MACM 101 — Discrete Mathematics 1

Exercises on Functions and Relations. Due:
Tuesday, October 27th (at the beginning of the
class)

Reminder: the work you submit must be your own. Any collabora-
tion and consulting outside resourses must be explicitely mentioned
on your submission.

Please, use a pen. 30 points will be taken off for pencil written
work.

Please, write your name clearly, the way it is entered in the Grade-
book. Make you TA happy.

1. Using laws of set theory show that
(A-B)—-C=(A-0C)—(B-0)

Solution

From right to left:

(A-C)— (B—-C) = by definition of “—”
(ANCYN(BNC) = by De Morgan’s laws and complementation law
(ANC)NC)N(BUC) = by distributivity
B {deﬁnition of —, complement law,

(ANCNB)U(ANCNC) = < domination law and commutativ-
ity
(A-B)-C
2. Let A, B, and C be sets. Show that
(A-C)N(C—-B)=o

Draw Venn diagrams for the expression on the left side.

Solution



By definition of —, associativity of — and complement law we have

(A-C)N(C-B)=ANCNCNB=2NANB=2.

. What can you say about the sets A and B if we know that

AUB=BnNA?

Solution

We can conclude that A = B. Consider an arbitrary x € A. Then
x € BN A. Using the given equation we get x € B U A. By definition
of U we have x € B. Thus we've proven that A C B. It is shown
analogously that A D B.

. Show that for any sets A and B

AAB = (AUB) - (AN B).

Solution

AAB={z|x € A®x € B} = by the truth table
{r|(re Avee B)A-(x € ANz € B)} = by definition of U, N, —
(AUB)NANB = by definition of —
(AUB) — (AN B)

Note. If you use this method, please draw the truth table.

. Make a list of pairs, construct the matrix, and draw the graph of the
relation R from the set A = {0,1,2,3} to the set B = {0,1,2,3,4}
such that (a,b) € R if and only if a + b € {3,4}.

Solution

The list of pairs is {(0,3),(0,4), (1,2), (1,3), (2, 1), (2,2), (3.0), (3,1)}.
The matrix is

000T171
00110
01100
11000



G2 G GO G

6. Prove that
AX(AUB)xC=(AxAxC)UAxBxC().

Solution

Ax(AUB)xC =
{(z,y,2) |[re AN(ye AVye B)Aze C} = by distributivity
{(z,y,2) | (x€e ANye ANzeC)V(re ANye BANze ()} = by definition of x,U
(AxAXC)U(Ax BxC)

7. Show that the relation R, consisting of all pairs (z, y) where x and y are
bit strings of length three or more that agree except perhaps in their
first three bits, is an equivalence relation on the set of all bit strings.

Solution
1) Reflexivity: any string agrees with itself everywhere.

2) Symmetricity: If a agrees with b on any character after 4 then b also
agrees with a.

3) Transitivity: If a agrees with b and b agrees with ¢ on some character
then a agrees with ¢ on this character, thus the property holds.

8. Relation R is given by matrix

_ o O
_ O = O
O = ==
_ = O O



Is R an order? If yes, what its minimal, maximal, least, and greatest
elements are?

Solution

Let us assume that the elements of the set are 1,2,3 and 4 and ¢-th
row/column of the matrix correspond to i.

This relation is not an order, because order must be transitive, while
we have (4,1) € R, (1,3) € R, (4,3) € R.

. Let A ={1,2,3}, and let R be a binary relation on A x A x A given
by: ((a,b,¢),(d,e, f)) € Rif and only if a < d, b < e, and ¢ < f. Show
that R is an order and draw its diagram.

Solution

Indeed we have reflexivity:
a<ab<bc<c= ((abc),(ab,c)) €R,
antisymmetry:
a<dd<ab<ee<bce<f f<c=a<db<ec<f=(abc)=(de,f),
and transitivity

a<dd<gb<ee<hc<f f<i=a<gb<hec<i= ((ab,c),(g,hi)) € R.




10. Let R be a relation that is symmetric, antisymmetric and reflexive.
Show that R is equivalence relation.

Solution
In fact it is equality relation. That is (x,y) € R if and only if z = y.

Indeed if (z,y) € R then by symmetry (y,x) € R and by anty-
symmetry x = y. It is known that equality is transitive.



