nothing new under the sun”, the current flowering of con-
straint programming, owes itself to a generation of languages in which these
three features are present in a new architecture that makes them easy to under-
stand, combine and apply. The technology has matured to the point where it is
possible to isolate the essential features and offer them as libraries or embedded
cleanly in general purpose host programming languages.

For example isolating constraints as libraries has made possible the devel-
opment of sophisticated constraint-based scheduling systems, see [134]. More
generally there are commercially available libraries supporting constraint han-
dling [68, 24].

On the other hand constraints fit hand in glove with declarative host pro-
gramming languages. Three of the most influential constraint programming
languages were embedded in Prolog (Prolog III [23], CLP(R) [70] and CHIP
[32]). Whilst all three system are still developing further ([119, 73, 111]), there
are many new constraint programming systems emerging (eg [22, 38, 63, 124, 4]).

From a theoretical point of view the extension of logic programming to Con-
straint Logic Programming (CLP) has been very fruitful: for example ALPS [85]
- a form of logic programming with guards - was an extremely influential lan-
guage, becoming the forerunner of the Concurrent Constraints paradigm [107].
Concurrent, constraint programming has in turn provided a very clean model of
concurrent and multi-agent computing [108, 63]. Constraints can also be mod-
elled in terms of information systems [104], which allows us to reason about the
behaviour of constraint programs at an abstract level. One application of such
abstract reasoning, abstract interpretation, is already paying dividends in the
global optimisation of constraint programs [74].

However the focus of this paper is on the success of constraints in build-
ing practical software solutions to end-user problems. We shall examine these
successes in the next three sections, corresponding to the three features of con-
straint programming listed above.

Modelling One major contribution of constraints is to problem modelling.
It has been claimed that “constraints are the normal language of discourse for
many applications”. Whilst this advantage pays off in all applications, it is
central to the design and verification of VLSI circuits and to the specification,
development and verification of control software for electro-mechanical systems.
These applications are discussed in the next section.

Propagation A second major contribution is that constraints offer a natural
way for a system to spontaneously produce the consequences of a decision. This



facility is often called propagation of information. (Propagation is defined in the
dictionary as “dissemination, or diffusion of statements, beliefs, practices)”).
Propagation is the most important form of immediate feedback for a decision-
maker.

Propagation works very effectively in interactive decision support tools. In
many applications constraint programming is used in conjunction with other
software tools, taking their results as input, performing propagation, and out-
putting the consequences. Typically feedback from the propagation tool is given
in the form of a spreadsheet interface. Some constraint-based spreadsheet ap-
plications are discussed in section 3.1 below.

Many early applications of constraint programming were related to graphics:
geometric layout, user interface toolkits, graphical simulations, and graphical
editors. Constraint propagation has played a key role in all these applications,
with the result that control over the propagation has been thoroughly inves-
tigated: leading to a current generation of very high-performance constraint-
based graphics application. Some of these applications are discussed in section
3.3 below.

Search The third, and most important, area of practical applications of con-
straints is in solving hard combinatorial problems. These problems are ad-
dressed by the integration of constraint modelling, propagation and search.
Successes have typically been in planning and scheduling, resource allocation,
routing, and more recently even in complex numerical problem solving. The
applications are similar to those addressed by mathematical programming, with
the difference that mathematical programmers seek a clean model of the problem
- or often a simplified abstraction of the problem - whilst constraint program-
mers revel in the messy details of practical problems! Some applications which
involve solving combinatorial problems are discussed in section 4 below.

2 Applications using Constraints for Modelling

Constraint programming is a descendant of declarative programming. Con-
straints are defined using a logical formalism, in a way similar to functional or
logic programming. In declarative programming, or any runnable specification
language, there is a default evaluation algorithm that turns the logical formalism
into a running program. The drawbacks of a default algorithm are two: poor
performance on many (indeed most) programs and frequent failure to terminate
at all.

In constraint programming, by contrast, the behaviour of the constraints is
equally as important as their definition. Constraints have two facets, definition
and behaviour, and these can be handled separately. Once the definition is
correct, the behaviour can be sorted out. The practical consequence is that the



programmer can concentrate on modelling her problem and the problems with
performance and termination can be ironed out afterwards.

Thus although constraints make no new contribution to problem modelling,
they ensure that the encoding of a correct model of the problem is indeed a step
towards an efficient running program. The consequences can be revolutionary -
with programmers actually taking modelling seriously!

2.1 Constraints as Relations

The simplest formal model of a constraint is a relation. For example in a resource
allocation problem, the constraints on a task state which resources can be used
to do the task. This constraint can be modelled as a binary relation, such as
canlU seResource, between tasks and resources.

In this paper we shall use names beginning with a capital letter, eg Resource,
for variables. Values start with a small letter, eg resourcel. Also relation names
start with a small letter, and we shall use the syntax of logic programming. For
example the fact that the relation canU seResource holds between the task ¢1
and the resource rl is written

canU seResource(tl,rl).

To express the constraint that the relation canU se Resource must hold between
any feasible values of T'1 and R1 we write

? — canUseResource(T1, R1).

For certain mathematical relations, such as >, an infix notation is used. For ex-
ample 7—S1 > S2 constrains any feasible values s1, s2 of S1 and S2 respectively
to satisfy s1 greater than s2.

The advantage of such a model is that the same model underlies relational
databases. Consequently it is easy to design a system in which the constraint
definitions are extracted from the database.

The applications presented in this section involve complex constraints which
are modelled as relations but for which the relation is not best defined by a
table, as it would be in a relational database. Instead the relation is best defined
intentionally. The following is a very simple example of such a constraint, from
the field of circuit design and verification. In this application variables can take
only two possible values 1 and 0. Here is a constraint that requires its third
argument to be the conjunction of its first two:

and2(Inl, In2, Out) <» Out = Inl x In2

This constraint is defined intentionally, in terms of a built-in binary multiplica-
tion function X %Y and a built-in equality =.



