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Graphs

  Often we are interested in relations/connections between objects 
rather than in the nature of these objects and connections
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Graphs (cntd)

  A  graph  G = (V, E)  consists of  V,  a nonempty set of  vertices  
(or  nodes) and  E,  a set of  edges  (or  arcs).  Each edge is an 
unordered pair or vertices,  called its  endpoints.  An edge is said to  
connect  its endpoints.

  Such a graph is also called  undirected 
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Graphs (cntd)

  Let  V  be a nonempty set and  E ⊆ V × V.  The pair  G = (V, E)  is 
called a  directed graph,  or  digraph

  Thus, a digraph is just a binary relation on the set  V.
  An undirected graph is a symmetric binary relation on  V.
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Vertices and Edges

     

    

    

these vertices are  adjacent
a  and  b  are the endpoints of the 
     edge  e
a  and  b  are  incident  to the edge  e

a  is  adjacent  to  b
a  is the origin (source) of the arc  e
b  is the terminal vertex of the arc  e
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this edge is a  loop
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Vertices and Edges  (cntd)

  

  A graph with multiple edges is called a  multigraph

  A graph (digraph) without loops and multiple edges is called an  
simple  (di)graph

these two vertices are connected with  
multiple edges
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The Seven Bridges of Königsberg

  In the downtown of Konigsberg  (previously in Prussia)  there are 
seven bridges across the river Pregel and islands 
  Question: Is there a walk that uses every bridge exactly once and 
returns to the origin
Euler solved this problem in 1736; starting graph theory
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Applications: Niche Overlap Graph

  The competition between species in an ecosystem can be modeled 
using a  niche overlap graph.  
  Each species is represented by a vertex.  An edge connects two 
vertices if the two species represented by these vertices compete 
(for example, for food or space).
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Applications:  Acquaintanceship and Influence Graphs 

  Using graphs to represent relationships between people.  
  A person (a group of people) is represented by a vertex. An edge 
connects two vertices when the people represented by the vertices 
know each other.
  There is a conjecture that every two vertices in such a graph 
including all people are connected by a path of length at most 5.

  In studies of group behavior it is observed that certain people can 
influence the thinking of others.
  A directed graph called an influence graph can be used to model 
this behavior.  Each person (group) is represented by a vertex.  
There is a directed edge from vertex  a  to vertex  b  when the 
person  represented by  a  influences the person represented by  b.
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Applications: Call Graphs

  Graphs can be used to model telephone calls made in a network, 
such as long distance telephone network.
  A directed multigraph can be used to model calls where each 
telephone number is represented by a vertex and each telephone 
call is represented by a directed edge.
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Applications:  The Web Graph

  The World Wide Web can be modeled as a directed graph where 
each web page is represented by a vertex and where an starts at the 
web page  a  and ends at the web page  b  if there is a link on  a  
pointing to  b.
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Precedence Graphs and Concurrent Processing

  Computer programs can be executed more rapidly by executing 
certain statements concurrently.  It is important not to execute a 
statement that requires results of statements not yet executed.
  The dependence of statements on previous statements can be 
represented by a directed graph.  Each statement is represented by a 
vertex, and there is an edge from one vertex to a second vertex if the 
statement represented by the second vertex cannot be executed before 
the statement represented by the first one has been executed.

a := 0
b := 1
c := a + 1
d := b + a
e := d + 1 
e := c + d
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Degree of a Vertex

  The  degree  of a vertex in an undirected graph is the number of 
edges incident with it, except that a loop at a vertex contributes twice to 
the degree of that vertex

       The degree of the vertex  v  is denoted by  deg(v).

 deg(a) = 2, deg(b) = deg(c) = deg(f), deg(d) = 1, deg(e) = 3, deg(g) = 0
 deg(p) = 4, deg(q) = deg(t) = 6, deg(r) = 1, deg(s) = 5
  A vertex of degree 0 is called  isolated.  g  is isolated
  A vertex of degree 1 is called  pendant.  d  and  r  are pendant.
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The Handshaking Lemma

  Let  G = (V, E)  be an undirected graph with  e  edges.  Then

  Proof:
       Every edge contributes two to the sum of degrees of the vertices 

because an edge incident with exactly two (possibly equal) vertices.

