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Sorting



Sorting

Fundamental problem in computing science
o putting a collection of items in order

Often used as part of another algorithm
0 e.g. sort a list, then do many binary searches
o e.g. looking for identical items in an array:
1,5,3,1,4,3,2,1,4,5

unsorted: do O(n?) comparisons
1,1,1,2,3,3,4,4,5,5

sort O(?7?), then do O(n) comparisons



Sorting Example

12, 2, 23, -3, 21,14

Easy....
but think about a systematic approach....



Sorting Example

4, 3, 5435, 23, -324, 432, 23, 22, 29,
1 31 21, 21, 17, -5, -79, -19, 312,

2’3 432 321 11, 1243, 12, 15, 1, -1,
2’4, 342, /6, 78, 765, 756, -465, -2, 433,
534, 45265, 65, 23, 89, 87684, 2, 234,
6657, 7, 65, -42 ,432, 876, 97, 0, -11, -65,
-87, 645, 74,645

How well does your intuition generalize to big
examples?




The General Sorting Problem

Given:

A sequence.
0 Items are all of the same type.

0 There are no other restrictions on the number or values
of items in the sequence.

A comparison function.

o Given two sequence items, determine which is first.
o This function is the only way we can compare.

Return:
A sorted sequence with the same items as original.



Sorting

There are many algorithms for sorting

Each has different properties:
o easy/hard to understand

o fast/slow for large lists

o fast/slow for short lists

o fast in all cases/on average




Selection Sort

Find the smallest item in the list

Switch it with the first position

Find the next smallest item

Switch it with the second position
Repeat until you reach the last element



‘ Selection Sort: Example

Original list:

17

8

75

23

14

Smallest is 8:

75

23

14

Smallest is 14:

Smallest is 17:

Smallest is 23:

DONE!




Selection Search: Running Time

Scan entire list (n steps)
Scan rest of the list (n-7 steps)....
Total steps:
n+(n-1)+(n-2)+...+1

= n(n+1)/2

= n4/2 +n/2
So, selection sort is O(n?)



Selection Sort 1n Java

public void selectionSort (int[] arr)
{

int i,J,min, temp;

for(3=0; 7 < arr.length-1; J++)

{
//find the smallest from j to arr.length-1

min=7j;
for (i=7J+1; i < arr.length; 1i++) {
if (arr[i] < arr[min])
min=i;

}
//replace the smallest with the jth element.

temp=arr[j];
arr[j]=arr[min];
arr[min]=temp;



‘ More precise analysis ot Selection Sort

public void selectionSort (int[] arr)
{
int 1,]J,min, temp;
for (J=0; jJ < arr.length-1; J++)
{
// outer for loop is evaluated n-1 times
min=j; //n-1 times
for (i=j+1; i < arr.length; i++){// n(n-1)/2 evaluations
if (arr[i] < arr[min]) // n(n-1)/2 comparisons
min=i; //(*)n(n-1)/2 worst case, 0 best case
}
//replace the smallest with the jth element.
temp=arr([j]; //n-1 times
arr[jl=arr[min]; //n-1 times
arr [min]=temp; //n-1 times




Selection Sort: Cost Function

There is 1 operation needed to initializing the outer
loop
The outer loop is evaluated n-1 times

o 7 instructions (these include the outer loop comparison and
increment, and the initialization of the inner loop)

o Costis 7(n-1)
The inner loop is evaluated n(n-1)/2 times

o There are 4 instructions in the inner loop, but one (*) is only
evaluated sometimes

o Worst case cost upper bound: 4(n(n-1)/2)
Total cost: 1 + 7(n-1) + 4(n(n-1)/2) [worst case]
o Assumption: that all instructions have the same cost



Selection Sort: Summary

Number of comparisons:

n(n-1)/2

The best case time cost:

1+ 7(n-1) + 3(n(n-1)/2) (array was sorted)

The worst case time cost (an upper bound):
1+ 7(n-1) + 4(n(n-1)/2)

The number of swaps:
n-1  [number of moves: 3(nh-1)]



Bubble Sort

Bubble sort

o Strategy

Compare adjacent elements and exchange them if they
are out of order
0 Comparing the first two elements, the second and third

elements, and so on, will move the largest (or smallest)
elements to the end of the array

0 Repeating this process will eventually sort the array into
ascending (or descending) order



Bubble Sort

Initial array:

Figure 10-5

The first two passes of a bubble sort of an array of five integers: a) pass 1;

b) pass 2

(a) Pass 1

[ 29

10

14

37 |

13

(b) Pass 2

10

14

29

13

37

10

29

14

37

L

10

14

25

13

37

10

14

29

37 |

13

10

14

29

13

37

10

14

29

37

13

10

14

13

29

37

10

14

29

13

37




‘Bubble Sort

public void bubbleSort (Comparable[] arr) {
for (int jJ = arr.length-1; 3>0; jJ--){
for (int 1 = 0; 1i<j; 1i++){

if (arr([i] .compareTo(arr[1+1l]) > 0) {
Comparable tmp = arr[i];
arr[i] = arr[i+1l];
arr[i+1l] = tmp;

— —




First round Second round Third round

17 112 1 10 ] 20 | 19 12 10| 17/19|20 |10]12(17|19 20

12 117 110 | 20 | 19 1012117119120 [10]12]|17(19 20

12 110 | 17 [ 20 | 19

10112117119/ 20 (1012|1719 20

12 110 1 17 120 | 19

12 |10 [ 17 119 | 20 10112117119 20

Forth round O After the second round the list is already sorted

but the algorithm continues to work
101 12| 17, 19| 20
O A more efficient implementations stops when the

10 |12/ 17/ 19 20| st is sorted.