2.2 Circuit Verification
2.2.1 Combinatorial Circuits

There exists a specialised algorithm for handling the boolean functions X %Y,
X +Y and =X and the boolean equality X = Y. It handles any number of such
constraints, extracting the global consequences of the complete conjunction of
constraints. The algorithm is based on a special data structure Binary Decision
Diagrams (BDD’s) to represent the constraints [13] and employs a decision pro-
cedure Boolean Unification to extract the “most general solution” to any set of
constraints defined in terms of booleans functions and relations. [15, 99].

The first specific application which directly uses constraints as a modelling
tool is VLSI circuit verification. The idea behind circuit verification has its roots
in an idea of Sussman [117]: complex systems can be broken down and modelled
in quite different ways - into functional components, physical components, causal
sequences etc. If the different models can be expressed in a common, constraint-
based, formalism, then we can learn much from the interaction of these different
models. For circuit verification the different models - the behavioural model and
the functional model - should be equivalent. Verification reduces to proving the
equivalence of the two models.

Circuits whose outputs are completely determined by their inputs are called
“combinatorial” circuits. The behaviour of a circuit is modelled as a single
global constraint, built from the constraints which model the behaviour of its
components. For example a full-adder in a digital circuit imposes constraints be-
tween its inputs and outputs which are best captured in terms of the constraints
imposed by its component gates as follows [113]:

full_adder (X1In,YIn,Carryln,Sum,CarryOut) <
and2(X1In,YIn,C1),
zor(XIn,YIn,S1),
and2(CarryIn, S1,C2),
zor(CarrylIn,S1, Sum),
or(C1,C2,CarryOut).

The full-adder is, in turn, used as a component in more complex circuits,
such as the n-bit adder. In fact the use of recursion allows a single definition of
an n-bit-adder to be used for any value of n as follows:

n.bit_adder (X Bits,Y Bits,CarryIn,SumBits, CarryOut) +
XBits=[,YBits =] |
SumBits =[], CarryOut = Carryln;
X Bits = [X|XT),YBits = [Y|YT], SumBits = [Sum|SumT] |
full_adder(X,Y, CarryIn, Sum, Carry),
n_bit_adder(XT,Y T, Carry, SumT, CarryOut).

This is an example of a guarded clause: if there are no more bits in the input,
the first guard X Bits = [|, Y Bits = [] succeeds, but if there are more bits, the



second guard

X Bits = [X|XT],YBits = [Y|YT], SumBits = [Sum|SumT]

succeeds. When a guard is satisfied, the constraint is replaced by the set of
goals appearing after the guard: in the latter case this is

full_adder(X,Y, CarryIn, Sum, Carry),

n-bit_adder(XT,Y T, Carry, SumT, CarryOut).

VLSI circuits are built up from a hierarchy of subcircuits, and their con-
straints are in turn built from the constraints associated with their subcircuits,
using intensional definitions such as that above. Ultimately all the constraints
are built from the underlying boolean functions we encountered in the previous
section. The Boolean Unification algorithm for handling this class of constraint
automatically extracts the most general solution to this global constraint: the
solution is a representation of the behaviour of the whole circuit for any arbitrary
input.

This representation can be used in two ways. Firstly if the specification of
the intended function of the circuit is also expressed as a constraint, then the
functional constraint can be compared with the behavioural constraint.

Secondly it is very often necessary to compare two circuits which are intended
to show the same behaviour (in case, for example, a circuit is modified to use
newer components). Again the requirement is to compare the two constraints.

The method of comparison is based on the assumption that the constraints
produce unique outputs for each set of inputs. The comparison is done by using
the same set of input variables for each constraint, and adding a new set of
output variables, one for each output of the circuit. The value of each output
variable is 0 if the two constraints produce the same output and 1 if the outputs
are different. On combining the two sets of constraints (i.e. adding them into
a common constraint store), if they are indeed equivalent the “most general
solution” produced by the Boolean Unification algorithm will have a V' = 0 for
each new output variable V. Another constraint-based procedure for verifying
the equivalence of digital circuits was recently proposed by Hooker and Yan [66].

2.2.2 Sequential Circuits

Most VLSI circuits have not only inputs and outputs but also an internal state.
The output of the circuit depends on the inputs and the state. Similarly the
inputs and previous state determine a new internal state. Circuits with an
internal state of this kind are called “sequential” circuits.

The internal state is defined by the setting, 1 or 0, of a set of internal “pins”.
The number of pins is finite and so such a circuit can be modelled as a finite
state automaton. The number of internal pins may be in the hundreds, and the
number of possible states can reach 10%° and beyond [14].

The method of verifying sequential circuits is essentially the same as for
combinatorial circuits, except that now it is necessary to establish that the
same sequence of inputs produces the same sequence of outputs. In comparing



two sequential circuits the state pins are treated as inputs - except that they
have fixed values in the initial state. However after ensuring that two sequential
circuits are equivalent in their initial states, the system must now go on to check,
for each input, that the resulting states are equivalent again. Each subsequent
pair of states must be checked for equivalence until the sequence of inputs returns
both circuits to their initial states.

The application of CLP to circuit verification has been commercialised by
Siemens. The Siemens product is used internally at Siemens and sold externally
as their “Circuit Verification Environment” CVE2 [8]. The constraints reflecting
the behaviour of a range of standard cells are offered as libraries. New cell
constraints can be added using logic programming. The structural specification
of circuits - how they are built out of cells - is expressed in an industry-standard
language called EDIF [39]. CVE2 automatically generates the circuit constraint
from the EDIF specification and the cell constraints.

2.3 Real Time Control Systems

Constraint programming is now being exploited for building control software for
electro-mechanical systems with a finite number of inputs, outputs and internal
states. As with sequential circuits, each component of a complex system is only
connected to a small part of the overall state of the system, and its behaviour
can be captured quite simply, but when the system is considered as a whole the
number of global states becomes extremely large.