  An undirected graph has even number of vertices of odd degree
  Proof:

       Let        and         be the sets of vertices of even and of odd degree, 
respectively, in an undirected graph  G = (V, E).  Then
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Walks and Paths

  Let  u,  v  be (not necessarily distinct) vertices in an undirected graph  
G = (V, E).  A  u-v walk  in  G  is a finite alternating  sequence

    of vertices and edges from  G,  starting at vertex  u  and ending at 
vertex  v  and involving the  n  edges                        , where  1 ≤ i ≤ n
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Walks and Paths  (cntd)

  The  length  of this walk is  n,  the number of edges in the walk.
  Any  u-v walk where  u = v  (and  n > 1)  is called a  closed walk

       Otherwise the walk is called  open.
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Walks and Paths  (cntd)

  Consider any  u-v  walk in an undirected graph  G = (V, E)
  If no edge in the  u-v walk is repeated, then the walk is called a  u-v 
trail.  A closed u-u trail is called a  circuit
  If no vertex of the u-v walk occurs more than once, then the walk is 
called a  u-v path.  When  u = v,  such a closed path is called a  
cycle
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Walks vs. Paths

  Theorem.
       Let  G = (V, E)  be an undirected graph, with  u,v ∈ V,  u ≠ v.  If 

there exists a walk (in  G)  from  u  to  v,  then there is a path (in  G)  
from  u  to  v.
  Proof:

       Take a walk from  u  to  v  of shortest length

       If this is a path then we are done.
       Otherwise for some  k  and  m,  k ≠ m,  we have
       However, in this case the sequence

       is a walk from  u  to  v  of shorter length.  A contradiction. 
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Connected Components

  An undirected graph  G = (V, E)  is said to be  connected  if there is a 
path between any two distinct vertices of  G
  Let  G = (V, E)  be an undirected graph.  A maximal (with respect to 
inclusion) set of vertices  W  such that there is a path between any two 
distinct vertices from  W  is called a  connected component  of  G
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Examples

  A path in an acquaintanceship graph is a chain of people such that 
every two people adjacent in the chain know each other.  It is 
thought that the shortest path between any two people in the global 
acquaintanceship graph has length at most  5.  (See `Six degrees of 
separation’ by John Guare.)
  A Collaboration graph is a graph whose vertices represents 
scientists and an edge connects two vertices if the scientists 
represented by the vertices coauthor a paper.

       The Erdős number of a mathematician  m  is the length of the 
shortest path between  m  and the vertex representing Paul Erdős
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Examples

 The Hollywood graph represents actors by vertices and connects 
two vertices when the actors represented by these vertices have 
worked together on a movie.  According to the Internet Movie 
Database, in Jan. 2006 the Hollywood graph had 637099 vertices 
representing actors who have appeared in 339896 films, and had 
more than 20 million edges.
  In the Hollywood graph, the Bacon number of an actor  c  is defined 
to be the length of the shortest path connecting  c  and Kevin Bacon.



Discrete Mathematics - Graphs 20-

Some Special Graphs

  Complete Graphs.   The complete graph on  n  vertices, denoted 
by        ,  is the simple graph that contains exactly one edge between 
each pair of distinct vertices
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Some Special Graphs  (cntd)

  Cycles.    The cycle       ,  n ≥ 3,  consists of  n  vertices                    
and edges                                                      and              
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Some Special Graphs  (cntd)

  Wheels.    The wheel,          is obtained from the cycle        when we 
add an additional vertex to it and connect this vertex to each of the  
n  vertices in                 by new edges
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Homework

Exercises from the Book:
No. 2, 4, 8, 11  (page 519)

-  Draw all simple graphs with 4 or fewer vertices