‘Bubble Sort

public void bubbleSort (Comparable[] arr) {
boolean isSorted = false;
for (int jJ = arr.length-1; !isSorted && 3>0; j—--) {

isSorted = true;
for (int 1 = 0; 1i<3; 1i++){
if (arr([i] .compareTo(arr[1+1l]) > 0) {
isSorted = false;
Comparable tmp = arr[i];
arr[i] = arr[i+1];

arr[i+1l] = tmp;




Bubble Sort

Analysis

o Worst case: O(n?)

o Best case: O(n) //the list is already sorted.

Beyond Big-O: bubble sort generally performs worse
than the other O(n?) sorts

o ... you generally don’t see bubble sort outside a university
classroom



Insertion Sort.

First we consider a version that uses an extra
array.

Start with an empty auxiliary array and insert
each elements of the input array in the proper
position in the auxiliary array.

Return the auxiliary array.



13




‘ Example

13

13




Example

Original

Sorted

10

13

10

13

10

13

10

10

10




Example

Original

Sorted

Original

Sorted

10

13

10

13

10

10

10 9 |13
10

10 9 [
8 10113




Example

Original

Sorted

Original

Sorted

10 9 |13
10

10 9 |
8 10113

10 | 8 13| 2

8 |10

10 | 8 13| 2
2 |8 10 |13

1018 |9 |13
8 |9 |10
Done!




We can implement the insertions in the original array
avoid using the auxiliary array.

An insertion sort partitions the array into two
regions

Sorted Unsorted
AL AL

O N

i n—1
After i iterations



Insertion Sort

= while some elements unsorted:

o Using linear search, find the location in the sorted portion

where the 15t element of the unsorted portion should be
inserted

o Move all the elements after the insertion location up one
position to make space for the new element




An insertion sort of an array of five integers

Initial array:

Sorted array:

29

10

14

37

13

N

29

29

14

37

13

10

29

14

37

13

N

10

29

29

37

13

10

14

29

37

13

10

14

29

37

13

NN

10

14

14

29

37

10

13

14

29

37

Copy 10

Shift 29

Insert 10, copy 14

Shift 29

Insert 14; copy 37, insert 37 on top of itself
Copy 13

Shift 37, 29, 14

Insert 13



Insertion Sort Algorithm

public void insertionSort (Comparable[] arr) ({
for (int 1 = 1; i < arr.length; ++i) {
Comparable temp = arr[i];
int pos = 1i;
// Shuffle up all sorted items > arr[i]
while (pos > 0 &&
arr[pos-1] .compareTo (temp) > 0) {
arr[pos] = arr[pos-1];
pos--;
} // end while
// Insert the current item
arr[pos] = temp;



Insertion Sort: Number of

Comparisons
# of Sorted Best case Worst case
Elements
0 0 0
1 1 1
2 1 2
n-1 1 n-1

n-1 n(n-1)/2

Remark: we only count comparisons of elements in the array.



More etticient sorting algorithms




Merge Sort

Strategy

0 break problem into smaller subproblems
o recursively solve subproblems

o combine solutions to answer

Called "divide-and-conquer’

o we used the divide&conquer strategy in the binary
search algorithm



‘ Merge Sort: Algorithm

Merge-Sort (A, p, r)
if p < r then

gL (p+r) /2]

q

|

4,7,15,5,3,1,14,5

/ Break\A

Merge-Sort (A, p, 9)

4,7,15,5 3,1,14,5

Merge-Sort (A, g+l, 1)
Merge(Al pl ql r)

lSolve subproblems l

4,5,7,15 1,3,5,14

Merge

&‘ombine Solutio’ry

1,3,4,5,5,7,15, 14




Merge two sorted list.

Problem: given two sorted list A and B, create
a sorted list C, that contains the elements of

the two input lists.

Requirement: solve this problem in linear
time (i.e O(n) where n is the total number of
elements in A and B).



Strategy: Take the smallest of the two
frontmost elements of the list A and B, put it
into C and advance to the next element of the
list from which the current element was
taken. Repeat this, until both sequences are
empty.