Control systems are needed for applications ranging from lifts, photocopiers
and car engines, to assembly lines and power stations. The applications cur-
rently being tackled with constraints technology are those at the smaller end,
where it is still possible to prove that with a given control certain global prop-
erties of the system can be guaranteed. Typical properties that must be proved
about the system are safety properties (eg a lift should never start to move while
the doors are still closing) and fairness properties (the lift must eventually an-
swer every request, no matter what subsequent requests may be received).

Each component of a system is first modelled in terms of its inputs, internal
states and outputs. Next the possible transitions for the component are defined.
Each transition is specified in terms of its preconditions, which must hold before
it can fire, and its postconditions, which record what holds in the resulting state
after it has fired. The precondition is a logical expression dependent on the
current environment (the inputs and internal state of the component and its
neighbours), and the postcondition is a set of outputs and a new internal state.
Finiteness of the model is ensured by discretising the variables, so that each
variable can only take a finite number of values.

The frame problem is avoided by having the environment defined by a finite
set of orthogonal atomic values (inputs and internal state values): anything
which is not explicitly changed by a transition retains its old value in the next
state.



From such a model of the components it is possible to generate a Finite State
Automaton (FSA) which encodes the behaviour of the whole system, and which
satisfies the specification of each transition for each component. If however the
constraints prevent some transition from ever taking place, the FSA compiler
reports an error. The required properties of the system are expressed in a
language which allows reasoning over states. Safety properties are typically
properties that must hold of individual states; fairness properties demand the
existence of a future state satisfying some property, after an initial state in
which some input occurs. A constraint solver is used to prove that the FSA
satisfies these properties. The same Boolean Unification solver is applied here
as was applied for sequential circuits - indeed the two applications are similar
in that they require properties to be proved of FSA’s.

An extra aspect of control systems is that some assumptions are required
about the effects of outputs on future states and inputs to the system. These
assumptions alo involve formulae involving multiple states, and as a consequence
proofs involving these assumptions are difficult. Even on a toy production cell
example, current systems require up to 5 minutes to prove liveness properties
involving just one or two such assumptions.

One such commercial system is the system verification environment SVE
[45].

There is another role for constraint programming in control systems, and
that is as a language Timed Concurrent Constraint Programming (TCC) for
defining the behaviour of the components [106]. This language uses constraint
agents both to express reasoning about the current state, and to specify agent
behaviours across multiple states. The first facility makes it possible to define
complex preconditions for a component transition. In particular a precondition
may refer to the absence of something from the current state. To ensure the
language can be compiled into a FSA, syntactic restrictions are imposed which
preclude the use of recursion, for example, in defining preconditions. Support for
complex preconditions makes it possible to define component behaviour without
having to specify all possible internal states of a component (and its neighbours)
with complete understanding in advance of the component’s transitions. For ex-
ample in [45] for defining one transition of a certain component, it was necessary
to add an extra state not low to record that a component was not in the state
low. In TCC, because it is possible to use the fact that a component is not in
a certain state as a precondition for a transition, there is no need to add this
explicitly as a new internal state.

The second facility, specifying agents behaviour across multiple states, also
avoids the programmer having to introduce artificial internal states. A simple
example from [106] is

sensor(Loc) :: always (power -> at(Loc):paper ->
next (at(Loc):paper -> jam))

This sensor component has the behaviour that, whenever the power is on, if



the paper is at the same location in two successive states, then it outputs jam.
Without the facility to include two states in the specification, it would be neces-
sary to add an internal state for the sensor recording that paper was at a certain
location in the previous state.

The third contribution of constraint programming to the specification of
component behaviours is that it allows independent hierarchies of components to
be specified independently. Using constraint agents within the definition of other
constraint agents, a component’s behaviour can be expressed in terms of the
behaviour of its subcomponents. Also local variables allow similar components
to be specified without interference.

The consequence is that components can be substituted for each other in
different systems and it is simple to define their behaviour in each system. For
example it is not necessary to rewrite the transitions of a component every time
its neighbours are replaced by others.

This flexibility is becoming crucial with the increasing demand for faster
time to market, and for greater flexibility in product lines. For example tradi-
tional product development methods for reprographic machines (photocopiers,
printers, faxes machines etc.) involve dozens, if not hundreds, of mechanical,
electrical, software and systems engineers [129].

One final horizon on the application of constraint programming to control
systems: instead of proving properties of a FSA compiled from the constraints,
it becomes possible to prove more and more properties from the constraints
themselves. Already, using TCC, it is possible to encode safety properties as
preconditions of transitions. This ensures that these properties will be satisfied
in any FSA generated from the TCC specification, without further proof. The
next horizon is to develop a proof procedure for proving fairness and reachability
properties from software specifications expressed as constraint programs.

2.4 Constrained Objects

A section on modelling cannot be complete without some discussion of object
data models. In the database world, many advantages are perceived for object
databases over relational databases. However relational databases have much
more developed facilities for maintaining integrity constraints [120].

When managing integrity constraints in object databases, the difficulty is
that an update to one object may violate constraints on another object. Conse-
quently integrity checking must be applied to the result of a whole transaction
which may involve many objects. This violates the requirement that the ad-
missible behaviours of an object are defined by its interface alone: an atomic
behaviour is not the result of sending of a message to a single object but is
instead a whole transaction [128].

Constraint programming, however, has a very well-developed notion of a
constrained object. The simplest constrained object is a variable: its possible
values are given by the constraints upon it. A variable is, of course, a very



different kind of object from those found in object databases. But constraint
programming admits more complex constrained objects. For example a resource
in a scheduling application is a constrained object. A typical constraint on
resources is that no two tasks can use the same resource at the same time. A
vivid example from an existing application is that no two trains can run on the
same track at the same time [57].

A typical constraint applicable to an object is to constrain a property (or
slot) of the object. For example a particular parking bay may not admit vehicles
of more than a certain dimension. Such a constraint may be defined on a
particular object, or on a whole class - all parking bays of a certain class for
example [68].

A first proposal for integrating constraint and object models is in [12], and
an application of constraints in a visual interface to object-oriented databases
is [30]. Indeed object-oriented constraint programming has been applied to
graphical interfaces, and editors, for many years as we shall see in section 3.3
below.

3 Applications using Constraints for Producing
Consequences

Constraint stores are sets of constraints whose global consistency is checked by a
constraint solver. In the applications of the last section, the constraint store was
the set of boolean constraints, and they were solved using boolean unification.
Constraint agents are processes that continually access and update the con-
straint store. A simple example of such a constraint agent is one that might
be used in any application for making diagrams or drawings on a computer. If
the end-user is drawing a vertical line, then as she moves the cursor down the
screen a constraint agent extends the vertical line keeping its end at the same
horizontal level as the cursor. Another example of a constraint agent, in quite
a different context is one that updates the domain of the variables X and Y
to reflect the constraint that X > Y. The constraint agents have the role of
keeping the constraint store in step, by reflecting the effect of their constraints
due to changes in the constraint store. This behaviour is called propagation.
Constraint propagation is used in two quite different ways in constraint pro-
gramming. Firstly it is used to reflect the consequences of adding some new
information to the constraint store. This information is a refinement of the
store, and the result of propagation is further refinement of the store. If the
new information, or the result of propagation, is inconsistent with the previous
information in the store, then all propagation ceases: effectively the inconsistent
store is over-defined and nothing more can be added to it. The agent reflecting
the constraint X > Y above is an example of this kind of propagation.
Secondly constraint propagation is used to reflect the consequences of updat-

10



ing the constraint store. In this case the new information effectively overwrites
any previous information that was inconsistent with it. Propagation adds new
updates to the store so as to achieve a steady state where all the consequences of
the update have been made explicit in the new constraint store. The constraint
maintaining the position of the end of the vertical line, described above, is an
example of this second kind of propagation.

3.1 Constraint-based Spreadsheets

The spreadsheet is one of the most prevalent decision support software tools in
use today. The current generation of spreadsheets suffer from two limitations.
Firstly they only compute in a fixed directions: certain cells are designated as
input cells and the others, whose entries are defined as functions of the input
cells, are the outputs. The second limitation is that the outputs can only be
defined from precisely defined inputs.

The idea of applying constraint technology to overcome these limitations of
spreadsheets has been taken up in several systems, for example in the Visilog
European collaborative project. Indeed the spreadsheet metaphor has been
built into some constraint programming systems as a generic interface [40].
The commercial spreadsheet market is not yet dominated by constraint-based
spreadsheets, but there are a number of practical applications based on this
very idea.

The Short Term Planning (STP) application at Renault is an excellent ex-
ample of constraint-based spreadsheets in action [20]. The problem is to assign
product orders to factories so as to minimise transportation costs for delivering
the finished products (cars!) to the customer. According to the above descrip-
tion, this is a standard OR problem (which can be formulated as a transportation
problem and solved by a linear programming algorithm). However (as usual)
the real problem is more complicated, involving a variety of side-constraints
which have to be satisfied in any solution. Moreover the problem as formulated
is typically unsolvable: some of the constraints have to be relaxed, but there is
no fixed priority order, or cost function, which can guide the choice of which
constraints to relax. Indeed the context of the problem continually varies, so
that the objectives change from month to month.

The decision as to what constraints to relax is based on an evaluation of
what can be modified at the production level. It requires compromises based
on some kind of negotiation: consequently it is up to the end user to take such
a decision.

A constraint-based spreadsheet was developed to help the user in this task
[20]. The spreadsheet presents to the end user the production figures at each
factory. For each combination of car model, version, country and transmission,
it shows the number of vehicles allocated to each factory. However during the
planning process, the figures held in the spreadsheet are not precise numbers,
but intervals: [Min, Maz]. Constraints are attached to different cells and are
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used to propagate the consequences of modifications imposed by the user.

The user can either enter a specific value for a given cell, or simply restrict
the range of possible values, by narrowing the interval. Other interfaces allow
the user to define new side constraints. As the user progressively narrows the
intervals and /or defined new constraints the system propagates the consequences
making them explicit in the spreadsheet: either an inconsistency is flagged, or
tighter bounds are deduced for the constrained variables.

The user continues to adjust values and constraints until the problem for-
mulation is satisfactory. Then she invokes a linear programming algorithm to
produce an optimal solution, with regard to manufacturing and transportation
costs, within the selected intervals and satisfying the selected side-constraints.

Another very promising application of constraint-based spreadsheets is to
financial planning [67]. The spreadsheet allows the financial planner to explore
potential investments. Current spreadsheets support a trial and error approach,
but interval spreadsheets allow the planner to start with a fairly general planning
policy, and to refine this “top-down” into a plan by narrowing intervals, and
seeing the effect on the other cells in the spreadsheet.

Financial applications often involve non-linear constraints which are ex-
tremely hard to handle with black-box mathematical programming techniques.
Reasoning on intervals provides a handle on non-linear problems, since it is
possible to calculate the maximum and minimum result of a function - even a
non-linear one, given maxima and minima for each of its inputs. Nevertheless
the intervals must be narrowed to a single point before interval reasoning can
guarantee the consistency of a set of constraints.

Thus the top-down refinement of intervals in a financial application serves
two purposes: firstly it refines an investment plan into a set of specific in-
vestments, and secondly it extracts a set of numeric values that satisfy the
constraints on the problem. Sometimes, of course, a refinement will violate the
constraints, and then it is necessary to widen the intervals again. Typically
inconsistency is dealt with by backtracking, but another option is to relax the
intervals in a way that is driven by the violated constraints [67].

3.2 Explanation and Debugging

Mixed initiative problem solving is essential in a whole variety of practical appli-
cations: the end user must be able to cooperate with the software in developing
solutions. To date much software has operated as a black box producing a solu-
tion like the magician’s rabbit out of his hat! Constraint propagation supports
precisely the kind of feedback which makes mixed initiative problem solving
possible.