‘14‘23‘45 [ 6 [33]42]67]




‘14‘23‘45 | 6 [33]42]67]













‘14‘23‘45 [ 6 [33]42]67]

| 6 [14]23]33]




‘14‘23‘45 [ 6 [33]42]67]

| 6 [14]23]33]42]




‘14‘23‘45 [ 6 [33]42]67]

‘6‘14‘23‘33‘42‘45‘




‘14‘23‘45 [ 6 [33]42]67]

‘6‘14‘23‘33‘42‘45‘67‘




‘14‘23‘45 [ 6 [33]42]67]

| 6 [14]23]33[42]4a5[67|098]




MergeSort (Example) - 1
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MergeSort (Example) - 2




MergeSort (Example) - 3
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‘ MergeSort (Example) - 4
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‘ MergeSort (Example) - 5
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MergeSort (Example) - 6




MergeSort (Example) - 7
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‘ MergeSort (Example) - 8




MergeSort (Example) - 9
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MergeSort (Example) - 10
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MergeSort (Example) - 11
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MergeSort (Example) - 12
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MergeSort (Example) - 13
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MergeSort (Example) - 14




MergeSort (Example) - 15




MergeSort (Example) - 16




MergeSort (Example) - 17




MergeSort (Example) - 18
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MergeSort (Example) - 19




MergeSort (Example) - 20
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MergeSort (Example) - 21




MergeSort (Example) - 22
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‘ Merge Sort

private void MergeSort (Comparable[] arr, int lowerBound,
int upperBound)

if (lowerBound > upperBound) // if range is 0 or 1,

return; // no need to sort
else
{
// find midpoint
int mid = (lowerBound+upperBound) / 2;
// sort low half
MergeSort (arr, lowerBound, mid);
// sort high half
MergeSort (arr, mid+1l, upperBound) ;
// merge them
merge (arr, lowerBound, mid, upperBound);
} // end else
} // end MergeSort ()




‘ Merge Sort: merge

private void merge (Comparable[] arr, int lowl, int highl, int high?2)
{
int n = high2 - lowl + 1; // # of items
Comparable[] tmp=new Comparable([n]; // tmp array
int j = 0; // tmp index
int low2 = highl + 1;
int i1 = lowl; // index in the first part
int i2 = low2;

}

// index in the secodn part

while (il <= highl && i2 <= high2)

if (arr[il].compareTo (arr[i2]) < 0)
tmp[Jj++] = arr[il++];

else
tmp[J++] = arr[i2++];

while (il <= highl) // copy remaining elements in the first part
tmp[j++] = arr[il++];

while (i2 <= high2) // copy remaining elements in the second part
tmp[j++] = arr[i2++];

for (j=0; j<n; j++) // copy everything back to original array
arr[lowl+j] = tmp[J];
// end merge ()




‘ Mergesort

theArray:

T 4] 3] 2 Divide the array in half

& 8 2z 3 Sort the halves

Temporary array
tempArray:

theArray:

Merge the halves:
a. 1< 2, somove 1 from left half to tempArray
b. 4 = 2, so move 2 from right half to tempArray
c. 4 = 3, so move 3 from right half to tempArray
d. Right half is finished, so move rest of left
half to tempArray

Copy temporary array back into
original array

A mergesort with an auxiliary temporary array




Merge Sort Summarized

To sort n numbers

Q

a

if n=1 done!

recursively sort 2 lists of numbers | n/2] and [ n/2]
elements

merge 2 sorted lists in O(n) time

38|16 |27 |39 12] 27 P
38 | 16 | 27 39 | 12| 27
e e e — » Recursive calls to mergesort
38 | 16 27 39 | 12 27
! i
i £
38 || 16 / 39 || 12 y.
T i S L 7 -<
16 | 38 / 12 | 39
-.__\__\_ - ‘—' "'-\-_\_‘_\_ #."‘
16|27 | 38 121 27139 > Merge steps
1216|2727 |38 39
vy




Running time of MergeSort

The running time can be expressed as a
recurrence:

o 0 ifn=1
)= a2 1 O) ifn>1



Repeated Substitution Method

T(n) = 2T(n/2) + cn n>1
=1 n=1
T(n) = 2T(n/2) + cn
=2{2T(n/2?) + ¢c.n/2} + cn
=22 T(n/2%) + ¢c.2n
= 22 {2T(n/2°%) + ¢.n/2°} + ¢.2n
23 T(n/23) + ¢.3n

2 T(n/2¥) + c.kn

2lcan T(1) + c.(log n)-n whenn/2k =1 = k=log, n
=2legn . 1 +c¢.(logn)-n
=n+c.nlogn where 2lo9n = n

Therefore, T(n) = O(n log n)



The Substitution method

T(n) = 2T(n/2) + cn
Guess: T(n) = O(nlog n)
Proof by Mathematical Induction:

Prove that T(n)<dnlogn for d>0
T(n) < 2(d-n/2-log n/2) + cn
(where T(n/2) < d-n/2 (log n/2) by induction hypothesis)
< dnlog n/2 + cn
=dnlogn—dn+cn
=dnlog n + (c-d)n
<dnlogn ifd>c

Therefore, T(n) = O(n log n)



Up to here will be on midterm