After each search step, the consequences of the particular choice are made
explicit by the propagation engine. The user can then either reject the choice,
and step back; or she can use the propagated information to help guide her next
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choice; or she can allow the software to continue the search automatically - until
she interrupts it and takes over control again.

For example constraint programming was used to address the timetabling
problems of Banque Bruxelles Lambert [129, 37]. The system implementor
(DECIS) writes the following about user interaction.

“It seems to us that the end user of any timetabling application
should be allowed to interact with the construction of the timetable
as some information will necessarily require human involvement, be
it the choice of constraints to relax when the problem is impossible or
too hard, in hand-made assignments indicating last minute changes
in the data, or simply human initiative to drive the search for a valid
timetable.

In order to allow such human involvement in the resolution process
we need two ingredients:

e a graphical interface allowing ergonomic presentation of the
partial results during the search process and an easy modifica-
tion of the data structures

e hooks in the resolution engine enabling the user to pause during
search, modify the configuration and continue the search.”

The importance of mixed initiative programming in practical applications is
confirmed in the proceedings of two industrial CLP user group meetings [25, 69].
For example the assignment of cashiers for El Corte Ingles in Spain includes both
assignment - by a constraint program - and consolidation - by the end user. This
consolidation is then fed back to the constraint program and used to constrain
further assignments [43].

The application of constraint programming to gate allocation at Changi air-
port supports several different Gantt chart displays (as well as over one hundred
other interface screens!). Its interactive requirements are summed up in the fol-
lowing terms [5]:

“The resource assignments can be manipulated graphically on the
Gantt chart... The actions allow users to provide additional infor-
mation to the system and to override the systems allocations...The
system can be used in automatic, advisory or manual mode. In
automatic mode, the system will automatically reassign gates to
maintain a 'good’ set of assignments. In advisory mode, the system
prompts the operator on the responses required. In manual mode,
the operator is completely free to modify the assignments as (s)he
wishes.”

In the application of constraints to aircraft production scheduling interac-
tivity is a basic requirement [18]. The SAVEPLAN production management
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software package uses constraint programming for its scheduling component be-
cause it supports an interactive user interface [55]. A crucial issue in scheduling
for the process industries is how to handle over constrained problems [83] - the
very same problem faced by Renault in the STP application (above).

The feedback from constraint propagation must be presented vividly to the
end user. The spreadsheet approach is just one example of a user interface.
More typically the state of the constraint solver will be presented to the end user
within a graphical interface that reflects her specific application. For example
an application to vehicle scheduling will probably reflect the planned positions
of the vehicles on an electronic map. A scheduling application will typically use
a Gantt chart, as well as graphs reflecting resource utilisation, work in progress
and so on.

Very broadly the state of the solver is reflected in the value - or the remaining
possible values - of the driving variables of the problem. These variables are the
ones whose final values define a complete solution.

When presented to the end user, for the purpose of mixed initiative problem
solving, these variables are embedded in an application-specific graphical model
of the problem. However the very same information, and the same facility for
the user to take over the initiative, is extremely useful for developing constraint
programs. In this case it is not essential that the variables be embedded in a
sophisticated interface. They can be placed in a multi-dimensional array, or in
a set of matrices. The role of the feedback tends less to explanation and more to
debugging - though this is not a very clear distinction. The user now explores
different choices - which variable to label next and what value to give it - different
constraints - local, global, redundant - and different constraint behaviours -
passive checking, forward checking, or full arc-consistency enforcement. From
the results of her interactive problem solving, the user learns which automatic
techniques work well on the current specific application. A system supporting
this kind of “performance debugging” is described in [88].

3.3 Constraint-Based Graphical Interfaces

The most venerable application of constraint programmng is its application to
graphical interfaces. The role of constraint propagation in this application is to
keep all the graphical objects in the correct relation to each other, after some
update to the graphical window - typically via a mouse.

The objective in this application is no longer to find an optimal solution,
but to find a “natural” solution, and to find it relatively quickly. In many cases
this is quite straightforward. The first example in the current section - keeping
the end of a vertical line on the same level as the cursor - can quite easily be
handled by sampling the value of the Y-coordinate of the cursor, and extending,
or contracting, the line so it ends at the same Y-coordinate.

However more complicated problems quickly arise in case the graphical ob-
jects are constrained with respect to each other. For example in an electronic
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room planning application, it might be possible to drag a graphical chair across
an graphical room, but the constraints should prevent it from occupying a posi-
tion which overlaps with the position of any other piece of furniture in the room
[64].

Constraints also provide a way of stating many user interface requirements,
such as maintaining consistency between the underlying data and a graphi-
cal depiction of that data, maintaining consistency among multiple views, and
specifying formatting requirements.

A commercial constraint library for constructing interactive graphical user
interfaces is presented in [9]. Object Technology International has used the
library to build a graphical editor for a large database. technology for graphi-
cal editors. Most modern tools, be they database browsers, calendar managers
or systems for producing overhead projector presentations, have some sort of
graphical editor. Simple graphical editors can be implemented quite straight-
forwardly, but it is much harder to construct graphical editors in which the
underlying semantic objects have complex relationships which must be modeled
in the manipulation of the graphical objects. However, with constraints for
modelling these objects, and a built-in constraint solver, these editors become
extremely easy to build.

The propagation of constraints in graphical interface applications has to
satisfy two special requirements:

e It has to be extremely efficient, to support low latency and high bandwidth
feedback during direct manipulation [86]

e It has to propagate changes, not just refinements, and inconsistencies must
be handled by making further changes [48]

To meet the first objective it is necessary to handle the constraints as func-
tions. However a prerequisite for handling a constraint in this way is to know
in what direction it propagates information. This directional information has
been called the dataflow graph of the constraints. Building the dataflow graph is
typically more expensive than using it to propagate the actual data values, and
efficient propagation depends upon reusing the same dataflow graph whenever
possible. In a graphical interface application, the dataflow graph is typically
built when the user first grabs some graphical object using the mouse.

The dataflow idea works best when there are no cycles in the graph. However
the new propagation algorithms are increasingly able to handle cycles [103]. For
example sets of linear equations and inequations - which cannot in general be
reduced to a cycle-free constraint graph - can still be normalised so that minimal
work is done to reflect the effects on the remaining variables of changing the
value of one specific variable. Again, this normalisation process is expensive
and should be done as few times as possible [62].

To meet the second objective - propagating changes so as to eliminate incon-
sistencies - it is necessary to establish which values can be changed and which
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constraints can be relaxed. This is essentially the knowledge revision problem
[53], emerging in a very practical context. The two main approaches to solving
it in the context of constraint programming are

1. to impose a hierarchy on the set of current constraints (the value of a
variable is here viewed as an equality constraint on the variable)

2. to define a cost function which associates a global cost with the set of
changes from the previous state, and to minimise that cost

Work on propagating changes under complex constraints, including inequality
constraints for example, where the constraint graph contains cycles, is still pro-
ducing exciting new results. As yet the technology has not scaled up sufficiently
to allow such general constraints to be tackled in large graphical applications
such as commercial CAD systems (but see [90] for a specialised application, and
[54, 36] for ongoing developments).

4 Applications using Constraints for Solving Com-
binatorial Problems

The success of constraint programming on combinatorial problems is due to its
combination of high level modelling, constraint propagation and facilities for
controlling search behaviour.

Combinatorial problems are those where a solution results from taking a
whole series of interdependent choices: the correctness or optimality of a given
choice is not usually apparent until a number of other choices have been made,
which may in turn depend on further choices. The result is that the correct-
ness of the very first choice is not usually confirmed until the last choice has
been made. Typically each choice admits only a finite number of alternatives
(otherwise there would be no chance of finding the best choice).

4.1 A Few More Words about Modelling

For many of the applications described in this section the constraint program
is short. For example the program for Digital Signal Processing in cc(FD) [121]
shows excellent results in actual applications and comprises just four pages of
code. There is nothing new about high-level programs being short. However
these short programs have two properties which are quite rare in combination:
they are both intelligible, in the sense that the problem specification is evident
from the code, and they are efficient.

The first consequence of this combination is that constraint programming
can be used to explore different ways of solving a problem very quickly. This
is reflected in the speed with which constraint programming approaches have
caught up with, and overtaken, special purpose codes for job-shop scheduling
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[17]. The second consequence is that programs can be quickly modified when
the application changes. Constraint programming code is genuinely reuseable
[72].

4.2 Backtrack Search under Constraints

Backtrack search augmented by constraint propagation is a basic technique for
tackling combinatorial problems [96, 125]. Each choice made by the search
engine, imposes new constraints whose consequences are extracted by the prop-
agation engine. The information yielded by propagation is then used to focus
the remainder of the search. In case the constraints become inconsistent, the
current choice is abandoned and the search engine makes another choice. Many
choices are ruled out in advance as a result of propagation. When all the re-
maining alternatives for a given choice have been tried unsuccessfully, the search
engine backtracks to the previous choice.

An excellent tutorial by Pascal Van Hentenryck describing how to augment
the search with different kinds of constraint propagation is [122].

Early practical applications of constraint programming used built-in con-
straint propagation algorithms which approximated arc-consistency. Examples,
implemented in CHIP [32], included scheduling tasks on a construction project
[34], sequencing of cars on an assembly line [35] and optimal cutting of raw
materials to satisfy customer orders [33]. Whilst these applications were excel-
lent demonstrations of the potential of constraint programming, it soon became
apparent that these demonstration programs would not scale up to large ap-
plications [28]. The built-in propagation reduced the depth in the search tree
that the backtrack search algorithm reached before detecting failed branches,
but even the reduced search tree could grow too large to be completely explored
in any realistic timescales.

Nevertheless arc-consistency techniques and backtrack search have sufficed
for a number of practical appliactions of constraint programming. Three ex-
amples are a university timetabling application [47], an industrial disposing
problem [6], and a vehicle scheduling system [80].

4.3 Specialised Constraint Behaviours

For different applications different constraint behaviours are appropriate. Thus
for circuit diagnosis, instead of the standard arc-consistency algorithm, CHIP
used constraints called “demons” with a special behaviour [112], and for sim-
ulation of hybrid circuits CHIP used constraints called “forward rules” with
another special behaviour [58].

A nice example of specialised constraint behaviour comes from an application
to the design of keys and locks. The problem is, given a site (with typically
1000-10000 keys), how to design the different keys and locks so each key opens
a required set of locks. For this application it was possible to “compile” the
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constraints yielding an eager algorithm producing solutions guaranteed to satisfy
the constraints [27].

Another application, developed by the same author, is an aid for cartogra-
phers [28]. The cartographer must place names of cities and rivers on a map
so that they don’t overlap. The names should also not cover other features of
the map, and it should be clear to which town, or river, each name applies.
This is in practice an overconstrained problem - there are no feasible solutions.
Constraint programming was used to detect which cities had to be removed to
get a feasible solution. These cities could then be handled by a specialised pro-
gram - or the end-user. In this case the constraint propagation was specifically
designed to detect the inconsistency: including ”an edge-consistency algorithm
that would propagate all information relevant to incompatibilities” [27].

A feature that comes for free with CLP is the facility to handle dynamic
Constraint Satisfaction Problems (dynamic CSP’s), were the set of problem
variables may grow as search progresses. A typical application of dynamic CSP’s
is configuration [92]. In this case the choice of a particular type of component,
will introduce new variables for each (unknown) property of the component.
Later choices will then instantiate the variables. For dynamic CSP’s special
constraints called “activity” constraints were introduced, whose role was to turn
variables on or off. However these constraints can be handled in CLP as guarded
clauses (introduced in section 2.2.1 above) which, if their guard is satisfied, can
declare new variables and constrain then appropriately.

Another specialised behaviour was used in a train routing and timetabling
application by Gosselin [57]. In this application a complete route is composed of
a sequence of sections, each of which has several choices. One approach would
be to compute all possible routes in advance - this corresponds to the mod-
elling technique of column generation for mixed integer programming. However
this causes an (exponential) explosion in the input. Gosselin’s approach is to
represent possible routes intentionally, but allow “disjunctive” reasoning about
the set of choices for a section of the route. Thus if a train takes time k to
pass through a section, and if all possible sections following a given section are
blocked at time ¢, then propagation will remove the time ¢ — k from the set of
available times for the current section of the route.

At an early stage in the history of constraint programming, it seemed that
each new application required new specialised constraints, but in fact some
specialised constraints have proved to be useful in a broad range of applications.
One area of intense study has been resource constraints. Essentially a resource
constraint states that at any time, the number of resources being used by tasks
running at that time is no more than the available number of resources. This
constraint is a "global” constraint in that it applies to an arbitrary number
of tasks and resources - which could include all the tasks and resources in the
whole problem.

Such a specialised constraint is available in CHIP called the cumulative con-
straint [1]. It has been used in timetabling [7], in scheduling network repair
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operations [29], and in a variety of commercial CHIP applications [109]. A sim-
ilar generic constraint is the ILOG SCHEDULE library [81], which has been
applied on a range of scheduling applications [98, 42].

The algorithms underlying these constraints are based on ones developed
in the Operations Research community. A comparative study of some of these
algorithms is in [2]. Such constraints have made constraint programming com-
petitive with the best specialised algorithms available on these applications, with
the added advantage that the constraint programming can easily be extended
to handle side-constraints equally efficiently [16, 126].

To support the implementation of such specialised constraint behaviours
some generic techniques have been developed. Such a language - Constraint
Handling Rules - has been used for supporting terminological reasoning [52].

Indeed the Concurrent Constraints framework [107] supports just this re-
quirement for cleanly implementing well-behaved constraints! A concurrent
constraints language which has been used for tackling combinatorial problems
is cc(FD) [124]. We will encounter cc(FD) again in the next section.

4.4 Redundant Constraints

Local consistency is cheap to enforce, but weak. Often it is possible to achieve
more powerful propagation by adding redundant constraints. For example the
constraints that B1+ B2=1,5S1+B1=T1,582+ B2=T2and S1+S2=35
entail that 71472 = 6, but this consequence is not yielded by reasoning on the
domains of the variables. For this reason in many applications (eg. [121, 59]) it
proves useful to introduce extra variables for aggregates: (eg T =T1+ T2 and
S = S1+ 52), and to add redundant constraints on the aggregate variables (eg
T=S5+1).

For resource constraints, in which several tasks share a resource, it is very
powerful to add redundant constraints on the sum of the durations of the tasks
[127, 17]. The specialised constraints - cumulative and SCHEDULE - introduced
above are low-level implementations of consistency constraints on sets of tasks
and resources.

It has been pointed out in [17] and [122] that such redundant constraints
can be used to achieve the same effect as facet-inducing cuts in mixed integer
programming. On the other hand there are simple applications where local
propagation has a behaviour which is extremely hard to achieve in the mixed
integer programming framework [114, 82].

For optimisation problems, where branch and bound is being used as the op-
timisation algorithm, it is particularly important to achieve good propagation
on constraints involving the cost. The lower bound of the variable representing
the cost is a safe estimate of the cost of the full solution. Achieving an accu-
rate lower bound is crucial to the behaviour of branch and bound - and other
constructive search techniques! Tailoring the behaviour of the constraints, and
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adding redundant constraints are the two main techniques available in constraint
programming to achieve this aim.

4.5 Constraint Relaxation

It is claimed in [89] that “real problems are usually overconstrained”. This
claim is born out by studying reported practical applications of constraints. A
set of tests which happen to illustrate this phenomenon is described in [7]. The
application is to build a timetables for a set of around 300 examinations, taking
place over a limited time period in a limited set of examination rooms. On 100
tests the system produced answers within 20 seconds in 55 cases; in the other
45 no answer was produced within 5 minutes. It was reported that

"for these [45] tests it would suffice to relax two or three constraints
in order to efficiently solve the problem”.

The challenge is how to detect which constraints to relax.

One approach, probably the most realistic for many applications, is to pass
the buck to the end-user, since she knows best which constraints are most im-
portant at any particular moment in time. The developers of the Renault ap-
plication of section 3.1 above take this approach.

Another approach is to associate a cost with each constraint violation (known
in mathematical programming as “Lagrangian relaxation”) and to minimise this
cost. The main drawback of this approach is that constraint violations have to be
valued on the same scale as the optimisation criteria. Not only does this require
the application designer to make some rather arbitrary judgements, but also it
becomes hard to maintain in the light of ever-changing priorities. Lagrangian
relaxation is adopted in many practical applications for example [133, 65].

A more natural approach is to compare the constraints with each other,
forming some kind of constraint hierarchy. (Nevertheless there remains the de-
cision whether to relax one more constraint in order to get an improved optimum
solution.) Hierarchical constraints can be solved optimistically, by first search-
ing for a solution satisfying all the constraints and then relaxing more and more
constraints - the weakest first - until a solution is found [11]. The optimistic
approach has been applied in some timetabling applications [89, 41]. As yet
this approach does not appear to have scaled up enough to be viable for real
applications.

Alternatively they can be solved pessimistically be first searching for a so-
lution satisfying the strongest constraints and then seeking to satisfy more and
more constraints, strongest first [51]. The pessimistic approach was applied to a
diagnosis problem [101]. The main idea is to find the assignment that minimises
the number - or value - of constraints violated, and this is the diagnosis.

Constraint violations are an important focus in practical scheduling systems.
In ISIS [46], the decision as to which constraints to relax, and how, are an
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important aspect of the search technique. In OPIS [115], the whole focus of
scheduling is on repair, and the repair is driven by constraint violations.

Currently the way overconstrained problems are handled in most other ap-
plications is problem specific. Typical descriptions of applications report that
“simple constraint relaxations are proposed to the user” [3] or that

“There are many forms of interactions between constraints and con-
flicts between constraint types that cannot be resolved automati-
cally. The system is used as a decision support system, which helps
the human scheduler, but does not replace him” [109].

4.6 Advanced Search

In several of the reported applications using backtrack search, the program re-
turns answers quickly, when there are any, but continues to compute for a very
long time if there are no (more) answers. The many studies on the phase transi-
tion in NP-complete problems [19], have strongly suggested that each problem
has a “really hard” area, where most (or all) algorithms will have difficulty
proving success or failure. In fact all the reported applications of constraint
programming, except circuit verification, have an optimisation component. It
seems likely that the optimisation drives most problems into the hard region
sooner or later! Consequently the so-called “proof-of-optimality” is a major
difficulty for any complete search technique.

For many users of constraint programming, it comes as a disappointment
that the backtrack search behaviour can vary dramatically with small changes
in the data of the problem. For example in the tests described in the previous
section, the tightening of the data appears to take 45 instances of the problem
into the really hard region.

Simonis points out that backtracking is most important for developing com-
plex assignment strategies in the problem solver [110]. Backtracking is used, for
example, in Micro-Boss [102], but a great deal of computational effort is put into
each choice, to avoid reaching deadend states where backtracking is necessary.

However for many practical applications it is impossible to find a solution
which is guaranteed to be the best: such a complete coverage of the set of pos-
sibilities is ruled out by the sheer size and complexity of the problem. One way
to avoid an explosion in the search space is to explore a strictly limited number
of alternative states, for example by using beam search. This is the approach
taken in the ISIS system, originally applied for scheduling the manufacture of
turbine blades [46].

However constructive search techniques, which work on partial solutions,
can have little information about good or bad combinations of values for their
unlabelled variables. Repair-based search techniques, by contrast, have a “cur-
rent” complete, though often infeasible, solution as a starting point. Weaknesses
in the current solution are repaired, either by a problem-specific move opera-
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tion, as in hill-climbing and simulated annealing, or by labelling, as in conflict
minimisation [91] or weak-commitment [131].

A move operation takes a complete labelling of the variables and modifies
it, yielding another complete labelling. The move is designed so that if the
original labelling satisfied certain constraints, then so will the resulting labelling.
A typical example is the 2-swap, a move which maps one tour to another for
solving the travelling salesman problem. Repair based on move operators is used
in scheduling systems [115], and in applications that use simulated annealing
[28, 21, 26]. Integrating constraint propagation with repair-based search using
move operations is an ongoing research theme, but there are applications where
they are loosely connected. In OPIS [115] the problem constraints are crucial
for determining the scope of the conflict which has to be repaired and the most
appropriate repair operator for the job. In the map-labelling application [28]
constraint propagation is used as a preprocessing step, to detect which parts of
the problem cannot be solved by the annealer.

Repair based on labelling is closely related to constructive labelling. In
this case the previous labelling is used as a heuristic when selecting values for
the variables in the new labelling. Secondly the previous labelling is used in
the selection of which variable to label next - typically one whose previous
value conflicts with one or more constraints. In conflict minimisation the repair
labels only one variable [91]. In weak commitment relabelling continues until
there is no way to change a variable so as to make it consistent with the other
relabelled variables [131]. Repair based on label operators has proven very
effective on a range of problems. These techniques are now being proven on
practical applications. Conflict minimisation has been incorporated into the
scheduler used for the Hubble telescope [71], and weak commitment is being
applied on a network path assignment application [132].

5 Conclusion

This paper has skimmed the surface of a range of practical applications of con-
straint programming. It is already impossible to cover the full range - a survey
of timetabling applications alone would require a full paper! Moreover the more
commercial an application is, the less information is available, and consequently
some commercial constraint-based systems have not been presented here.

The currently exploited applications are mostly in the areas of scheduling,
timetabling and resource allocation. In these areas constraint programming has
proved its worth in the flexibility it offers for coping with specific constraints
and its support for mixed initiative problem solving: the end users is typically
supported by the system rather than being replaced by a black-box solution.

Nevertheless this paper has also focussed on areas such as industrial control
software where the potential of constraints programming is still to be realised.
This represents a quite different role for constraint programming: to automate
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the generation of correctly functioning embedded software from high-level spec-
ifications.

Instead of breaking down the survey by application areas, it proved more co-
herent to break them down by technologies - modelling, propagation, backtrack
search, specialised constraint behaviours, redundant constraints, constraint re-
laxation and advanced search. However the main role of constraint programming
is not to support particular technologies, programming styles or techniques, but
to accommodate the diverse requirements of the application at hand. At the risk
of trivialising, constraint programming provides the glue that holds together a
variety of diverse components. For example constraint propagation is a form of
data-driven computation, embedded in a traditional procedure invocation pro-
gramming environment. Operational research and mathematical programming
algorithms are further examples of components integrated within the single con-
straint programming environment. No less important are the graphical facilities
which support mixed initiative programming.

Some surprising successes have been achieved by the simple combination of
constraint propagation and search: for example constraint propagation tech-
niques have recently enabled interval reasoning to achieve some spectacular
results [123]. The exciting prospect about such results is that they are in no
sense cut off, nor do they exclude the other features of constraints programming.
They can be taken just as they are, included in any constraint programming
system, and integrated with whatever other facilities may be required in solving
a given practical problem.

Many of the developments in constraint programming are as much pulled
by the requirements of applications as pushed by technological breakthroughs.
One current frontier is the embedding of repair-based search into constraint pro-
gramming. This represents a clear response to application needs, but is proving
a fruitful area of research. Another frontier is the use of constraint program-
ming to bring software engineering techniques to the mathematical program-
ming community: constraints programming may play an important role in the
mathematical modelling of complex problems.

With the integration of constraint programming and databases [77], we see
the paradigm being brought right to the heart of commercial information pro-
cessing. Constraint programs will be used for database queries so that database
access will become just one feature of a complete decision support functionality.
At that point constraint programming will have finally come of age.
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